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Preface 


Although the first decades of the 20th century saw some strong debates on set 
theory and the foundation of mathematics, afterwards set theory has turned 
into a solid branch of mathematics, indeed, so solid, that it serves as the 
foundation of the whole building of mathematics. Later generations, honest 
to Hilbert’s dictum, “No one can chase us out of the paradise that Cantor 
has created for us” proved countless deep and interesting theorems and also 
applied the methods of set theory to various problems in algebra, topology, 
infinitary combinatorics, and real analysis. 

The invention of forcing produced a powerful, technically sophisticated 
tool for solving unsolvable problems. Still, most results of the pre-Cohen era 
can be digested with just the knowledge of a commonsense introduction to 
the topic. And it is a worthy effort, here we refer not just to usefulness, but, 
first and foremost, to mathematical beauty. 

In this volume we offer a collection of various problems in set theory. Most 
of classical set theory is covered, classical in the sense that independence 
methods are not used, but classical also in the sense that most results come 
from the period, say, 1920-1970. Many problems are also related to other fields 
of mathematics such as algebra, combinatorics, topology, and real analysis. 

We do not concentrate on the axiomatic framework, although some as- 
pects, such as the axiom of foundation or the role of the axiom of choice, are 
elaborated. 

There are no drill exercises, and only a handful can be solved with just 
understanding the definitions. Most problems require work, wit, and inspira- 
tion. Some problems are definitely challenging, actually, several of them are 
published results. 

We have tried to compose the sequence of problems in a way that earlier 
problems help in the solution of later ones. The same applies to the sequence 
of chapters. There are a few exceptions (using transfinite methods before 
their discussion) — those problems are separated at the end of the individual 
chapters by a line of asterisks. 

We have tried to trace the origin of the problems and then to give proper 
reference at the end of the solution. However, as is the case with any other 
mathematical discipline, many problems are folklore and tracing their origin 
was impossible. 

The reference to a problem is of the form “Problem x.y” where x denotes 
the chapter number and y the problem number within Chapter x. However, 
within Chapter x we omit the chapter number, so in that case the reference 
is simply “Problem y”. 

For the convenience of the reader we have collected into an appendix all 
the basic concepts and notations used throughout the book. 

Acknowledgements We thank Peter Varju and Gergely Ambrus for their 
careful reading of the manuscript and their suggestions to improve the presen- 
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xii 

tation. Collecting and writing up the problems took many years, during which 
the authors have been funded by various grants from the Hungarian National 
Science Foundation for Basic Research and from the National Science Foun- 
dation (latest grants are OTKA T046991, T049448 and NSF DMS-040650). 

We hope the readers will find as much enjoyment in solving some of the 
problems as we have found in writing them up. 

Peter Komjath and Vilmos Totik 
Budapest and Szeged- Tampa, July 2005 



Part I 


Problems 




1 


Operations on sets 


Basic operations among sets are union, intersection, and exponentiation. This 
chapter contains problems related to these basic operations and their relations. 

If we are given a family of sets, then (two-term) intersection acts like 
multiplication. However, from many point of view, the analogue of addition 
is not union, but forming divided difference: AAB = (A \ B) U (B \ A), and 
several problems are on this A operation. 

An interesting feature is that families of sets with appropriate set opera- 
tions can serve as canonical models for structures from other areas of math- 
ematics. In this chapter we shall see that graphs, partially ordered sets, dis- 
tributive lattices, idempotent rings, and Boolean algebras can be modelled by 
(i.e., are isomorphic to) families of sets with appropriate operations on them. 


1. For finite sets A, we have 

\A0£: •• uA„| = 53 \M~ ^ |Ai n^4.ji + 53 jl^n.Aj-n.4*! — , 

f i<j i<j<k 


and 

\A 1 n---nA n \ = ^2\A i \-J2\Ai^A j \+ 53 \AiUAjUA k \ . 

i i<j i<j<k 

2. Define the symmetric difference of the sets A and B as 

AAB = (A\B) U (B\A). 

This is a commutative and associative operation such that fl is distributive 
with respect to A. 

3. The set A\AA< 2 .A - ■ ■ AA n consists of those elements that belong to an 
odd number of the Aj’s. 
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Problems 


4. For finite sets A, we have 

\A x AA 2 ---AA n \ = ’Y^\A i \-2'^2\A i r\A j \ + A ^ lAinA^-nA^ . 

i i<j i<j<k 

5. Let our sets be subsets of a ground set X, and define the complement of 
A as A c = X \ A. All the operations fl, U and \ can be expressed by the 
operation A l B = {A U B) c . The same is also true of A \ B = (A fl B) c . 

6. For any sets 
a) 


u n ^ 

= n 

U 

ieijeJi 


iei 

n u a, 

- U 

fl 

ieijeJi 


iei 

n f u a/) 

= U 

(nArt-o) 

iei \jeJi ) 



nfnA,) 

= n 

fn A/wl 

iei \jeJi ) 


Kiel ) 


d) 


(general distributive laws). 

7. Let A” be a set and A x , A 2 , . . . , A n C X. Using the operations fl, U and - c 
(complementation relative to X), one can construct at most 2 2 " different 
sets from A x , A 2 , . . . , A n . 

8. Let 

X = {(xi, . . . ,x n ) : 0 < Xi < 1, 1 < i < n} 
be the unit cube of R”, and set 

A k = {(x u ..., x n ) GX : 1/2 < Xk < 1}- 

Using the operations fl, U, and - c (complementation with respect to X), 
one can construct 2 2 different sets from A±, A 2 , . . . , A n . 

9. Using the operations \, fl and U one can construct at most 2 2 ” -1 different 
sets from a given family A\, A 2 , . . . . A n of n sets. This 2 2 _1 bound can 
be achieved for some appropriately chosen A±, A 2 , . . . , A n . 
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Problems 

10. For given Ai, Bi, i e I solve the system of equations 

(a) Ai nX = Bi, i 6 I, 

(b) AiUX = B h iel, 

(c ) Ai\X = Bi, i el, 

(d) X\Ai = B u iel. 

What are the necessary and sufficient conditions for the existence and 
uniqueness of the solutions? 

11. If A 0 , Ai, . . . is an arbitrary sequence of sets, then there are pairwise dis- 
joint sets Bi C Ai such that UA, = L)B, . 

12. Let A 0 , Ai, . . . and Bq. B\, . . . be sequences of sets. Then the intersection 
A, n Bj is finite for all i,j if and only if there are disjoint sets C and D 
such that for all i the sets A, : \ C and Bi\D are finite. 

13. Let X be a ground set and A C V(X') such that for every A e A the 
complement X \ A can be written as a countable intersection of elements 
of A. Then the cr-algebra generated by A coincides with the smallest 
family of sets including A and closed under countable intersection and 
countable disjoint union. 

14. Define 

bin inf A n := Q p| A rn , 


limsupA n := n u 

n ~>°° 71=1 m=n 

and we say that the sequence {A n } is convergent if these two sets are the 
same, say A, in which case we say that the limit of the sets {A n } is A. 
Then 

a) liminf n A n C limsup n A n , 

b) lim inf n A n consists of those elements that belong to all, but finitely 
many of the A„’s. 

c) lim sup n A n consists of those elements that belong to infinitely many 

A^s. 

15. Let X be a set and for a subset A of X consider its characteristic function 


Xa(x) 


1 if x G A, 

0 if x e X \ A. 


The mapping A — >• \a is a bijection between V{X) and x {0, 1}. Further- 
more, if B = lim inf'Tj^oo A n , then 


Xb = lhnmf XA n , 


and if C = lim sup^^^ A n , then 



6 Chapter 1 : Operations on sets Problems 

Xc = lim sup xa„ ■ 

n—> oo 

16. A sequence {A n }'^L 1 of sets is convergent if and only if for every sequences 
{m*} and {n, } with lirn^oc m* = lim^oo n, = oo we have 

fl (A mi AA ni ) = 0. 

17. A sequence {An}™^ of sets converges if and only if for every sequences 
{rrii} and {n j} with lim,^^ rrij = lim,^^ n, = oo we have 

lim (A TO .Z\A„J = 0 

2— >00 

(if we regard A as subtraction, then this says that for convergence of sets 
“Cauchy’s criterion” holds). 

18. If A n , n= 0,1,... are subsets of the set of natural numbers, then one can 
select a convergent subsequence from {A n }^L 0 . 

19. Construct a sequence {A„}^L 0 of sets which does not include a convergent 
subsequence. 

20. If TL is any family of sets, then with the inclusion relation TL is a partially 
ordered set. Every partially ordered set is isomorphic with a family of sets 
partially ordered by inclusion. 

21. Every graph is isomorphic with a graph where the set of vertices is a family 
of sets, and two such vertices are connected precisely if their intersection 
is not empty. 

22. Let TL be a set that is closed for two-term intersection, union and symmet- 
ric difference. Then TL is a ring with A as addition and fl as multiplication, 
in which every element is idempotent: A fl A = A. 

23. If (A, +, -,0) is a ring in which every element is idempotent (a ■ a = a), 
then (A, +, - ,0) is isomorphic with a ring of sets defined in the preceding 
problem. 

24. With the notation of Problem 22 let TL be the set of all subsets of an 
infinite set X, and let I be the set of finite subsets of X. Then I is an 
ideal in TL. If a ^ 0 is any element in the quotient ring TL/I, then there 
is a b 7^ 0, a such that b ■ a = b (in other words, in the quotient ring there 
are no atoms). 

25. If T-L is a family of subsets of a given ground set X which is closed for 
two-term intersection and union, then T-L is a distributive lattice with the 
operations HAK = Hr\K,HvK = Hl)K. 

26. Every distributive lattice is isomorphic to one from the preceding problem. 

27. If T-L is a family of subsets of a given ground set X which is closed under 
complementation (relative to X) and under two-term union, then T-L is a 
Boolean algebra with the operations H-K = HnK,H + K = HuK, 
H’ = X \ H and with 1 = X, 0 = 0. 
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28. Every Boolean algebra is isomorphic to one from the preceding problem. 

29. V(X), the family of all subsets of a given set X, is a complete and com- 
pletely distributive Boolean algebra with the operations H ■ K = H n K, 
H + K= HUK, H' = X\ H and with 1 = X, 0 = 0 (in the Boolean 
algebra set a < b if a ■ b = a, and completeness means that for any set 
K in the Boolean algebra there is a smallest upper majorant sup K and 
a largest lower minorant inf K, and complete distributivity means that 

inf sup a* j = sup inf a t fu\ 
ieIjeJ * ’ i ’ 

for any elements in the algebra). 

30. Every complete and completely distributive Boolean algebra is isomorphic 
with one from the preceding problem. 

31. Let T-L be a family of sets such that if T-L* C T-L is any subfamily, then there 
is a smallest (with respect to inclusion) set in T-L that includes all the sets 
in 77*. and there is a largest set in T-L that is included in all elements of 
T-L*. Then every mapping / : T-L — > T-L that preserves the relation C (i.e., 
for which f(H ) C f(K) whenever H C K) there is a fixed point, i.e., a 
set F e TL with f(F) = F. 

* * * 

32. The converse of Problem 31 is also true in the following sense. Suppose 
that ’H is a family of sets closed for two-term union and intersection such 
that for every mapping / : H —¥ H that preserves C there is a fixed point. 
Then if %* C H is any subfamily, then there is a smallest set in H that 
includes all the sets in H*, and there is a largest set in T-L that is included 
in all elements of H*. 

33. With the notation of Problem 24 for each a^O there are at least contin- 
uum many different 6^0 such that b ■ a = b. 

34. With the notation of Problem 24 let T-L be the set of all subsets of a set 
X of cardinality k, and let I be the ideal of subsets of X which have 
cardinality smaller than k. Then the quotient ring T-L /I is of cardinality 
2 K . 
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Countability 


A set is called countable if its elements can be arranged into a finite or infi- 
nite sequence. Otherwise it is called uncountable. This notion reflects the fact 
that the set is “small” from the point of view of set theory; sometimes it is 
negligible. For example, the set Q of rational numbers is countable (Problem 
9) while the set R of real numbers is not (Problem 7), hence “most” reals 
are irrational. On the other hand, a claim that a certain set is not countable 
usually means that the set has many elements. 

If in an uncountable set A a certain property holds with the exception of 
elements in a countable subset B, then the property holds for “most” elements 
of A (in particular A \ B is not empty). In this section many problems are 
related to this principle; in particular many problems claim that a certain set 
in R (or R") is countable. Actually, the very first “sensational” achievement 
of set theory was of this sort when G. Cantor proved in 1874 that “most” real 
numbers are transcendental (and hence there are transcendental numbers), 
for the algebraic numbers form a countable subset of R (see Problems 6-8). 
Other examples when the notion of countability appears in real analysis will 
be given in Chapters 5 and 13. 

The cardinality of countably infinite sets is denoted by u> or Kq. 

1. The union of countably many countable sets is countable. 

2. The (Cartesian) product of finitely many countable sets is countable. 

3. The set of k element sequences formed from a countable sets is countable. 

4. The set of finite sequences formed from a countable set is countable. 

5. The set of polynomials with integer coefficients is countable. 

6. The set of algebraic numbers is countable. 

7. R is not countable. 

8. There are transcendental real numbers. 

9. The following sets are countable: 
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a) Q; 

b) set of those functions that map a finite subset of a given countable set 
A into a given countable set B; 

c) set of convergent sequences of natural numbers. 

10. If Ai C N, i £ I is an arbitrary family of subsets of N, then there is 
a countable subfamily Ai, i € J C / such that (~l i^jAi = fliglAj and 
U i^jAi = Cherv- 

il. If A is an uncountable subset of the real line, then there is an a € A such 
that each of the sets A n (— oo, a) and A n (a, oo) is uncountable. 

12. If A; and K are positive integers and H is a family of subsets of N with 
the property that the intersection of every k members of T-L has at most 
K elements, then T-L is countable. 

13. The set of subintervals of R with rational endpoints is countable. 

14. Any disjoint collection of open intervals (open sets) on R (in R n ) is count- 
able. 

15. Any discrete set in R (in R") is countable. 

16. Any open subset of R is a disjoint union of countably many open intervals. 

17. The set of open disks (balls) in R 2 (R n ) with rational radius and rational 
center, is countable (rational center means that each coordinate of the 
center is rational). 

18. Any open subset of R 2 (R") is a union of countably many open disks 
(balls) with rational radius and rational center. 

19. If T-L is a family of circles such that for every x G R there is a circle in T-L 
that touches the real line at the point x, then there are two intersecting 
circles in T~L. 

20. Is it true that if H is a family of circles such that for every x G R there is 
a circle containing x, then there are two intersecting circles in HI 

21. Let C be a family of circles on the plane such that no two cross each 
other. Then the points where two circles from C touch each other form a 
countable set. 

22. One can place only countably many disjoint letters of the shape T on the 
plane. 

23. In the plane call a union of three segments with a common endpoint a 
Y-set. Any disjoint family of Y-sets is countable. 

24. If A is a countable set on the plane, then it can be decomposed as A = 
B U C such that B, resp. C has only a finite number of points on every 
vertical, resp. horizontal line. 

25. A is countable if and only if A x A can be decomposed as B U C such that 
B intersects every “vertical” line {(x,y) : x = a,'o} in at most finitely 
many points, and C intersects every “horizontal” line { (x, y) : y = y 0 } 
in at most finitely many points. 
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26. If A c R is countable, then there is a real number a such that (a+A)nA = 
0 . 

27. If A c R 2 is such that all the distances between the points of A are 
rational, then A is countable. Is there such an infinite bounded set not 
lying on a straight line? 

28. Call a sequence a n — l oo faster increasing than b n — »• oo if a n /b n — >• oo. If 
{ bn )}, 7 = 0,1,... is a countable family of sequences tending to oo, then 
there is a sequence that increases faster than any {bi^}. 

29. If there are given countably many sequences {si^}^L 0 , i = 0,1,... of 
natural numbers, then construct a sequence [s n }^L 0 of natural numbers 
such that for every i the equality s n = si^ holds only for finitely many 
n’s. 

30. Construct countably many sequences {sy*' l }^L 0 , i = 0,1,... of natural 
numbers, with the property that if {,s n }^L 0 is an arbitrary sequence of 
natural numbers, then the number those n’s for which s n = sh 1 holds is 
unbounded as * — > oo. 

31. Are there countably many sequences {s^}j£L 0 , i = 0,1,... of natural 
numbers, with the property that if {s n }^L 0 ' s an arbitrary sequence of 
natural numbers, then the number those n’s for which s n = s£) holds 
tends to infinity as i oo? 

32. Let {r/;} be a 1-1 enumeration of the rational numbers. Then if {x n } 
is an arbitrary sequence consisting of rational numbers, there are three 
permutations 7r», i = 1, 2, 3 of the natural numbers for which x n = r\ 1 („/> + 
r n 2 (n) + r 7 r 3 (n) holds for all n. 

33. With the notation of the preceding problem give a sequence {x n } consist- 
ing of rational numbers for which there are no permutations 7q, i 1,2. 
of the natural numbers for which x n = r 7Tl („) + r 7r2 („) holds for all n. 

34. Any two countably infinite Boolean algebras without atoms (i.e., without 
elements a ^ 0 such that a ■ b = a or a ■ b = 0 for all b) are isomorphic. 

35. Let A = (A, . . .) be an arbitrary algebraic structure on the countable 
set A (i.e., A may have an arbitrary number of finitary operations and 
relations). Then the following are equivalent: 

a) A has uncountably many automorphisms; 

b) if B is a finite subset of A then there is a non-identity automorphism 
of A which is the identity when restricted to B. 

36. Suppose we know that a rabbit is moving along a straight line on the 
lattice points of the plane by making identical jumps every minute (but 
we do not know where it is and what kind of jump it is making). If we 
can place a trap every hour to an arbitrary lattice point of the plane that 
captures the rabbit if it is there at that moment, then we can capture the 
rabbit. 
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37. Let A c [0, 1] be a set, and two players I and II play the following game: 
they alternatively select digits (i.e., numbers 0-9) xq , xi , . . . and yo , y%, ■ . ., 
and I wins if the number O.XjyiX 2:2/2 ... is in A, otherwise II wins. In this 
game if A is countable, then II has a winning strategy. 

38. Let Ac [0,1] be a set, and two players I and II play the following game: 
I selects infinitely many digits Xi,Xz, ■ ■ ■ and II makes a permutation 
2/1, 2/2, ■ - ■ of them. I wins if the number O.yii/2 ... is in A, otherwise II 
wins. For what countable closed sets A does I have a winning strategy? 

39. Two players alternately choose uncountable subsets K$ D K\ D ■ ■ ■ of the 
real line. Then no matter how the first player plays, the second one can 
always achieve r\^ =0 K n = 0. 


* * * 

40. Let k be an infinite cardinal. Then H is of cardinality at most k if and 
only if H x H can be decomposed as B U C such that B intersects every 
“vertical” line {(x,y) : x = Xq } in less than k points, and C intersects 
every “horizontal” line {(x,y) : y = yo\ in less than k points. 
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Equivalence 


Equivalence of sets is the mathematical notion of “being of the same size”. 
Two sets A and B are equivalent (in symbol A ~ B) if there is a one-to-one 
correspondence between their elements, i.e., a one-to-one mapping / : A B 
of A onto B. In this case we also say that A and B are of the same cardinality 
without telling what “cardinality” means. 

A finite set cannot be equivalent to its proper subset, but things change 
for infinite sets: any infinite set is equivalent to one of its proper subsets. In 
fact, quite often seemingly “larger” sets (like a plane) may turn out to be 
equivalent to much “smaller” sets (like a line on the plane). 

The notion of infinity is one of the most intriguing concepts that has been 
created by mankind. It is with the aid of equivalence that in mathematics we 
can distinguish between different sorts of infinity, and this makes the theory 
of infinite sets extremely rich. 

This chapter contains some simple exercises on equivalence of sets often 
encountered in algebra, analysis, and topology. To establish the equivalence 
of two sets can be quite a challenge, but things are tremendously simplified 
by the equivalence theorem (Problem 2): if each of A and B is equivalent to a 
subset of the other one, then they are equivalent. The reason for the efficiency 
of the equivalence theorem lies in the fact that usually it is much easier to 
find a one-to-one mapping of a set A into B than onto B. 

1. Let / : A — > B and g : B — »• A be 1-to-l mappings. Then there is a 
decomposition A = A\ U A^ and B = B\ U B 2 of A and B into disjoint 
sets such that / maps A\ onto B\ and g maps B 2 onto A^. 

2. (Equivalence theorem) If two sets are both equivalent to a subset of the 
other one, then the two sets are equivalent. 

3. There is a 1-to-l mapping from A(^ 0) to B if and only if there is a 
mapping from B onto A. 

4. If A is infinite and B is countable, then dUB~A 

5. If A is uncountable and B is countable, then A\B ~ A. 
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Problems 


6. The set of irrational numbers is equivalent to the set of real numbers. 

7. The Cantor set is equivalent to the set of infinite 0-1 sequences. 

8. Give a 1-to-l mapping from the first set into the second one: 

a) N x N; N 

b) (—oo, oo); (0, 1) 

c) R; the set of infinite 0-1 sequences 

d) the set of infinite 0-1 sequences; [0, 1] 

e) the infinite sequences of the natural numbers; the set of infinite 0-1 

sequences 

f) the set of infinite sequences of the real numbers; the set of infinite 0-1 

sequences 

In each of the above cases a)-f) the two sets are actually equivalent. 

9. Give a mapping from the first set onto the second one: 

a) N; N x N 

b) N; Q 

c) Cantor set; [0, 1] 

d) set of infinite 0-1 sequences; [0, 1] 

In each of the above cases a)-d) the two sets are actually equivalent. 

10. Give a 1-to-l correspondence between these pairs of sets: 

a) (a, 6); (c, d) (where a < b and c < d, and any of these numbers can be 
Too as well) 

b) N; N x N 

c) V(X)\ x {0, 1} ( X is an arbitrary set) 

d) set of infinite sequences of the numbers 0,1,2; set of infinite 0-1 se- 
quences 

e) [0,1); [0,1) x [0,1) 

11. There is a 1-to-l correspondence between these pairs of sets: 

a) set of infinite 0-1 sequences; R 

b) R; R" 

c) R; set of infinite real sequences 

12. We have 

a) BuC A x c A provided BnC = 0, 

b) C ( B A ) ~ CxB 4, 

c) C (A x B) ~ C A x c B. 

13. Let X be an arbitrary set. 

a) X is similar to a subset of V(X). 

b) XJ. V{X). 
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Continuum 


A set is called of power continuum (c) if it is equivalent with R. Many sets 
arising in mathematical analysis and topology are of power continuum, and 
the present chapter lists several of them. For example, the set of Borel subsets 
of R", the set of right continuous real functions, or a Hausdorff topological 
space with countable basis are all of power continuum. 

The continuum is also the cardinality of the set of subsets of N, and 
there are many examples of families of power continuum (i.e., families of 
maximal cardinality) of subsets of N or of a given countable set with a certain 
prescribed property. In particular, several problems in this chapter deal with 
almost disjoint sets and their variants: there are continuum many subsets of 
N with pairwise finite intersection (cf. Problems 29-43). 

The problem if there is an uncountable subset of R which is not of power 
continuum arose very early during the development of set theory, and the 
“NO” answer has become known as the continuum hypothesis (CH). Thus, 
CH means that if A C R is infinite, then either A ~ N or A ~ R (other 
formulations are: there is no cardinality k with do < k < c: d] = 2 K °). This 
was the very first problem on Hilbert’s famous list on the 1900 Paris congress, 
and finding the solution had a profound influence on set theory as well as 
on all of mathematics. Eventually it has turned out that it does not lead 
to a contradiction if we assume CH (K. Godel, 1947) and neither leads to a 
contradiction if we assume CH to be false (P. Cohen, 1963). Therefore, CH is 
independent of the other standard axioms of set theory. 

1. The plane cannot be covered with less than continuum many lines. 

2. The set of infinite 0-1 sequences is of power continuum. 

3. The set of infinite real sequences is of power continuum. 

4. The Cantor set is of power continuum. 

5. An infinite countable set has continuum many subsets. 

6. An infinite set of cardinality at most continuum has continuum many 
countable subsets. 
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7. There are continuum many open (closed) sets in R n . 

8. A Hausdorff topological space with countable base is of cardinality at most 
continuum. 

9. In an infinite Hausdorff topological space there are at least continuum 
many open sets. 

10. If A is countable and B is of cardinality at most continuum, then the set 
of functions f : A B is of cardinality at most continuum. 

11. The set of continuous real functions is of power continuum. 

12. The product of countably many sets of cardinality at most continuum is 
of cardinality at most continuum. 

13. The union of at most continuum many sets of cardinality at most contin- 
uum is of cardinality at most continuum. 

14. The following sets are of power continuum. 

a) R” , n = 1,2,... 

b) R°° (which is the set of infinite real sequences) 

c) the set of continuous curves on the plane 

d) the set of monotone real functions 

e) the set of right-continuous real functions 

f) the set of those real functions that are continuous except for a countable 

set 

g) the set of lower semi-continuous real functions 

h) the set of permutations of the natural numbers 

i) the set of the (well) orderings of the natural numbers 

j) the set of closed additive subgroups of R (i.e., the set of additive sub- 

groups of R that are at the same time closed sets in R) 

k) the set of closed subspaces of (7[0, 1] 

l) the set of bounded linear transformations of L 2 [ 0, 1] 

15. R cannot be represented as the union of countably many sets none of 
which is equivalent to R. 

16. If A C R 2 is such that each horizontal line intersects A in finitely many 
points, then there is a vertical line that intersects the complement R 2 \ A 
of A in continuum many points. 

17. If A is a subset of the real line of power continuum, then there is an 
a £ A such that each of the sets A n (— oo, o) and A n (a, oo) is of power 
continuum. 

18. Let A = (A , . . .) be an arbitrary algebraic structure on the countable 
set A (i.e., A may have an arbitrary number of finitary operations and 
relations). Then the following are equivalent: 

a) A has uncountably many automorphisms, 
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b) A has continuum many automorphisms. 

19. A cr-algebra is either finite or of cardinality at least continuum. 

20. A cr-algebra generated by a set of cardinality at most continuum is of 
cardinality at most continuum. 

21. There are continuum many Borel sets and Borel functions on the real line 
(in R n ). 

22. There are continuum many Baire functions on [0, 1]. 

23. The power set V(X) of X is of bigger cardinality than X. 

24. If A has at least two elements, then the set X A of mappings from X to A 
is of bigger cardinality than X. 

25. The following sets are of cardinality bigger than continuum. 

a) set of real functions 

b) set of the 1-to-l correspondences between R and R 2 

c) set of bases of R considered as a linear space over Q (Hamel bases) 

d) set of Riemann integrable functions 

e) set of Jordan measurable subsets of R 

f) set of the additive subgroups of R 

g) set of linear subspaces of C[ 0, 1] 

h) set of linear functionals of L 2 [ 0, 1] 

26. Which of the following sets are of power continuum? 

a) the set of real functions that are continuous at every rational point 

b) the set of real functions that are continuous at every irrational point 

c) the set of real functions / that satisfy the Cauchy equation 

f(x -y) = f(x) + f(y ) 

27. If A is a set of cardinality continuum, then there are countably many 
functions fk ■ A -4 N, k = 0, 1, . . . such that for an arbitrary function 
f : A —¥ N and for an arbitrary finite set A! c A there is a A: such that 
fk agrees with / on A'. 

28. The topological product of continuum many separable spaces is separable. 

29. There are continuum many sets A 1 C N such that if 71 7^ 72, then 
A 7l n A 72 is a finite set (such a collection is called almost disjoint). 

30. Let A: be a natural number, and suppose that A 7 , 7 g f is a family of 
subsets of N such that if 71 7^ 72, then A 7l n A 72 has at most k elements. 
Then T is countable. 

31. To every igR one can assign a sequence {.svf^} of natural numbers such 
that if x < y, then sty — sty — > 00 as n — >■ 00. 
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32. There are continuum many sequences {s 7 }^L 0 of natural numbers such 
that if 7i 7^ 72, then |s 71 — sj 2 1 tends to infinity as n — >• oo, no matter 
how we choose the sequence {k n }. 

33. Let k be a positive integer, and suppose that {•s 7 }J^L 0 ! 7 € F is a family 
of sequences of natural numbers such that if 71 7^ 72 then s 71 = s 72 holds 
for at most k indices n. Then F is countable. 

34. There is an almost disjoint family of cardinality continuum of subsets of 
N each with upper density 1 . 

35. Let k > 2 be an integer. Then there is a family of cardinality continuum 
of subsets of N such that the intersection of any k members of the family 
is infinite, but the intersection of any k + 1 members is finite. 

36. If H is an uncountable family of subsets of N such that the intersection of 
any finitely many members of the family is infinite, then the intersection 
of some infinite subfamily of H is also infinite. 

37. There is a family of cardinality continuum of subsets of N such that the 
intersection of any finitely many members of the family has positive upper 
density, but the intersection of any infinitely many members is of density 
zero. 

38. If % is a family of subsets of R such that the intersection of any two sets 
in H is finite, then H is of cardinality at most continuum. 

39. There is a family % of cardinality bigger than continuum of subsets of R 
such that the intersection of any two sets in % is of cardinality smaller 
than continuum. 

40. The are continuum many sets 4 7 cN such that if 71 7^ 72, then either 
.4"/, d Ay 2 or ^4 72 T . 

41. There are continuum many sets 1 7 CN such that if 71 7^ 72, then each 
of the sets A lx \ A l2 , A l2 \ A 7l , and A 7l fl A l2 is infinite. 

42. For every real number x give sets A x , B x C N such that A x fl B x = 0, but 
for different x and y the set A x n B y is infinite. 

43. There is a family A x , x € R of subsets of the natural numbers such that 

if a* i , x n are different reals and ei , e„ £ {0, 1}, then the density of 

the set A e x \ fl • • • fl A^ n n is 2~ n (here A 1 = A and A 0 = N \ A). 

44. There is a function / : R 2 — » N such that f(x. y) = f(y, z ) implies 
x = y = z. 
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Sets of reals and real functions 


This chapter contains various problems from analysis and from the topology 
of Euclidean spaces that are connected with the notions of “countability” and 
“continuum”. They include problems on exceptional sets (like a monotone 
real function can have only countably many discontinuities), Lindelof-type 
covering theorems and their consequences, Baire properties, Borel sets, and 
Peano curves. 

1. If A c R is such that for every a € A there is a S a > 0 such that either 
(a, a + S a ) n A = 0 or (a — S a , a) (~l A = 0, then A is countable. 

2. Any uncountable subset A of the real numbers includes a strictly decreas- 
ing sequence converging to a point in A. 

3. Every discrete set on R (in R”) is countable. 

4. A right-continuous real function can have only countably many disconti- 
nuities. 

5. Let / be a real function such that at every point / is continuous either 
from the right or from the left. Then / can have only countably many 
discont inuit ies . 

6. A monotone real function can have only countably many discontinuities. 

7. If a real function has right and left derivatives at every point, then it is 
differentiable at every point with the exception of a countable set. 

8. A convex function is differentiable at every point with the exception of a 
countable set. 

9. The set of local maximum values of any real function is countable. 

10. The set of strict local maximum points of a real function is countable. 

11. If every point is a local extremal point for a continuous real function /, 
then / is constant. 

12. If a collection G, ; , , 7 € T of open sets in R n covers a set E, then there is a 

countable subcollection G 7i , i —0,1 that also covers E (this property 

of subsets of R n is called the Lindelof property) . 
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13. 


14. 


15. 

16. 


17. 

18. 

19. 

20 . 
21 . 
22 . 
23. 


24. 

25. 

26. 

27. 

28. 


It is customary to rephrase the problem by saying that in R n every open 
cover of a set includes a countable subcover. 

If a collection G,, , 7 € T of semi-open intervals in R covers a set E, then 
there is a countable subcollection G 7i , i = 0,1,..., that also covers E. 
The same is true if the G 7 ’s are arbitrary nondegenerated intervals. 

If a collection G 7 , 7 6 E, nondegenerated intervals in R covers a set E, 
then there is a countable subcollection G 7i , i = 0, 1, . . ., that also covers 
E. 

Let the real function / be differentiable at every point of the set ffcR. 
Then the set of those y for which f~ 1 {y}r\H is uncountable is of measure 
zero. 

Call a rectangle almost closed if its sides are parallel with the coordi- 
nate axes, and it is obtained from a closed rectangle by omitting the four 
vertices. Show that any union of a family of almost closed rectangles is 
already a union of a countable subfamily. Is the same true if the rectangles 
are closed? 

Call x an accumulation point of a set A c R (A C R") if every neighbor- 
hood of x contains uncountably many points of A. An uncountable set A 
has an accumulation point that lies in A. 

For an uncountable A c R let A* be the set of those a £ A that are 
accumulation points of both A n (— 00 , a) and of A n (a, 00 ). Then A \ A* 
is countable, and A* is densely ordered. 

The set of accumulation points of any set A is either empty or perfect. 
Any closed set in R (R n ) is the union of a perfect and a countable set. 

A nonempty perfect set in R n is of power continuum. 

A closed set in R (R ra ) is either countable, or of power continuum. 
Define the distance between two real sequences {aj }^L 0 and {6j}“L 0 by 
the formula 


d (wju. Wjy = E wr ^ 11 

j = 0 


L + \a,j - bj | 


With this R°° becomes a complete separable metric space. 

Every closed set in R°° is the union of a perfect and a countable set. 
Every closed set in R°° is either countable or of cardinality continuum. 
Every Borel set in R n is a (continuous and) one-to-one image of a closed 
subset of R°° . 

In R n every Borel set is either countable or of cardinality continuum. 

If a < b and [a, b] = U|2. 0 Aj, then there is an interval I C [a, b] and an i 
such that the set Aj is dense in I (Baire’s theorem). 
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29. If a < b and [ a,b ] = U?2. 0 Aj, then there is an interval I C [a, b] and an 
i such that for any subinterval J of I the intersection A- t fl .7 is of power 
continuum. 

30. If A c R" is a set with nonempty interior, then A cannot be represented 
as a countable union of nowhere dense sets (Baire’s theorem). 

31. If A C R" is a set with nonempty interior and A = U[T 0 Tj, then there 
is a ball B c A and an i such that for any ball B' c B the intersection 
A, fl B' is of power continuum. 

32. There are pairwise disjoint sets A x c R, x e R such that for any x £ R 
and any open interval I C R the set / fl A x is of power continuum. 

33. There is a real function that assumes every value in every interval contin- 
uum many times. 

34. There is a continuous function / : [0,1] — > [0,1] that assumes every value 
y £ [0, 1] continuum many times. 

35. There exists a continuous mapping from [0, 1] onto [0, 1] x [0, 1] (such 
“curves” are called area filling or Peano curves). 

36. There are continuous functions f n : [0,1] — > [0,1], n = 0,1,2,... with 
the property that if Xo,Xi , ... is an arbitrary sequence from [0, 1], then 
there is a f S [0,1] such for all n we have f n (t) = x n (thus, F(t) = 
(fo(t). j\ (i), . . .) is a continuous mapping from [0,1] onto the so-called 
Hilbert cube [0,1]°° = N [0,1]). 

* * * 

37. If {a^}^ <ull is a transfinite sequence of real numbers which is convergent 
(i.e., there is an A e R such that for every e > 0 there is a v < uq for 
which £ > v implies |a^ — A\ < e), then there is a r < uq such that 

for £, £ > r. 

38. If {«{}£<(* is a (strictly) monotone transfinite sequence of real numbers, 
then a is countable. 

39. For every limit ordinal a < uj\ there is a convergent, strictly increasing 
transfinite sequence {«£}{«* of real numbers (convergence means that 
there is an A € R such that for every e > 0 there is a v < a for which 
£ > v implies have |a^ — A\ < e). 
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Ordered sets 


Now we equip our sets with a structure by telling which element is larger than 
the other one. The theory of ordered sets is extremely rich, in fact, this list of 
problems is the longest one in the book. 

This chapter contains problems on ordered sets and mappings between 
them. The types of ordered sets and arithmetic with types will be discussed 
in the next chapter. Occasionally later chapters will also discuss problems on 
ordered sets if the solution requires the methods of those chapters. 

Particularly important are the well-ordered sets (see below), for they pro- 
vide the infinite analogues of natural numbers. Well orderings offer enumera- 
tion of the elements of a given set in a transfinite sequence and thereby the 
possibility of proving results by transfinite induction. 

Let A be a set and -< a binary relation on A. If a -< b does not hold, 
then we write a -fib. ( A , -<) is called an ordered set (sometimes called linearly 
ordered) if 

• -< irreflexive: a fi a for any a £ A, 

• -< transitive : a -< b and b ~< c imply a ~< c, 

• -< trichotomous : for every a,b £ A one of a~<b, a = b, b~<a holds. 

With every such “smaller than” relation -< we associate the corresponding 
“smaller than or equal” relation fi: a fi b if either a -< b or a = b. This fi has 
the following properties: 

• antisymmetric : a fi b and b fi a imply a = b, 

• transitive : a fi b and b fi c imply a fi c, 

• dichotomous: for every a,b £ A either of a fi b or b fi a holds. 

If ( A , -<) is an ordered set and B c A is a subset of A, then for notational 
simplicity we shall continue to denote the restriction of -< to B x B by fi, so 
(B.fi) is the ordered set with ground set B and with the ordering inherited 
from (A, fi). 
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The ordered set (A, -<) is called well ordered if every nonempty subset 
contains a smallest element, i.e., if for every X C A, X ^ 0 there is an a £ X 
such that for every b £ X we have a A b. 

If {A, -<) is an ordered set, then X C A is an initial segment if a £ X and 
b -< a imply b £ X (intuitively, X consists of a starting section of (A. -<)), and 
in a similar fashion X C A is called an end segment if a £ X and a H b imply 
b £ X. An initial segment that is not the whole set is called a proper initial 
segment. The intervals of (A,-<) are its “convex” (or “connected”) subsets, 
i.e., X C A is an interval if o, b £ X and a H c -< b implies c £ X. The intervals 
generate the so-called interval topology (also called order topology) on A. This 
is also the topology that is generated by the initial and end segments of {A, -<). 

Ordered sets are special algebraic structures (with no operations, and a 
single binary relation). Isomorphism among ordered sets is called similarity: 
(Ai, -<i) and (A 2 , H 2 ) are similar if there is an / : A\ — > A 2 1-to-l correspon- 
dence between the ground sets A\ and A 2 that also preserves the ordering, i.e., 
a -<1 b implies f(a) -< 2 f(b). In particular, similarity implies the equivalence 
of the ground sets. A mapping / from (Ai, Hi) into (A 2 , -< 2 ) (not necessarily 
onto) is called monotone if a <1 b implies f(a) < 2 f{b). This is just the same 
as the notion of homomorphism from (Ai, Hi) into (A 2 , H 2 ). 

The lexicographic product of (Ai, Hi) and (A 2 , H 2 ) is the ordered set {A\ x 
A 2 ,h) where (oi,a 2 ) H (a'%, a 2 ) precisely if oq Hi a\ or if ai = and 
a 2 -<2 o 2 (i.e., in this ordering the first coordinate is decisive). On the other 
hand, in antilexicographic ordering first we compare the second coordinates 
and only when equality occurs compare the first coordinates. One can define 
in a similar manner the lexicographic or antilexicographic product of more 
than two sets. Lexicographic (antilexicographic) ordering is sometimes called 
ordering according to the first (last) difference. 

Let (Ai, <i), i £ I be ordered sets with pairwise disjoint ground sets A, 
and let the index set I be also ordered by the relation <. The ordered union 
of (Aj,<j), i £ I with respect to the ordered set {I. <) is the ordered set 
(b,a) in which B = lh e /A t , and for a 6 A,; and b £ Aj the relation a H b 
holds if and only if i < j or i = j and a <j b. The antilexicographic product 
of (Ai , -<i) and (A 2 , -< 2 ) is nothing else than the ordered union of the sets 
(Ai x {a}, -< a ), a £ A 2 (where (p, a) H a ( q,a ) if and only if p Hi q ) with 
respect to (A 2 , H 2 ). 

Unless otherwise stated, if A is a subset of the real line, then we regard A 
to be ordered with respect to the standard < relation between the reals. In 
this chapter we mean strict monotonicity if we say that a real- valued function 
on a subset of the reals is monotone. 

An important concept related to ordered sets is their cofinality, which will 
be used many times in later chapters. A theorem of Hausdorff (Problem 44) 
says that in every ordered set (A, h) there is a well-ordered cofinal subset, i.e., 
a subset B C A such that (B, h) is well ordered and for every a £ A there is 
a b £ B with a H b. Now the cofinality cf((A, -<)) is defined as the smallest 
possible order type of such cofinal ( B , h)’s. 
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The solutions of some problems require the following important result of 
R. Laver (see On Fraisse’s order type conjecture, Ann. Math., 93(1971), 89- 
111): If (Ai,<i), i = 0,1,2,..., are ordered sets such that neither of them 
includes a densely ordered subset, then there are i < j such that (A;, <j) is 
similar to a subset of (Aj, <j). The proof is considerably more complicated 
than it could be given in this book. 

1. Any infinite sequence of different elements in an ordered set includes an 
infinite monotone subsequence. 

2. Any two open subintervals of R are similar. 

3. Give an ordered set with a smallest element, in which every element has 
a successor and every element but the least has a predecessor, yet the set 
is not similar to N. 

4. Give an ordering on the reals for which every element has a successor, as 
well as a predecessor. 

5. An infinite ordered set {A,-<) is similar to N if and only if for every a £ A 
there are only finitely many elements b £ A with b ~< a. 

6. What are those infinite ordered sets ( A , -<) for which it is true that every 
infinite subset of A is similar to {A, -<)? 

7. An infinite ordered set ( A , -<) is similar to Z if and only if it has no smallest 
or largest element, and every interval {c : a -< c -< b}, a, b £ A is finite. 

8. What are the infinite ordered sets {A, -<) for which every interval {c : 
a -< c -< b}, a, b £ A is finite? 

9. There is a countable ordered set that has continuum many initial seg- 
ments. 

10. There is an ordered set of cardinality continuum that has more than con- 
tinuum many initial segments. 

11. There are infinitely many pairwise nonsimilar ordered sets such that every 
one of them is similar to an initial segment of any other one. 

12. Let ( A , -<) and {A! , -<’) be ordered sets such that each of them is similar 
to a subset of the other one. Then there are disjoint decompositions A = 
A\ U A 2 and A! = A\ U A' 2 such that (Ai,~<) is similar to (A', -d) for 
i = 1,2. 

13. If (A, <) and ( B , -<) are ordered sets such that (A, <) is similar to an initial 
segment of ( B , -<) and (B, -<) is similar to an end segment of (A, <), then 
(A, <) and ( B , -<) are similar. 

14. If (A, <) and ( B , -<) are ordered sets such that (A, <) is similar to an 
initial segment and to an end segment of ( B , -<) and (B, -<) is similar an 
interval of (A, <), then (A, <) and (B,~<) are similar. 

15. There are continuum many subsets of Q no two of them similar. 

16. How many subsets A does R have for which A is similar to R? 
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17. There are continuum many pairwise disjoint subsets of R each similar to 

R. 

18. If A C R, A ^ 0, then R has continuum many subsets similar to A. 

19. R has 2 C subsets of cardinality continuum no two of which are similar. 

20. If we omit a countable set from the set of irrational numbers, then the set 
obtained is similar to the set of the irrational numbers. 

21. If {A, -<) has a countable subset B that is dense in A (i.e., for every 
ai, 0,2 G A, ai ~< 02 there is b € B such that ai A b A 02 ), then {A, -<) is 
similar to a subset of R. 

22. Suppose A,BC~R are two similar subsets of R. Is it true that then their 
complements R \ A and R \ B are also similar? What if A and B are 
countable dense subsets of R? 

23. Let AI be a set of open subsets of R ordered with respect to inclusion 
“c” . Then (AI, c) is similar to a subset of the reals. 

24. There is a family T of closed and measure zero subsets of R such that 
(A, c) is similar to R. 

25. There is a family of cardinality bigger than continuum of subsets of R 
that is ordered with respect to inclusion. 

26. Any countable ordered set is similar to a subset of Q fl (0, 1). 

27. Any countable densely ordered set without smallest and largest elements 
is similar to Q. 

28. Any countable densely ordered set is similar to one of the sets Q fl (0, 1), 
Q fl [0, 1), Q fl (0, 1], Q fl [0, 1] (depending if it has a first or last element). 

29. There is an uncountable ordered set such that all of its proper initial 
segments are similar to Q or to Q fl (0, 1]. 

30. There is an uncountable ordered set which is similar to each of its un- 
countable subsets. 

31. The antilexicographically ordered set of infinite 0-1 sequences that contain 
only a finite number of l’s is similar to N. 

32. The lexicographically ordered set of infinite 0-1 sequences that contain 
only a finite number of l’s is similar to Q fl [0, 1). 

33. The lexicographically ordered set of infinite 0-1 sequences is similar to 
the Cantor set. 

34. The lexicographically ordered set of sequences of natural numbers is sim- 
ilar to [0, 1). 

35. Consider the set A of all sequences no, — n\, 112 , — n ^, . . . where rq are nat- 
ural numbers. Then A, with the lexicographic ordering, is similar to the 
set of irrational numbers. 

36. An ordered set is well ordered if and only if it does not include an infinite 
decreasing sequence. 
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37. If A C R is well ordered, then it is countable. 

38. If U is a family of open (closed) subsets of R that is well ordered with 
respect to inclusion, then U is countable. 

39. If (A, -<) is well ordered, then for any / : A — > A monotone mapping and 
for any a £ A we have a A /(a). 

40. There is at most one similarity mapping between two well-ordered sets. 

41. A well-ordered set cannot be similar to a subset of one of its proper initial 
segments. 

42. Given two well-ordered sets, one of them is similar to an initial segment 
of the other. 

43. Two well-ordered sets, each of which is similar to a subset of the other 
one, are similar. 

44. (Hausdorff ’s theorem) For every ordered set (A, -<) there is a subset B C A 
such that {B,~<) is well ordered and cofinal (if a £ A is arbitrary, then 
there is a b £ B with a <b). Furthermore, B C A can also be selected in 
such a way that the order type of ( B , -<) does not exceed |A| (the ordinal, 
with which the cardinal |A| is identified). 

45. If every proper initial segment of an ordered set is the union of countably 
many well-ordered sets, then so is the whole set itself. 

46. If (A, -<) is a nonempty countable well-ordered set, then Ax [1,0) with 
the lexicographic ordering is similar to [0, 1). 

47. There is an ordered set that is not similar to a subset of R, but all of its 
proper initial segments are similar to (0, 1) or to (0, 1]. Furthermore, this 
set is unique up to similarity. 

48. Call a point a; £ A in an ordered set (A, -<) a fixed point if f(x) = x 
holds for every monotone / : A — > A. A point x € A is not a fixed point 
of (A, -<) if and only if there is a monotone mapping from (A, -<) into 

(A\M,A). 

49. If x ^ y are fixed points of (A, -<), then y is a fixed point of (A \ {x}, -<). 

50. Every countable ordered set has only finitely many fixed points. 

51. For each n < oo give a countably infinite ordered set with exactly n fixed 
points. 

52. If (A, -<) has infinitely many fixed points, then it includes a subset similar 

to Q. 

53. Every ordered set is similar to a set of sets ordered with respect to inclu- 
sion. 

54. Let M. be a family of subsets of a set X that is ordered with respect to 
inclusion and which is a maximal family with this property. Define -< on 
X as follows: let x -< y be exactly if there is an E £ A4, such that x £ E 
but y £ E. Then (X, -<) is an ordered set. What are the initial segments 
in this ordered set? 
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55. Every ordered set is similar to some (X, ~<) constructed in the preceding 
problem. 

56. If ( A , ~<) is an ordered set, then there is an ordered set (A*, -<*) such that 
if A* = B U C is an arbitrary decomposition, then either B or C includes 
a subset similar to ( A , -<). 

57. To every infinite ordered set there is another such that neither one is 
similar to a subset of the other. 

58. To every countably infinite ordered set (A, ~<) there is another countably 
infinite ordered set that does not include a subset similar to (A, -<). 

59. For every n show n countable ordered sets such that neither of them is 
similar to a subset of another one. 

60. If (Aj, -<i), i = 0,1,..., are countable ordered sets, then there are i < j 
such that (Aj, ~<i) is similar to a subset of (Aj, -<j). 

61. Every countably infinite ordered set is similar to one of its proper subsets. 

62. There is an infinite ordered set that is not similar to any one of its proper 
subsets. 

63. In every infinite ordered set the position of one element can be changed 
in such a way that we get an ordered set that is not similar to the original 
one. 

64. One can add to any ordered set one element so that the ordered set so 
obtained is not similar to the original one. Is the same true for removing 
one element? 

65. Every ordered set is a subset of a densely ordered set. 

66. Every densely ordered set is a dense subset of a continuously ordered set. 

67. Any two continuously ordered sets without smallest and largest elements 
that include similar dense sets are similar. 

68. A continuously ordered set containing at least two points includes a subset 
similar to R. 

69. If (A, -<) is continuously ordered and A n = {c : a n A c A b n } is a 

sequence of nested closed intervals, i.e., A n+ i C A n for all n = 0 , 1 , 

then n~ =0 A„ ^ 0. 

70. There is an infinite ordered set (A, -<) that is not continuously ordered 
but for every sequence {A n }^L 0 of nested closed intervals fl^L 0 A n ^ 0. 

71. Call a subset of an ordered set scattered, if it does not include a subset 
that is densely ordered. The union of finitely many scattered subsets of 
an ordered set is scattered. 

72. A subset of the real line is scattered if and only if it has a countable 
closure. 

73. A bounded subset A of the real line is scattered if and only if for any 
sequence eo, ei, . . . of positive numbers there exists a natural number N 
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such that A can be covered with some intervals Iq,Ii, ■ ■ ■ ,In of length 

\Ii\ = *■ 

74. If a is an ordinal then let H(a) be the set of all functions f : a —¥ {—1, 0, 1} 
for which D(f ) = {/i < a : f(/3) ^ 0} is finite. Order H (a) according to 
last difference, i.e., for f,g € H(a ) set f ~< g if /(/?) -< gift) holds for the 
largest (3 < a with /(/?) ^ <?(/?). Then ( H(a ), -<) is scattered. 

75. The product of two scattered ordered sets is scattered. 

76. The ordered union of scattered ordered sets with respect to a scattered 
ordered set is scattered. 

77. Every nonempty ordered set is either scattered, or is similar to the ordered 
union of nonempty scattered sets with respect to a densely ordered set. 

78. Let T be a family of ordered sets with the following properties: 

• if (S, -<) S T and (S' , -<') is similar to ( S , -<), then (S', -<'} S T, 

• if (S, -<) € T and S’ is a subset of S then (S', -<) € T, 

• T is closed for well-ordered and reversely well-ordered unions, 

• there is a nonempty (S,~<) in T. 

Then every ordered set is either in T , or it is similar to an ordered union 
of nonempty sets in T with respect to a densely ordered set. 

79. Let O be the smallest family of ordered sets that contains 0, 1 and is 
closed for well-ordered and reversely well-ordered unions as well as for 
similarity. Then O is precisely the family of scattered sets. 

80. An ordered set is scattered if and only it can be embedded into one of the 
(H(a), -<) defined in Problem 74. 

81. We say that an ordered set (A, -<) has countable intervals if for every 
a,b £ A, a -< b the set {c £ A : a -< c -< b} is countable. There is 
a maximal ordered set (A, -<) with countable intervals in the sense that 
every ordered set with countable intervals is similar to a subset of (A, -<). 

82. Pick a natural number n\, and for each i = 1,2,... perform the following 
two operations to define ri 2 i and : 

(i) write n^i-x in base i + 1, and while keeping the coefficients, replace 
the base by i + 2. This gives a number that we call 

(ii) set ri 2 j+i = — 1. 

If ri 2 j+i = 0 then we stop, otherwise repeat this process. For example, if 
m = 23 = 2 4 + 2 2 + 2 1 + 1, then n 2 = 3 4 + 3 2 + 3 1 + 1 = 94, n 3 = 93, 
ri 4 = 4 4 + 4 2 + 4 1 = 276, ns = 275, then, since 275 = 4 4 + 4 2 + 3, we have 
n 6 = 5 4 + 5 2 + 3 = 3253, etc. 

(a) No matter what ni is, there is an i such that n, = 0. 

(b) The same conclusion holds if in (i) the actual base is changed to any 
larger base (i.e., when the bases are not 2,3,... but some numbers 
bi < b 2 < • • •)• 
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83. In every densely ordered set there are two disjoint dense subsets. 

84. The elements of any ordered set can be colored by two colors in such a 
way that in between any two elements of the same color there is another 
one with a different color. 

85. There is an ordered set which is not well ordered, yet no two different 
initial segments of it are similar. 

86. There exists an ordered set that cannot be represented as a countable 
union of its well-ordered subsets, but in which every uncountable subset 
includes an uncountable well-ordered subset. 

87. There are two subsets 4,5 c R of power continuum such that any sub- 
set of A that is similar to a subset of B is of cardinality smaller than 
continuum. 

88. There is an infinite subset X of R such that if / : X — > X is any monotone 
mapping, then / is the identity. 

89. To every ordered set ( A , -<) of cardinality k > do there is another ordered 
set of cardinality k that does not include a subset similar to ( A , -<). 

90. For every infinite cardinal n there is an ordered set of cardinality K that 
has more than k initial segments. 

91. In a set of cardinality k there is a family of subsets of cardinality bigger 
than n that is ordered with respect to inclusion. 

92. If W is a family of subsets of an infinite set of cardinality k that is well 
ordered with respect to inclusion, then B is of cardinality at most k. 

93. If k is an infinite cardinal, then in the lexicographically ordered set k k 
(which is the set of transfinite sequences of type k of ordinals smaller 
than k ordered with respect to first difference) every well-ordered subset 
is of cardinality at most k. 

94. Let k be an infinite cardinal and let T be the set K {0, 1} of 0-1 sequences 
of type k ordered with the lexicographic ordering. Then 

a) every nonempty subset of T has a least upper bound, 

b) every subset of T has cofinality at most k, 

c) every well-ordered subset of T is of cardinality at most k. 

95. Every ordered set of cardinality k is similar to a subset of the lexicograph- 
ically ordered K {0, 1}. 

96. Let k be an infinite cardinal and T K the set of those / : k — >• {0, 1} for 
which there is a last 1, i.e., there is an a < k such that f(a) = 1 but for 
all a < 0 < k we have f(0) = 0. Every ordered set of cardinality k is 
similar to a subset of the lexicographically ordered T K . 
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97. If ( A , -<) is an ordered set and k is a cardinal, then there is an ordered 
set (B, <} such that if B = U^ <K B^ is an arbitrary decomposition of B 
into at most k subsets, then there is a £ < n such that {B^,<) includes a 
subset similar to {A, -<). 
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Order types 


Order types are to ordered sets what cardinals are to sets. To every ordered 
set we associate its type in such a way that two ordered sets are similar 
(isomorphic) if and only if they have the same order type. The order types 
of well-ordered sets have special name: they are called ordinals or ordinal 
numbers. 

This chapter contains problems on order types and on arithmetic with 
them. Problems on ordinals will be discussed in Chapter 8 and their arithmetic 
in Chapter 9. 

Even though we shall not say exactly what order types are (such a defini- 
tion is possible within set theory but does not yield any additional information, 
so we omit it), we shall still speak about their ordered sums and their product 
as follows. 

If 6i are order types for each i £ I where {I, <) is an ordered set, then we 
define J2iei(<) t° ^ le order type of the ordered union of {Ai, -<i), i £ I, 
with respect to (I, <), where {Ai, -<i) are pairwise disjoint ordered sets with 
order type d,;. 

If #i, $2 are order types and {A \ , -<i), {A-j, -< 2 ) are ordered sets with types 
9 1 and %, respectively, then 9\ ■ 62 is defined as the order type of the an- 
tilexicographic product of (^4i, — <1) and (T 2 , -<2) (in this order). There is no 
particular reason why antilexicographic product is used here; but historically 
that is what was used and we adhere to this custom. 

Note that these operations are order-sensitive, and multiplication is left 
distributive with respect to addition 

\;e/«) / »c/«) 

but it is not distributive from the right. 

In this chapter 9,t, . . . will always denote order types. u> is the order type 
of N, ri is the order type of Q, and A is the order type of R (with the standard 
< ordering on these sets). 
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If 0 is an order type, say the type of (^ 4 , — <), then 0 * denotes its reverse 
type, i.e., the type of ( A , -<*), where a -<* b exactly if b -< a. 

1 . What are the order types of the initial segments of the set of rational 
numbers? 

2 . The following are true: 

a) 77 + 77 = 77, 

b) r? + 1 + Tf = 1], 

c) r? • V = (V + 1 ) ' V = (1 + v) ■ V = V- 

d) 77 + 2 + 77 ^ 77, 

e) A dx hM - A = A, 

f) A + A^A, 

g) A • A + A, 

h) 77 - A ^ A - 77. 

3 . Solve for 0 i and 62 the equations: 

a) 0i + 9 2 = 77, 

b) 0 i + 62 = A. 

4 . Write 77 in the form 0 i • 02 in such a way that 0 i 7^ 77, 02 7^ 77. 

5 . Write A in the form 0 i • 0 2 in such a way that 0 i 7^ A, 0 2 7^ A. 

6. Every order type different from 0 , 1, 2 can be represented as a sum of two 
different nonzero order types. 

7 . Give an infinite order type that cannot be written as a product of two 
order types different from 1. 

8. The order types u> and 77 cannot be represented as a two-term sum in 
which each term is different from the given order type. 

9 . The order types w, 77 + 1 , 1 + 77 and 1 + 77 + 1 cannot be represented as 
a two-term product in which each factor is different from the given order 
type. 

10 . Give infinitely many order types that cannot be represented as a two-term 
sum in which each term is different from the given order type. 

11 . Give infinitely many order types that cannot be represented as a two-term 
product in which each factor is different from the given order type. 

12 . Let A be the set of those 0-1 sequences that contain only finitely many 
l’s. What is the order type of the lexicographically ordered A? What is 
the order type if the ordering is antilexicographic? 

13 . In the preceding problem replace A with the set of all sequences of non- 
negative integers that contain only finitely many nonzero elements. What 
are then the answers? 
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14. The order type of the lexicographically ordered set N N of infinite se- 
quences of the natural numbers is 1 + A. 

15. Given n, what is the order type of the set 



16. What is the order type of (N, -<), where for m = 2 P 1 (2 q — 1) — 1 and 
n = 2 r-1 (2 s — 1) — 1 we set m ~< n if p/q < r/s or p/q = r/s and m < n? 

17. Every order type can be uniquely represented as a + 0, where a is an 
ordinal and 0 is the order type of an ordered set which does not have a 
smallest element. 

18. If 6\ and 02 are order types such that for some order types r and p we 
have 61 = t + 02 and 02 = 0i + p , then 0\ = 02- 

19. If 0\ and 02 are order types such that for some order types r, p, o\ and 
02 we have 02 = 0\ + p, 02 = t + 0\ and 0\ = o\ + 02 + 02, then 0\ = 02- 

20. If n is a positive integer and for some order types 0\ and 02 one has 
n ■ 0\ = n ■ 02, then 0\ = 02- 

21. If n is a positive integer and for some order types 0\ and 02 one has 

01 • n = 02 ■ n, then 0\ = 02- 

22. Give an order type 0 that can be written both in the form 2 • ti + 1 and 

2 • T2, and give an order type that has neither of these forms. 

23. Give an order type 0 that can be written both in the form n ■ 2 + 1 and 
t 2 • 2, and give an order type that has neither of these forms. 

24. Give infinitely many order types 0 with the property 0-2 = 0. 

25. Give infinitely many order types 0 with the property 2-0 = 0. 

26. Give infinitely many order types 0 with the property 2 ■ 0 = 0 - 2 = 0. 

27. Give infinitely many order types 0 with the property 0-0 = 0. 

28. For every order type (9 7^ 0 there is an order type r such that r + 0 = 
0 + t = r . 

29. For every order type 0^0 there is an order type r such that t-0 = 0-t = t. 

30. Give an infinite sequence of order types such that they form an arithmetic 
progression, but each one of them is a square (i.e., if {0 n } is the sequence, 
then 0 n = T n - T n for some r n , and there is a <r such that 0 n +i = 0 n + o 
for all n). 

31. For every positive integer n give n order types such that all possible n! 
sums of them (formed from different rearrangements) are different. 

32. For every positive integer n give n order types such that all possible n! 
products of them (formed from different rearrangements) are different. 

33. Give two different order types 0\ and 02 with equal squares: 0\ = 0\. 



36 Chapter 7 : Order types Problems 

34. The order types 9 k = (u>* +ui) -(ui+uj-ri + k), k = 0, 1, . . . are all different, 
but they have the same higher powers: there is an order type r such that 
for all k and all n > 2 we have 9% = r. 

35. Give order types 01 , 02,03 such that for all positive integer n their nth 
powers are different, but 0” + O'!]’ = 9% is true. 

36. Let 9\ and 02 be the order types of the ordered sets {A \ , <i) and {A%, < 2 ), 
respectively, and say that 9\ -< 92 if {A \ , < 1 ) is similar to a subset of 
{A‘ 2 - < 2 ), but not vice versa. This -< is well defined among order types 
and it is irreflexive and transitive but not trichotomous. 

37. If {A\, < 1 ) and {A 2 , < 2 ) in the preceding problem are well ordered, then 
9\ -< 02 if and only (A \ , < 1 ) is similar to a proper initial segment of 
{A‘ 2 - < 2 )- As a consequence, -< is an ordering (irreflexive, transitive, and 
trichotomous) among ordinals (in which case we write 9\ < 02 instead of 
0i -< 02 )- In particular, the order type of a subset of a well-ordered set is 
at most as large as the order type of the whole set. 

38. 9 A r] for every countable order type 0. 

39. There are continuum many order types 0 with 9 ~< rj. 

40. To every infinite order type 0 there is another one r which is incomparable 
(with respect to +) with it, i.e., t ^ 0, 0 ^ r and r^0. 

41. To every countably infinite order type 0 there is another countably infinite 
order type r such that 0 ^ r. 

42. For every n > 2 give n pairwise incomparable (with respect to -<) count- 
able order types. 

43. If 9i, i = 0, 1, . . ., are countable order types, then 0, A 9 3 for some i < j. 

44. For an order type 0 we have 1 + 0 = 0 if and only if 0 = u + r for some 
order type r. 

45. For an infinite order type 0 we have 1+0 = 0+1 if and only if 0 = uj+t+uj* 
for some r. 

46. For a nonzero order type 0 we have rj+9 = 9+r] if and only if 0 = rj+T+r) 
for some order type r. 

47. For an order type 0 we have A + 0 = 0 + Aif and only if 0 = A • n for some 
n = 0, 1, . . . or 0 = A • u) + r + A • oj* for some order type r. 

48. For an order type 0 we have 0 = 0* if and only if 0 can be represented 
either as r + r* or as r + 1 + r* . 

* * * 


49. For every infinite k there are 2 K different order types of cardinality k. 
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Ordinals are the order types of well-ordered sets. They are the infinite ana- 
logues of the natural numbers, and in many respect they behave like the latter 
ones. In fact, the finite ordinals are the natural numbers, and hence the trans- 
finite class of ordinals can be considered as an endless continuation of the 
sequence of natural numbers. 

This chapter contains various problems on ordinals and on operations on 
them. The problems specifically related to ordinal arithmetic will be the con- 
tent of the next chapter. 

The von Neumann definition of ordinals is as follows (see below): a set a 
is called an ordinal if it is transitive and well ordered with respect to £. When 
we talk about such an a we shall always assume that it is equipped with the £ 
relation. It can be shown that every well-ordered set ( A , -<) is similar to such 
a unique a. Therefore, we can set a as the order type of (A, -<). In particular, 
the order type of a is a. 

We set (3 < a if ,3 £ a. It follows that 

a is the set of ordinals smaller than a, and among ordinals the 
relation (3 < a is the same as (3 £ a, and f3 < a is the same as f3 C a. 

We shall not explicitly use von Neumann’s definition, but we shall use the 
just-listed boldfaced convention. 

In this chapter a, (3, . . . always denote ordinals. As always, u), the smallest 
infinite ordinal, is the set of natural numbers, i.e., the set of finite ordinals. 
An ordinal a is called a successor ordinal if it is of the form (3+1. The positive 
ordinals that are not successors are called limit ordinals. Thus, a is a limit 
ordinal if and only if (3 < a implies (3 + 1 < a. The first ordinal 0 is neither 
limit, nor successor. 

The first problem deals with the von Neumann definition of ordinals. A 
set x is called transitive if y £ x and z £ y imply z £ x (or equivalently 
y £ x =>■ y C x). We say that £ is a well-ordering on the set x if its 
restriction to a; is a well-ordering on x. Call a set N-set (N for Neumann) if 
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it is transitive and well ordered by E. We always consider an N-set with the 
well-ordering E, and for notational convenience sometimes we write < e for 
E. Part (h) shows that for a well-ordered set ( A , -<) we could define its order 
type as the unique N-set similar to it, and this is exactly the von Neumann 
definition of ordinals. 

1. (a) Every element of an N-set is an N-set. 

(b) If x is an N-set, then y = x U {x} is an N-set, and if 2 is an N-set 
containing x, then y C z. 

(c) If x is an N-set, y E x, then y is an initial segment of x. 

(d) If x is an N-set and Y C x is one of its initial segments, then Y is an 

N-set, and either Y = x or Y E x. 

(e) If x, y are N-sets, then x = y or x E y or y E x. 

(f) For N-sets x, y define x < y if x € y. Then this is irreflexive, transitive 

and trichotomous. Furthermore, if B is a nonempty set of N-sets, then 
there is a smallest element of B with respect to < (“well order”). 

(g) If x,y are different N-sets, then they are not similar. 

(h) Every well-ordered set is similar to a unique N-set. 

2. There is no infinite decreasing sequence of ordinals. 

3. Arbitrary infinite sequence of ordinals includes an infinite nondecreasing 
subsequence. 

4. The following relations are true: 

a) 1 + u) = u>, (j + l/ w, 

b) 2 • u> = u>, w • 2 ^ w. 

5. If a and b are natural numbers, then what is (u> + a) ■ (w + 6)? 

6. Solve the following equations for the ordinals £ and £: 

(a) u + £ = u 

(b) £ + u> = u> 

(c) £ • u = UJ 

(d) u> ■ £ = u> 

(e) £ + £ = w 

(f) £ • C = w 

7. Solve the equation £ + £ = w 2 + 1 for the ordinals £ and £. 

8. Which one is bigger? 

a) lj + k or k + u (k is a positive integer) 

b) k ■ u> or u> ■ k (k > is an integer) 

c) w + wi or wi + w 

d) P(u) =u n ■ a n - 1 1- u) ■ oi + oo or w" +1 , where n > 1 and a®,.. .,a n 

are natural numbers 
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e) -P(w) — u> n • a n + • • • + w • <zi + do or Q(oj) — u> m • af m + • • • + u) • a!^ + <Zq, 
where n,m,ao,a' 0 . . . ,a n ,a' n axe natural numbers 

9. Addition among ordinals is monotonic in both arguments, and strictly 
monotonic in the second argument. The same is true of multiplication 
provided the first factor is nonzero. 

10. a) 7 + a = 7 + /3 implies a = (3, 

b) a + 7 = /3 + 7 does not imply a = (3, 

c) 7 • a = 7 • /?, 7>0 imply a = (3, 

d) a ■ 7 = (3 ■ 7 , 7 > 0 do not imply a = (3. 

Does the answer change in b) or d) if 7 is a natural number? 

11. If a • 7 = /I • 7 and 7 is a successor ordinal, then a = (3. 

12. If k is a positive integer and a k = f3 k , then a = (3. 

13. If £ is a limit ordinal, then 

a ) SU P V <^( a + v) = a + £, 

b) sup v<( (a ■ rfi = £*■£. 

Are the analogous relations true if we change the order of the terms in 
the sums and products? 

14. If a < (3, then the equation a + £ = (3 is uniquely solvable for £. Is the 
same true for the equation £ + a = (31 

15. If 0 < a, then for any (3 there are unique ( and £ < a such that (3 = a-£+£. 

16. If a > 0 is an arbitrary ordinal and (3 is sufficiently large, then a + (3 = [3. 

17. If a + [3 = (3 + a for all ordinals (3, then a = 0. 

18. Every ordinal can be written in a unique manner in the form (3 + n where 
(3 is a limit ordinal or zero and n is a natural number. 

19. The limit ordinals are the ones that have the form u ■ (3, (3 > 1. 

20. A positive ordinal a is a limit ordinal if and only if n- a = a for all positive 
integer n. 

21. Let n be finite and a a limit ordinal. Then (a + n) ■ (3 = a ■ (3 + n if (3 is 
a successor ordinal, and (a + n) ■ (3 = a ■ (3 if /? is 0 or a limit ordinal. 

22. If k > 1 , n are natural numbers and a is a limit ordinal, then (a ■ n) k = 
a k ■ n. 

23. Given a > 0, what are those natural numbers n such that a can be written 
as a = n ■ /3 for some ordinal (33 

24. In each case find all ordinals a that satisfy the given equation. 

a) a + l = l + a 

b) a + u> = u) + a 

c) a ■ co = u> ■ a 

d) a + (w + 1 ) = (u + 1 ) + a 
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e) a ■ (uj + 1) = (w + 1) • a 

25. If n is a positive integer, then £ = w 2 " -1 . 

26. For every a there are only finitely many distinct 7 such that a = £+7 with 
some £. Is the analogous statement true for the representation a = 7 + £? 

27. For every a / 0 there are only finitely many 7 such that a = £ • 7 with 
some £. Is the analogous statement true for the representation a = 7 • £? 

28. Let m be a positive integer. A successor ordinal can be represented as a 
product with m factors only in finitely many ways. 

29. The equation £ 2 + w = £ 2 has no solution for £ and (. 

30. Give infinitely many £ and ( such that £ is infinite, and £ 2 + a/ 2 = ( 2 . 

31. Solve a 2 - 2 = /3 2 for a and /3. 

32. For every natural number k there is an infinite sequence of ordinals that 
form an arithmetic progression and in which each term is a fctli power. 

33. Give ordinals a and (3 with the property that for no n = 2, 3, . . . is a n ■ (3 n 
or ff l ■ a n an nth power. 

34. The sum w + 1 + 2-1 does not change if we alter the position of finitely 

many terms in it. 

35. One can get infinitely many different ordinals from the sum 1+2+3H hw 

by changing the position of finitely many terms in it. 

36. For every n > 1 give a sum Oq + Or + ■ ■ ■ of positive ordinals from which 
one can get exactly n different sums by taking a permutation of the terms 
(possibly infinitely many) in the sum. 

37. The sum of the n + 1 ordinals 1,2,..., 2” -1 , u> in all possible orders take 
2" different values. 

38. Let g(n) be the maximum number of different ordinals that can be ob- 
tained from n ordinals by taking their sums in all possible n\ different 
orders. Then 

lim g(n)/n\ = 0. 

39. For every n give n ordinals such that all products of them taken in all 
possible n\ orders are different. 

40. Let a be a limit ordinal, and call a set A C a of ordinals closed in a if the 
least upper bound of any increasing transfinite subsequence of A is in A 
or is equal to a. Then A is closed in a if and only if it is a closed subset 
of the topological space (a,T), where the topology T is generated by the 
intervals {£ : £ < r}, {£ : r < £ < a}, t < a (this topology is called 
the interval topology on a). 

It is also true that A is closed in a if and only if the supremum of every 
subset B c A is in A or is equal to a. 
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41. With the notation of the preceding problem a function / : a — > a is 
continuous in the interval topology if and only if /(sup A) = sup^ e ^ /(/) 
for any set A C a with sup A < a. 

42. If A C a is of cardinality k, then its closure in the interval topology is 
also of cardinality k. 

43. If is a transfinite sequence of countable ordinals converging in 

the topology on u>i to a a € uq, then there is a v < uq such that 

for all £, C > v. 

44. Assume that f : u>i x cu has the property that for a < u>i, n < ui 

the set {/3 < a : f(/3, a) < n} is finite. Then all the sets 

Zf(a, n) = {/3 < a : there are /3 = /3o < /?i <•••</?£ = a, 

with f(/3i,/3 i+ 1 ) < n} 

are also finite. 

45. There is a function / : uq x wi — >• w such that for a < n < cj the 

set {(3 < a : f((3, a) < n} is finite and for any ao < ol\ < • • • we have 

sup k<U) f(a k ,a k+1 ) =u). 

46. Two players, I and II, play the following game of length u. At round i first 

I chooses a countable ordinal on at least as large as the previous ordinal 
chosen by him, then II selects a finite subset Si of on. After u> many steps 

II wins if So U Si U • • • = sup({aij : i < u}). 

(a) II has a winning strategy. 

(b) II even has a winning strategy that chooses Si only depending on 
i, cti- 1 , and aij. 

47. Two players, I and II, alternatively select countable ordinals. After u> steps 
they consider the set of all selected ordinals, and II wins if it is an initial 
segment, otherwise I wins. 

(a) There is a winning strategy for II. 

(b) There is no such winning strategy if the choice of II depends only on 
the set of ordinals selected before (by the two players). 

(c) Even such a strategy exists if II is allowed to select finitely many 
ordinals in every step. 


* * 


* 


48. Let k be an infinite cardinal and let two players alternately choose sets 
Ao D Ki D ■ ■ ■ of cardinality k. Then no matter how the first player plays, 
the second one can always achieve n(/L 0 A n = 0. 
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Ordinal arithmetic 


This chapter can be regarded as the “infinite analogue” of classical number 
theory. It contains problems on the arithmetic properties of ordinals such as 
divisibility, representation in a base, decomposition, primeness, etc. 

A special role is played by the so-called normal representation (Problem 
16) which is representation in base u>. In fact, many problems simplify con- 
siderably if the ordinals are written in normal form. 

In this chapter a,0,. . . always denote ordinals. 

If a ■ 0 = 7, then we say that a (0) is a left (right) divisor of 7, and also 
that 7 is a right (left) multiple of a (0). 

1. If A is any set of nonzero ordinals, then there is a largest ordinal 7 that 
divides every element of A from the left (this 7 is called the greatest 
common left divisor of A). Every ordinal that divides every element of A 
from the left also divides 7 from the left. 

2. a is a limit ordinal if and only if w divides a. from the left. 

3. a is divisible from the left by u+2 and by w + 3 if and only if it is divisible 
from the left by u 1 2 3 4 5 6 7 . 

4. a is divisible from the right by 2 and 3 if and only if it is divisible from 
the right by 6. Is the same true for divisibility from the left? 

5. a is divisible from the right by u + 2 and by cj + 3 if and only if it is 
divisible from the right by w + 6. 

6. Every ordinal a has only a finite number of right divisors. Is the same 
true of left divisors? What if a is a successor ordinal? 

7. If a and 0 are right divisors of 7 > 1, then either 

a) a divides 0 from the right, or 

b) 0 divides a from the right, or 

c) a = £+p, 0 = £ + (/, where £ is a limit ordinal or 0, and p, q are positive 

natural numbers. 
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In case c) if [p, q\ is the smallest common multiple of p and q, then £+ \p, q] 
is the smallest common left multiple of a and (3, and £ + [p. q] also divides 
7 from the right. 

8. Any set of positive ordinals has a greatest common right divisor, and this 
greatest common right divisor is divisible from the right by any common 
right divisor. 

9. Any set of positive ordinals has a least common (positive) right multiple, 
and this least common right multiple divides every common right multiple 
from the left. 

10. Exhibit two ordinals that do not have a common (nonzero) left multiple. 

11. Define ordinal exponentiation by transfinite recursion in the following way: 
7° = 1, 7 a+1 = 7“ • 7, and for limit ordinal a let 7“ be the supremum of 
the ordinals 7 v , g < a. For 7 > 1 the following are true: 

(i) 7 « . 7/3 = 7 «+/3, 

(ii) (7“)^ = 7 a ' /3 , 

(iii) if a < (3 then 7“ < 7^, 

(iv) a < 7“. 

12. Consider the set of all mappings / : a — > 7 for which all but finitely 
many elements are mapped to 0, and for f,g £ & a ,-y, f 7^ 9 let / -< g if 
m < 5(0 f° r ^e largest £ < a for which /(£) ^ </(£). Then (# a)7 , -<) is 
well ordered, and its order type is 7“. 

13. For any integer n > 1 we have 

a) n“ = , 

b) (u> + n) u = w“. 

14. If a is a limit ordinal, then l a + 2“ = 3 a . 

15. The following are true: 

a) 2“ = u, 

b) if a is countable, then so is 2 a , 

c) for any cardinal n = we have 2 W<T = k, 

d) if a is infinite, then the cardinality of 2 a is equal to the cardinality of 
a , 

e) every ordinal can be written in a unique manner in the form 

2«n +2 €— 1 +... + 2«°, (9.1) 

where £0 < £1 • • • < £«• 

What is the form (9.1) of the ordinal u 4 ■ 6 + w 2 • 7 + u> + 9? 

16. If 7 > 2, then every ordinal can be written in a unique way in the form 


7^ n ' Vn H 1- 7 & • Vo, 
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where £o < £1 < • • • < &>, , and 1 < rjj < 7 for all l<j<n. 

This form is called the representation of the given ordinal in base 7. The 
representation of an ordinal a in base u is called the normal form of a. 

17. If 

a = uA ■ a n -\ + w ?0 • ao, (9.2) 

£0 < £1 < • • • < Cn, a o- a-\. ... . a n € N is the normal expansion of a, then 
a < oA +1 , and for any u/"- +1 < (3 we have a + (3 = /3. 

18. Find the normal form of the sum and product of two ordinals given in 
normal form. 

19. If the normal form (9.2) of a has (n+1) components, then for m = 1,2,... 
the normal form of a m has (n + 1) components if a is a limit ordinal and 
it has mn + 1 components if a is a successor ordinal. 

20. If the normal form of a is (9.2), then every 0 < /3 < oA° is a left divisor 
of a, and besides these there are only finitely many left divisors of a. 

21. Given a > 0, what are those natural numbers k such that a can be written 
as a = f3 ■ k for some ordinal /?? 

22. Given an ordinal a , what is J2p<u a ^ 

23. If u> a = A U B, then either A or B is of order type u> a . 

24. For every a there is a natural number N such that if a is decomposed as 
a = Ao U • • • U An into N + 1 disjoint sets, then there is a j such that 
U i^jAi has order type a. 

25. If k is an infinite cardinal, then every ordinal a of cardinality at most k 
can be decomposed as a = Ao U Ai U • • • such that every A n is of order 
type smaller than k u . 

26. Call an ordinal a > 0 (additively) indecomposable if it cannot be written 
as a sum of two smaller ordinals. Give the first three infinite indecompos- 
able ordinals. 

27. For every ordinal there is a bigger indecomposable ordinal. Also, for every 
countable ordinal there is a bigger indecomposable countable ordinal. 

28. If a is arbitrary, and 7 is the smallest ordinal for which there is a (3 such 
that a = f3 + 7, then 7 is indecomposable. 

29. a is indecomposable if and only if it does not have a right divisor that is 
a successor ordinal bigger than 1. 

30. a is indecomposable if and only if £ + a = a for every t; < a. 

31. The supremum of indecomposable ordinals is indecomposable. 

32. If a is indecomposable, then so is every (3 ■ a, (3> 0. 

33. If a is indecomposable, then a is divisible from the left by all 1 < (3 < a. 

34. The smallest indecomposable ordinal bigger than a > 1 is a ■ u>. 

35. Every positive ordinal can be represented in a unique manner as a sum of 
a finite sequence of nonincreasing indecomposable ordinals. 
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36. Let a = /3i + /?2 + • • • + /3 n be the decomposition of a from the preceding 
problem. Then a = 0 + 7 for some 0 , 7 ^ 0 if and only if there are a 1 < 

to < n such that 7 = 0 m +0 m+ H h/3 n and 0 = /?i +/?2 H b/? m -i+<5, 

where (5 is an arbitrary ordinal smaller than 0 m . 

37. The indecomposable ordinals are precisely the ordinals of the form u) a . 

38. Call an ordinal a > 1 prime if it cannot be written as the product of two 
smaller ordinals. Give the first three infinite prime ordinals. 

39. a > 1 is prime if and only if a = 0 ■ 7, 7 > 1 imply 7 = a. 

40. If a is an indecomposable ordinal, then a + 1 is prime. 

41. An infinite successor ordinal is prime if and only if it is of the form ufi + 1. 

42. A limit ordinal is prime if and only if it is of the form . 

43. Every ordinal has at most one infinite right divisor that is prime. 

44. Every successor ordinal has at most one infinite left divisor that is prime. 
However, a limit ordinal may have infinitely many infinite left prime di- 
visors. 

45. Every ordinal a > 1 is the product of finitely many prime ordinals. In 
general, this representation is not unique even if we require that no factor 
can be omitted without changing the product. 

46. Every a > 1 has a unique representation 

a = ai • • • a m ■ bi ■ ci ■ 62 • • • b s ■ c s ■ 6 s+ i , 

where 07 > ... > a m are limit primes, ci,...,c s are infinite successor 
primes, and 61 , ... , b s+ i > 1 are natural numbers (some of the terms may 
be missing). 

47. Call two positive ordinals a and j3 additively commutative if a+ 0 = 0+a. 
If a is additively commutative with both 0 and 7, then 0 and 7 are also 
additively commutative. 

48. For every positive ordinal a there are only countably many ordinals with 
which a is additively commutative. 

49. Let n, to be given positive integers. Two ordinals a and 0 are additively 
commutative if and only if a ■ n and 0 ■ m are additively commutative. 

50. Two ordinals a and 0 are additively commutative if and only if there are 
positive integers n, m such that a ■ n = 0 ■ to. 

51. Two ordinals a and 0 are additively commutative if and only if there are 
natural numbers n, to and an ordinal £ such that a = £ • n, 0 = £ • to. 

52. For any a the ordinals that additively commute with a are of the form 
0-n, n = 1 , 2 ,..., where 0 is the smallest ordinal additively commutative 
with a. 
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53. If the normal form of a > 0 is (9.2), then the ordinals additively commu- 
tative with a are the ones with normal form 

• c + toA -1 • a n - 1 • • • + uA • ao 

where c is an arbitrary positive natural number. 

54. The sum of n nonzero ordinals a \ , . . . , a n is independent of their order if 
and only if there are positive integers mi, . . . , m n and an ordinal £ such 
that a.\ = £ • mi, a 2 = £ • m2, . . ., a n = £ • m n . 

55. Let g(n ) be the maximum number of different ordinals that can be ob- 
tained from n ordinals by taking their sums in all possible n! different 
orders. 

(a) For each n 

g(n) = max (k2 k ~ 1 + l)g(n — k). 

l<k<n 1 

(b) 5 (1) = 1, 5(2) = 2, 5(3) = 5, 5(4) = 13, g( 5) = 33, 5(6) = 81, 
5(7) = 193, 5(8) = 449, 5(9) = 33 2 , 5(10) = 33 • 81, 5(H) = 81 2 , 
5(12) = 81 • 193, 5(13) = 193 2 , 5(14) = 33 2 • 81, 5(15) = 33 • 81 2 . 

(c) For m > 3 we have g(5m) = 33 -SI™ -1 g(5m+l ) = 81 m , g(5m + 2) = 
193 • 81 m_1 , g(5m + 3) = 193 2 • 81 m “ 2 and g(5m + 4) = 193 s • 81 ro “ 3 . 

(d) For n > 21 we have g(n) = 81 g(n — 5). 

56. Call two ordinals a > 1 and (3 > 1 multiplicatively commutative if a ■ (3 = 
f3 ■ a. If 7 > 1 is multiplicatively commutative with the ordinals f3 and 7, 
then (3 and 7 are also multiplicatively commutative. 

57. No successor ordinal bigger than 1 is multiplicatively commutative with 
any limit ordinal, and no finite ordinal bigger than 1 is multiplicatively 
commutative with any infinite ordinal. 

58. For every ordinal a > 1 there are only countably many ordinals that are 
multiplicatively commutative with a. 

59. Let m, n be positive integers. Two ordinals a and (3 are multiplicatively 
commutative if and only if a n and f3 m are multiplicatively commutative. 

60. Two infinite ordinals a, (3 are multiplicatively commutative if and only if 
there are natural numbers n, m such that a” = f3 m . 

61. Two limit ordinals a < (3 are multiplicatively commutative if and only 
if there is a 9 and positive integers p , r such that (3 = u e ' r ■ a, and the 
highest power of u> in the normal representations of a is u> e ' p . 

62. If a is an infinite successor ordinal and £ > 1 is the smallest ordinal multi- 
plicatively commutative with a, then every ordinal that is multiplicatively 
commutative with a is of the form £” with n = 0,1.... 

63. Two infinite successor ordinals a and (3 are multiplicatively commutative 
if and only if there is an ordinal £ and natural numbers n, m with which 
a = and [3 = £ m . 
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64. The ordinals u> 2 + u> and a; 3 + u> 2 are multiplicatively commutative, but 
there is no ordinal £ and natural numbers n, m with which a = £” and 
/3 = would be true. 

65. The product of n ordinals o i a n , ati > 2 is independent of their order 

if and only if there are positive integers m\,. . . , m n for which a™ 1 = 
a ™ 2 = ••• = <*-. 

66. For every n give n ordinals such that all products of them taken in all 
possible n! orders are different. 

67. There are no different infinite ordinals that are simultaneously additively 
and multiplicatively commutative. 

68. For infinite a the following statements are pairwise equivalent: 

a) if 6 < a and 6 < a, then £ • 9 < a, 

b) if 1 < £ < a then £ • a = a, 

c) a = w w/3 for some /3. 

69. Call an ordinal a epsilon-ordinal, if ui a = a. Find the smallest epsilon- 
ordinal. 

70. For every ordinal there is a larger epsilon-ordinal and for every countable 
ordinal there is a larger countable epsilon-ordinal. 

71. If a is an epsilon-ordinal, then 

(i) £ + a = a for £ < a, 

(ii) £ • a = a for 1 < £ < a, 

(iii) £“ = a for 2 < £ < a. 

72. If /3 > u> and fi a = a, then a is an epsilon-ordinal. 

73. a is an epsilon-ordinal if and only if u> < a and (3 1 < a whenever d, 7 < a. 

74. For infinite ordinals a < j3 we have aP = (3 a if and only if a is a limit 
ordinal and (3 = 7 • a, where 7 > a is an epsilon ordinal. 

75. Define the product Y\^<e °f a transfinite sequence of ordinals, 

and discuss its properties! 

76. If ao + ol\ H is a sum of a sequence of ordinals of type co, then by taking 

a permutation of (possibly infinitely many of) the terms in the sum, one 
can get only finitely many different ordinals. 

77. If ao+QbH is a sum of a sequence of ordinals of type u>, then by deleting 

finitely many terms and taking a permutation of (possibly infinitely many 
of) the remaining terms in the sum, one can get only finitely many different 
ordinals. 

78. Given a positive integer n give a sum «o + ai + • • • of a sequence of 
infinite ordinals of type uj such that one can get exactly n different values 
by taking a permutation of the terms in the sum. 
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79. If ao • ol\ • • ■ is a product of a sequence of ordinals of type oj, then by taking 
a permutation of (possibly infinitely many of) the terms in the product, 
one can get only finitely many different ordinals. 

80. If ao-ai • • • is a product of a sequence of ordinals of type u, then by deleting 
finitely many terms and taking a permutation of (possibly infinitely many 
of) the remaining terms in the product, one can get only finitely many 
different ordinals. 

81. Given a positive integer n give a product ao • aq • • • of a sequence of 
infinite ordinals of type uj such that one can get exactly n different values 
by taking a permutation of the terms in the product. 

82. Permuting finitely many terms in a sum a P (but keeping the per- 

muted sum of type u>+l), one may get infinitely many different ordinals. 

83. If 7 is a countable ordinal and [aa},6<j is a sequence of ordinals, then 
there are only countably many different sums of the form X)a< 7 0^(3), 
where n : 7 — )• 7 is any mapping. 

84. Permuting finitely many terms in a product Y\p <w otp (but keeping the 
permuted sum of type u> + 1), one may get infinitely many different ordi- 
nals. 

85. If 7 is a countable ordinal and {a/3}/3< 7 is a sequence of ordinals, then 
there are only countably many different products of the form n^< 7 a n(fj)i 
where n : 7 — >• 7 is any mapping. 

86. Write F(a) = ]^ <a £. Calculate ■T(u’), -T(w+ 1), r(u> ■ 2), and r(u> 2 ). 

87. Find all operations T from the ordinals to the ordinals that are continuous 
in the interval topology and that satisfy the equation T(a + 0) = !F{oi) + 
7F(0) for all a and 0. 

88. Is there a not identically zero operation T from the ordinals to the ordinals 
that is continuous in the interval topology and that satisfies the equation 
T(a + 0) = !F(0) + 7F{oi) for all a and /3? 

89. Find all operations T from the ordinals to the ordinals that are continuous 
in the interval topology and that satisfy the equation T{p. + ft) = -F(a) • 

for all a and (3. 

90. Is there a not identically zero and not identically 1 operation T from the 
ordinals to the ordinals that is continuous in the interval topology and 
that satisfies the equation + /?) = T{fl) ■ T{a.) for all a and 0? 

91. Define the Hessenberg sum (or natural sum) a ® 0 of ordinals a,0 with 
normal form 

a = uj 5n ■ a n + ■ ■ ■ + uj s ° ■ ao, 0 = u) Sn ■ b n H + u> 5 ° ■ bo (9.3) 

(with possibly = 0 or = 0) as 

= u)^ n • ( a n + &«) + ••• • (ao + bo) ■ 



50 


Chapter 9 : Ordinal arithmetic 


Problems 


(a) ® is an associative and commutative operation. 

(b) If /? < 7, then a ® (3 < a ® 7. 

(c) For a given a how many solutions does the equation x © y = a have? 

(d) Is J : a {x) = a © x continuous? 

(e) ai H + a n < a,\ © • • • © a n . When does the equality hold? 

(f) ol\ © • • • © a n < max{«i, . . . , a n } ■ ( n + 1). 

92. a\ © • • • © a n is the largest ordinal that occurs as the order type of A\ U 
• • • U An, where A\,...,A n are subsets of some ordered set of order types 
ai , . . . , a n , respectively. 

93. If /?) is a commutative operation on the ordinals which is strictly 
increasing in either variable, then T{a. (3) > a © (3 holds for all a, (5. 

The “superbase” form of a natural number in base b is obtained by writing 
the number in base b, and all exponents and exponents of exponents, 
etc., in base b. For example, if b = 2, then 141 = 2 7 + 2 3 + 2 2 + 1 = 
2 2 + 2+1 + 2 2+1 + 2 2 + 1, and the latter form is its “superbase” 2 form. 

94. Pick a natural number n\, and for each * = 1,2,... perform the following 
two operations to define the numbers 7*2* and 7*27-1 : 

(i) write 7*27-1 in “superbase” form in base i+ 1, and while keeping all 
coefficients, replace the base by i + 2. This gives a number that we call 
7*27- 

(ii) set 7*27+1 = 7*27 - 1- 

If 7*27+1 = 0, then we stop, otherwise repeat these operations. For example, 
if t*i = 23, then its “super base” 2 form is 23 = 2 22 + 2 2 + 2 + 1, so 
7*2 = 3 s3 + 3 3 + 3 + 1 = 7625597485018, n 3 = 7625597485017. Since 
?*3 = 3 3 + 3 3 + 3, and here we change the base 3 to base 4, we have 
?*4 = 4 4 + 4 4 + 4, which is the following 155-digit number: 

1340780792994259709957402499820584612747936582059239 

3377723561443721764030073546976801874298166903427690 

031858186486050853753882811946569946433649006084356. 

(a) No matter what ?*i is, there is an i such that 7*7 = 0. 

(b) The same conclusion holds if in (i) the actual base is changed to any 
larger base (i.e., when the bases are not 2,3,... but some numbers 
61 < b 2 < • • •)• 
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Cardinals express the size of sets. Saying that two sets are equivalent (are 
of equal size) is the same as saying that their cardinality is the same. The 
cardinality of the set A is denoted by |A|, and it can be defined as the smallest 
ordinal equivalent to A: \A\ = min {a : a ~ A}. 

We set \A\ < |B| if A is equivalent to a subset of B but not vice versa. It is 
easy to see that this is the same as |A| being smaller than \B\ in the “smaller” 
relation (i.e., in G) among ordinals. If /q, i G / are cardinals, then their sum 
Yliei Kl * s defined as the cardinality of U 7 ; e / A ( , where A, are disjoint sets of 
cardinality K - t , and their product Hie / Kj - ' s defined as the cardinality of the 
product set Hie/ (recall that this is the same as the set of choice functions 
f : I -% Ujg/Aj, /(i) G Ai for all i) . Finally, we set as the cardinality 

of the set B A (which is the set of functions / : B A from B into A). 

This chapter contains problems related to cardinal operations. The fun- 
damental theorem of cardinal arithmetic (Problem 2) says that for infinite 
cardinals k, A we have k + A = k\ = max{K, A}. Quite often this makes ques- 
tions on cardinal addition and multiplication trivial. The situation is com- 
pletely different with cardinal exponentiation; it is not trivial at all, and is 
one of the subtlest question of set theory with problems leading quite often 
to independence results. For this reason we shall barely touch upon cardinal 
exponentiation in this book. 

An important property of some cardinals is their regularity, n = cf ( n) . It 
is equivalent to the fact that k cannot be reached by (i.e., not the supremum 
of) less than k smaller ordinals. Another equivalent formulation is that a set 
of cardinality k is not the union of fewer than k sets of cardinality smaller 
than k (see Problems 9, 10). Some properties hold only for regular cardinals, 
and quite frequently proofs are simpler for regular cardinals than for singular 
(=nonregular) ones. 

The finite cardinals are just the natural numbers. Infinite cardinals are 
listed in an endless “transfinite sequence” ujq.uj-i ..... uj a , . . numbered by 
ordinals a. Here cjq = is the smallest infinite cardinal, and this numbering 
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is done so that f3 < a implies uip < u> a . If k = u> Q , then w Q +i is the successor 
cardinal to k (i.e., the smallest cardinal larger than k) , and is denoted by k + . 
It is always a regular cardinal. 

For historical reasons we also write H Q instead of oj u (note that u) a has 
two faces; it is an ordinal and also a cardinal, and we use the aleph notation 
when we emphasize the cardinal aspect). 

CH, the continuum hypothesis (i.e., that there is no cardinal between u> 
and c) can be expressed as c = Hi or as 2 K ° = Hi. The generalized continuum 
hypothesis (GCH) stipulates that for all a we have 2 N “ = H a +i. This is also 
independent of the axioms of set theory (cf. the introduction to Chapter 4). 

1. What is the cardinal ao • ai • • • if the aq’s are positive integers? 

2. (Fundamental theorem of cardinal arithmetic) For every infinite cardinal 
k we have k 2 = k. 

3. If at least one of k > 0 and A > 0 is infinite, then 

k + A = k\ = max{/{, A}. 

4. If X is of cardinality k > Ho, then the following sets are of cardinality k: 

a) set of finite sequences of elements of X, 

b) set of those functions that map a finite subset of X into X. 

5. Let X be a set of infinite cardinality k, and call a set Y C X “small” if 
there is a decomposition of X into subsets of cardinality k each of which 
intersects Y in at most one point. Then X is the union of two of its “small” 
subsets. 

6. The supremum of any set of cardinals (considered as a set of ordinals) is 
again a cardinal. 

7. If pi+ p 2 = then there are cardinals A^ , * = 1, 2, £ < a such 

that pi = 4 = 1,2, and for all £ we have Aj = A^ + A^ 2 \ 

8. If a is the cofinality of an ordered set, then a is a regular cardinal. 

9. If k is an infinite cardinal, then cf( k) coincides with the smallest ordinal 

a for which there is a transfinite sequence of cardinals smaller 

than k with the property k = K (- 

10. An infinite cardinal is regular if and only if k is not the sum of fewer than 
k cardinals each of which is less than k. 

11. A successor cardinal is regular. 

12. Which are the smallest three singular (i.e., not regular) infinite cardinals? 

13. cf(H a ) = H a if a is a successor ordinal, and cf(H a ) = cf(a) if a is a limit 
ordinal. 
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14. Let n be a natural number. The cardinality of a set H is at most R„ if 
and only if n+2 H(= H n+2 ) can be represented in the form A\ U • • • U 
A n+2 , where A k is finite “in the direction of the fcth coordinate”, i.e., if 
hi, , hk-i,hk+i, ■ ■ ■ h n+ 2 are arbitrary elements from H, then there are 
only finitely many h £ H such that (hi, . . . , h k - i, h, h k + i, . . . h n+ 2) £ A k . 

15. The cardinality of a set H is at most d Q:+rt if and only if n+2 H(= H n+2 ) 
can be represented in the form A\ U • • • U An+z, where the cardinality 
of Ak “in the direction of the kth coordinate” is smaller than d Q , i.e., if 
hi, . . . , hk-i, hk+ 1, • • • h n +2 are arbitrary elements from H, then there are 
fewer than K a elements h £ H such that 

(hi, • • • , hk~i, h, hk+ 1 , • • • h n + 2) €' Hk- 

16. (Cantor’s inequality) For any k we have 2 K > k. 

17. (Konig’s inequality) If p, < Ki for all i £ I, then 

52 P* <II Ki ' 

iei iei 

18. If the set of cardinals 0 < < k is cofinal with k, then 

n c<0 k? > k. 

19. If k is infinite, k = X^{< c f(«) K £ w here k > Kj > 1, then 

n ^=« cfw . 

C<cf (k) 


20. If k is infinite, then k <:{( k ) > k. 

21. If A > 2 and k is infinite, then cf(A K ) > k. 

22. (Bernstein-Hausdorff-Tarski equality) Let k be an infinite cardinal and A 
a cardinal with 0 < A < cf(/t). Then 

kX= K - 
\P<K / 

23. If a is a limit ordinal, is a strictly increasing sequence of cardinals 

and k = t ^ en ^ or all 0 < A < cf(a) we have k a = ■ 

24. If A is singular and there is a cardinal k such that for some pi < A for 
every cardinal r between pi and A we have 2 T = k, then 2 A = k, as well. 

25. If there is an ordinal 7 such that 2 K “ = d Q+ , ( , holds for every infinite 
cardinal d Q , then 7 is finite. 

26. The operation k 1 — >- k c£ ( k ) on cardinals determines 
(a) the operation k i->- 2 k , 
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27. 


28. 


29. 


30. 

31. 

32. 

33. 


34. 


35. 

36. 

37. 


38. 

39. 

40. 


(b) the operation (k, A) i-> k x . 

If n is finite, then for A > 1 

(a) K A +n = H A H a+n . 

(b) H A = 2 a N„. 

When does 

n K = 2 N ° 

n<0J 

hold? 

n = K°- 

n<co 


If for all n < u> we have 2 Nn < then 2 N " = K^°. 

If p > u) is a given cardinal, then there are infinitely many cardinals k for 
which k p = k, and there are infinitely many for which k p > k. 

There are arbitrarily large cardinals A with A N ° < A Kl . 

For an infinite cardinal k let // be the minimal cardinal with 2 ,J > k. Then 
{k x : A < ytt} is finite. 

For an infinite cardinal k let p = p K be the smallest cardinal such that 
k p > k. Then p K is a regular cardinal. What is p w ? And p Uu> ? 

The smallest k for which 2 K > c holds is regular. 

Let Ko = H 0 , and for every natural number n let K n+l = H Kn . Then 
k = sup n K n is the smallest cardinal with the property k = 

There are infinitely many cardinals k such that the set of cardinals smaller 
than k is of cardinality k (i.e., k = H r J. If we call such cardinals k ’’large”, 
then are there cardinals n such that the set of ’’large” cardinals smaller 
than k is of cardinality k? 

Under GCH (generalized continuum hypothesis) find all cardinals k for 
which k n ° < k Hi < k N 2 hold. 

Assuming GCH evaluate ri/3< a ^/3- 
Under GCH determine k x . 
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Partially ordered sets 


Let A be a set and -< a binary relation on A. (A, -<) is called a partially ordered 
set if 

• -< irreflexive: a -ft. a for any a € A, 

• -< transitive : a -< b and b ~< c imply a ~< c. 

Thus, the difference with ordered sets is that here we do not assume tri- 
chotomy (comparability of elements). 

In a partially ordered set {A, -<) two elements a, b are called comparable if 
(exactly) one of a = b, a -< b or b -< a holds, otherwise they are incomparable. 
An ordered subset of a partially ordered set is called a chain and a set of 
pairwise incomparable elements an antichain. 

The main problem that we treat in this chapter is how information on 
the size of chains and antichains can be related to the structure of the set in 
question. 

1. In an infinite partially ordered set there is an infinite chain or an infinite 
antichain. 

2. If in a partially ordered set all chains have at most l < oo elements and 
all antichains have at most k < oo elements, where k, l are finite numbers, 
then the set has at most kl elements. 

3. If in a partially ordered set all chains have at most k < oo elements, then 
the set is the union of k antichains. 

4. If in a partially ordered set all antichains have at most k < oo elements, 
then the set is the union of k chains. 

5. There is a partially ordered set in which all chains are finite, still the set 
is not the union of countably many antichains. 

6. There is a partially ordered set in which all antichains are finite, still the 
set is not the union of countably many chains. 
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7. If in a partially ordered set all chains are finite and all antichains are 
countable, then the set is countable. 

8. If in a partially ordered set all antichains are finite and all chains are 
countable, then the set is countable. 

9. There is a partially ordered set of cardinality continuum in which all chains 
and all antichains are countable. 

10. If in a partially ordered set all chains and all antichains have at most k 
elements, then the set is of cardinality at most 2 K . 

11. If k is an infinite cardinal, then there is a partially ordered set of cardi- 
nality 2 K in which all chains and all antichains have at most k elements. 

12. For every cardinal k there is a partially ordered set (P, -<} in which every 
interval [x, y\ = {z : x A z A y} is finite, yet P is not the union of K 
antichains. 

13. If (P, -<) is a partially ordered set, call two elements strongly incompatible 
if they have no common lower bound. Let c(P, -<) be the supremum of |Sj 
where S C P is a strong antichain, that is, a set of pairwise strongly 
incompatible elements. 

(a) If c(P, -<) is an infinite cardinal that is not weakly inaccessible, i.e., it 
is not a regular limit cardinal, then c(P, -<) is actually a maximum. 

(b) If k is a regular limit cardinal, then there is a partially ordered set 
( P , -<) such that c(P, -<) = n yet there is no strong antichain of cardi- 
nality K. 

14. If {A. -<) is a partially ordered set, then there exists a cofinal subset B C A 
such that {B,~<) is well founded (i.e., in every nonempty subset there is 
a minimal element). 

15. If there is no maximal element in the partially ordered set (P,~<), then 
there are two disjoint cofinal subsets of ( P , -<). 

16. There is a partially ordered set (P, -<) which is the union of countably 
many centered sets but not the union of countably many filters. (A subset 
Q C Pis centered if for any pi , . . . , p n £ Q there is some q < p\. , p n 
in P. A subset F C P is a filter, if for any pi,. . . ,p n £ F there is some 
qA Pl ,..., Pn with q £ F.) 

17. For two real functions / ^ g let / -< g if f(x) < g(x) for all x £ R. In this 
partially ordered set there is an ordered subset of cardinality bigger than 
continuum. No such subset can be well ordered by -<. 

The following problems use two orderings on the set “tn of all functions 
/ : u> — > u>: let / <C g if f(ri) < g(n) for all large n, and / -< g if 
g(ri) — f(n) oo as n — > oo. 

18. Each of ( W w, <0 and (A, -<) has an order-preserving mapping into the 
other, but they are not isomorphic. 



Problems 


Chapter 11 : Partially ordered sets 


57 


19. For any countable subset {fk}k of “w there is an / larger than any fk 
with respect to -<. 

20. { U u>, -<} includes a subset of order type u>±. 

21. { U u>, -<} includes a subset of order type X m for each to = 1,2,.... 

22. If 9 is an order type and ("w, -<) includes a subset similar to 9, then it 
includes such a subset consisting of functions that are smaller than the 
identity function. 

23. If 9\ , 9-2 are order types and ("w, -<) includes subsets similar to 9\ and 
92, respectively, then it includes subsets similar to 0\ + 6b and 9\ ■ 9 2 , 
respectively. It also includes a subset similar to 9 * , where 9* is the reverse 
type to 9\. 

24. If 9i, i £ I are order types where (I, <) is an ordered set, and (“w, -<) 

includes subsets similar 9i and also a subset similar to (/, <), then it 
includes subsets similar to Y^iei(<) particular, ("w, -<) includes a 

set of order type a for every a < 

25. If (p < is a limit ordinal and 


fo -< h <■■■-< fa <■■■-< 9oc <■■■ 9i < 9o, Oi < V, 

then there is an / with f a ~< f ~< g a for every a < ip. 

26. There exist functions 

/o -< fi -< ■ ■ ■ fa ~< ■ ■ ■ -< 9a -< ■ ■ ■ 9i ~< go, a<uii, 
such that there is no function / with f a ~<f~<9a for every a < u 1 . 
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Transfinite enumeration 


This chapter deals with a fundamental technique based on the well-ordering 
theorem. Most of the problems in this chapter require the construction of some 
objects sometimes with quite surprising properties (like Problem 7: there is a 
set dcR 1 2 3 4 5 intersecting every line in exactly two points). The objects cannot 
be given at once, but are obtained by a transfinite recursive process. The idea 
is to have a well ordering of the underlying structure (in the aforementioned 
example a well-ordering of the lines on R 2 into a transfinite sequence {£ a } a <c 
of type c) and based on that the object is constructed one by one (in the 
example constructing an increasing sequence {A a } a<c of sets such that A a 
has at most two points on any line, and it has exactly two points on £ a ). 

Of similar spirit is the transfinite construction of some closure sets such 
as the set of Borel sets, the set of Baire functions, or the algebraic closures of 
fields. 

This transfinite enumeration technique will be routinely used in later chap- 
ters. 


1. If Ai, i S I is an arbitrary family of sets, then there are pairwise disjoint 
sets Bi c Ai such that U ie/Rj = Uj e /^4j. 

2. If there are given k > No sets each of cardinality k, then there are 

pairwise disjoint subsets C each of cardinality k. Further, we can 
even have | \ Y^ | = k for all £ < k. 

3. If there are given k > Hq sets X%, £ < k each of cardinality n, then 
there are pairwise disjoint sets Y a , a < n such that for all a,£ < k the 
intersection Y a fl X^ is of cardinality k. 

4. Let k be an infinite cardinal, X a set of cardinality k, and T a family of 

cardinality at most k of mappings with domain X. Then there is a family 
T-L of cardinality 2 K of subsets of X with the property that if Hi, g H 

are two different sets and / £ T is arbitrary, then / [H- t ] ^ R 2 - 

5. If X is an infinite set of cardinality k, then there is an almost disjoint 
family H of cardinality bigger than k of subsets of X each of cardinality 
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k (the intersection of any two members of H is of cardinality smaller than 

k). 

6. There is a family {iV Q } 0 , < ^ 1 of subsets of N such that for a < f3 < the 
set Np \ N a is finite, but the set N a \ Np is infinite. 

7. There is a subset A of R 2 , that has exactly two points on every line. 

8. Suppose that to every line t on the plane a cardinal 2 < nit < c is assigned. 
Then there is a subset A of the plane such that \A n l| = nit holds for 
every t. 

9. If Li and L 2 are two disjoint sets of lines lying on the plane, then the 
plane can be divided into two sets A\ U A 2 in such a way that every line in 
Lj resp. L 2 intersects A\ resp. A 2 in fewer than continuum many points. 

10. R can be decomposed into continuum many pairwise disjoint sets of power 
continuum, such that each of these sets intersects every nonempty perfect 
set. 

11. R can be decomposed into continuum many pairwise disjoint and non- 
measurable sets. 

12. R can be decomposed into continuum many pairwise disjoint sets each of 
the second category. 

13. There is a subset A of R 2 that has at most two points on every line, 
but A is not of measure zero (with respect to two-dimensional Lebesgue 
measure). 

14. There is a second category subset A of R 2 that has at most two points on 
every line. 

15. There is a set 4cR such that every x G R has exactly one representation 
x = a + b with a,b £ A. 

16. If A C R is an arbitrary set, then there is a function / : A — > A that 
assumes every value only countably many times and for which f(a) < a 
for all a £ A, except for the smallest element of A (if there is one). 

17. Every real function is the sum of two 1-to-l functions. 

18. There is a real function that is not monotone on any set of cardinality 
continuum. 

19. There is a real function F such that for all continuous real functions / 
the sum F + f assumes all values y € R in every interval. 

20. There is a real function / such that if {a; n }^_ 0 is an arbitrary sequence 
of distinct real numbers and {y n \^— 0 is an arbitrary real sequence, then 
there is an x £ R such that for all n we have f(x + x n ) = y n . 

21. For X C R n let X L be the set of all limit points of X, and starting from 
Xo = X form the sets 

X = / X P if a = /3 + 1 , 
a \ n e <„X e if a is a limit ordinal. 
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Then there is a countable ordinal 6 such that X a = Xg for all a > 6, and 
the set X\Xg is countable. Furthermore Xg is empty or it is perfect. 

22. Every closed set in R n is the union of a perfect set and a countable set. 

23. Starting from an arbitrary set X and a family H of subsets of X form 
the families ~H a of sets in the following way: Ho = H: for every ordinal a 
let H a +i be the family of sets that can be obtained as a countable union 
of sets in H a or that are the complements (with respect to X) of some 
sets in H a ', and for a limit ordinal a set H a = Up <a Hfj. Then H Ul = 

for every a > and H Ul is the cr-algebra generated by H (this is the 
intersection of all cr-algebras including H, and is the smallest cr-algebra 
including H). 

24. The cr-algebra generated by at most continuum many sets is of power at 
most continuum. 

25. The family of Borel sets in R ra is the smallest family of sets containing the 
open sets and closed under countable intersection and countable disjoint 
union. 

26. Starting from the set C[0, 1] of continuous functions on the interval [0, 1] 
form the following families B a of functions: Bo = C'[0, 1]: for every a 
let B a+ 1 be the set of those functions that can be obtained as pointwise 
limits of a sequence of functions from B a -, and for a limit ordinal a let 
B a = UpcaBp. Then B Ul = B a for all a > uq, and B Ul is the smallest set 
of functions that is closed for pointwise limits and that includes C[ 0, 1] 
(this is the set of so-called Baire functions on [0, 1]). 

27. Let (A, ■ ■ ■) be an algebraic structure with at most p Unitary operations. 
Then the subalgebra in A generated by a subset of k(^ 0) elements has 
cardinality at most max{K, p, Ho} (the subalgebra generated by a set X 
of elements is the intersection of all subalgebras that include X). 

28. If T is any field of cardinality k, then there is an algebraically closed field 
T C T* of cardinality at most max{K, d 0 } (a field 

T* = {F*.—, -. 0 . 1 } 

is called algebraically closed if for any polynomial a n • x n + ■ ■ ■ + • x + ao 

with cq € F* there is an a € F* such that a n ■ a n + • • • + ai • a + ao = 0). 

29. Every ordered set of cardinality k is similar to a subset of the lexicograph- 
ically ordered set K {0. 1}. 

30. Every ordered set is a subset of an ordered set no two different initial 
segments of which are similar. 
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Euclidean spaces 


The problems in this section exhibit some interesting sets or interesting prop- 
erties of sets in Euclidean n space or in their Hilbert space generalizations. 
Sometimes the set is given by an explicit construction, at other times by the 
transfinite enumeration technique of the preceding chapter. 

1 . If U is a family of open subsets of R" that is well ordered with respect to 
inclusion, then U is countable. 

2. Call a set A c R" an algebraic variety if there is a non-identically zero 
polynomial P(x i, . . . , x n ) of n variables such that A is its zero set: A = 
{(ai, . . . , a n ) : P(ai , . . . , a n ) = 0}. Then R” cannot be covered by less 
than continuum many algebraic varieties. 

3. There is a set A c R 3 of power continuum such that if we connect the 
different points of A by a segment, then all these segments are disjoint 
(except perhaps for their endpoints). 

4. From any uncountable subset of R" (n = 1,2,...) one can select uncount- 
ably many points such that all the distances between these points are 
different. 

5. In £2 there are continuum many points such that all distances between 
them are rational (hence from this set one cannot select uncountably many 
points such that all the distances between the selected points are different). 

6. If all the distances between the points of a set H c £2 are the same, then 
H is countable. 

7. If £2 is decomposed into countably many sets, then one of them includes 
an infinite subset A such that all the distances between the points in A 
are the same. 

8. There are continuum many points in £2 of which every triangle is acute. 

9. The plane can be colored with countably many colors such that no two 
points in rational distance get the same color. 
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10. R n can be colored with countably many colors such that no two points in 
rational distance get the same color. 

11. The plane can be decomposed into countably many pieces none containing 
the three nodes of an equilateral triangle. 

12. Call a set A c R 2 a “circle” if there is a point P £ R 2 such that each 
half-line emanating from P intersects A in one point. The plane can be 
written as a countable union of “circles” . 

13. R 3 can be decomposed into a disjoint union of circles of radius 1. 

14. R 3 can be decomposed into a disjoint union of lines no two of which are 
parallel. 

15. If A, B are any two intervals on the real line (of positive length), then 
there are disjoint decompositions A = (J{A ( : i = 0,1,...} and B = 
(J { Bj : * = 0,1,...} such that B, is a translated copy of A, . 
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Zorn’s lemma 


In this chapter we investigate Zorn’s lemma, a powerful tool to prove results 
for infinite structures. Assume {V, <) is a partially ordered set. A chain L C V 
is a subset in which any two elements are comparable, i.e., for x, y £ L either 
x < y or y < x holds. Zorn’s lemma states that, if in a partially ordered set 
(V, <) every chain L has an upper bound (an element p £ V such that x < p 
holds for x £ L ), then (V, <) has a maximal element, that is, some element 
p £ V with the property that for no x £ V does p < x hold. 

Zorn’s lemma is equivalent to the axiom of choice as well as to the well- 
ordering theorem (see Problem 5), in particular it is independent of the other 
standard axioms of set theory. Still, as is the case with the axiom of choice, 
in everyday mathematics it is accepted, and it provides a convenient way to 
establish certain maximal objects. This chapter contains ample examples for 
that. 

1. Deduce Zorn’s lemma from the well-ordering theorem. 

2. Prove that Zorn’s lemma implies the axiom of choice. 

3. Give a direct deduction of the well-ordering theorem from Zorn’s lemma. 

4. Give a direct deduction of Zorn’s lemma from the axiom of choice. 

5. The axiom of choice, the well-ordering theorem, and Zorn’s lemma are 

pairwise equivalent. 

6. With the help of Zorn’s lemma, prove the following. 

(a) The set R + of positive real numbers is the disjoint union of two 
nonempty sets, each closed under addition. 

(b) In a ring with unity, every proper ideal can be extended to a maximal 
ideal. 

(c) Every filter can be extended to an ultrafilter. 

(d) Every vector space has a basis. In fact, every linearly independent 
system of vectors can be extended to a basis. 
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(e) Every vector space has a basis. In fact, every generating system of 
vectors includes a basis. 

(f) For Abelian groups the group D D A is called the divisible hull of A if 
it is divisible and for every x € D there is some natural number n that 
nx £ A. If Di , D ‘2 are divisible hulls of A, then they are isomorphic 
over A: there is an isomorphism p : D\ — >• D 2 which is the identity on 
A. 

(g) Every field can be embedded into an algebraically closed field. 

(h) Every algebraically closed field has a transcendence basis. 

(i) Assume F is a field in which 0 is not the sum of nonzero square 
elements. Then F is orderable, that is, there is an ordering < on F in 
which x < y implies that x + z < y + z holds for every z, and x < y, 
z > 0 imply that xz < yz. 

(k) If G is an Abelian group and A is a divisible subgroup, then A is a 
direct summand of G. 

(l) Every connected graph includes a spanning tree. 

(m) If (V, X) is a graph with chromatic number k then there is a decom- 
position of V into k independent (=edgeless) sets such that between 
any two there goes an edge. 

(n) If A” is a compact topological space and + is an associative operation 
on X which is right semi-continuous (i.e., the mapping x i— > p + x is 
continuous for every p £ X), then + has a fixed point, that is, an 
element p £ X, that p + p = p. 

7. Let S' be a set, T C V(S ) a family of subsets such that every x £ S is 
contained in only finitely many elements of T and for every finite ACS 
some Q C T constitutes an exact cover of X (i.e., every x £ X is contained 
in one and only one element of G) ■ Then there is an exact cover Q C T of 
S. 

8. (a) For any partially ordered set (P, <) there is an ordered set (P, <') on 

the same ground set that extends (P, <), i.e., x < y implies x <' y. 

(b) Prove that actually x < y holds if and only if x <’ y for every such 
extension. 

(c) If, in part (a), (P, <) is well-founded, then (P, <') can be made well 
ordered. 

(d) Why does part (b) imply part (a) ? 

9. (Alexander subbase theorem) Assume that A is a topological space with 
a subbase S with the finite cover property, i.e., if the union of some sub- 
family S' CS covers A, then some finitely many members of S' cover A, 
as well. Then A is compact. 

10. (Tychonoff’s theorem) The topological product of compact spaces is com- 
pact. 
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Hamel bases 


In this chapter we consider Hamel bases , i.e., bases of the vector space of the 
reals (R) over the field of the rationals (Q). To elaborate, such a basis is a set 
B = {bi : i £ 1} such that every real x can be uniquely written in the form 
x = Ao6q + • • • + \ n b n where Ao, . . . , X n are nonzero rationals and bo, ... , b n 
are distinct elements of B. 

Hamel bases can be used in many intriguing constructions involving the 
reals. This chapter lists some problems on Hamel bases, as well as on their 
applications. 

Let us call a set He. R rationally independent if it is an independent set 
in the vector space R over the field Q, and let us call H a generating subset 
if the linear hull of H (over Q) is the whole R. 

1. If H c R is rationally independent, then there is a Hamel basis including 
H. 

2. If H c R is a generating set, then it includes a Hamel basis. 

3. Every Hamel basis has cardinality c. 

4. There are 2 C distinct Hamel bases. 

5. There is an every where-dense Hamel basis. 

6. There is a nowhere-dense, measure zero Hamel basis. 

7. There is a Hamel basis of full outer measure. 

8. A Hamel basis, if measurable, is of measure zero. 

9. A Hamel basis cannot be an analytic set. 

10. If the continuum hypothesis is true, then R\{0} is the union of countably 
many Hamel bases. 

11. (Cont’d) If R\ {0} is the union of countably many Hamel bases, then the 
continuum hypothesis holds. 
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12. If the continuum hypothesis is true, then there is a Hamel basis B = 
{bi : i £ 1} such that the set B + of real numbers x written in the form 
x = ^2{A,b t : i G /} with nonnegative coefficients is a measure zero set. 

13. Describe, in terms of Hamel bases, all solutions of the functional equations 

(a) f(x + y) = /( x) + f(y) (additive functions, Cauchy functions); 

(b) f(x + y) = f(x)f(y)\ 

(c) f(xy) = f(x)f(y); 

(d) /(g±g) = 

(e) f(x + y) = /( x) + f(y) + c with some fixed constant c; 

(f) f(x + y) = g(x) + h{y)\ 

( g ) f(x + y) = af(x) + bf(y) with some fixed constants a, b. 

14. If the real numbers a, /3 are not commensurable, then for any A, B € R 
there is a function / : R — > R for which f(x + y) = f(x) + f(y) always 
holds and /(a) = A, /(/?) = B. 

15. The function F(x) = x (for x G R) is the sum of two periodic functions. 

16. (Cont’d) The function F(x) = x 2 (for x £ R) is the sum of three periodic 
functions but not of two. 

17. (Cont’d) Let k > 1 be a natural number. The function F(x) = x k (for 
x £ R) is the sum of (k + 1) periodic functions but not the sum of k 
periodic functions. 

18. There exists A c R such that there are countably infinitely many subsets 
of R congruent to A. 

19. There is a set A c R different from 0 and R such that for all x e R only 
finitely many of the sets A, A + x, A + 2x, A + 3x, . . . are different. 

20. There exists a set A c R with both A . R \ A everywhere dense, which 
has the property that if a is a real number, then either A C A + a or 

q C A. 

21. There exists a partition of the set R \ Q of irrational numbers into two 
sets, both closed under addition. 

22. There exists a partition of the set R + = {a; e R : x > 0} of positive real 
numbers into two nonempty sets, both closed under addition. 

23. We are given 17 real numbers with the property that if we remove any 
one of them then the remaining 16 numbers can be rearranged into two 
8-element groups with equal sums. Prove that the numbers are equal. 

24. R is the union of countably many sets, none of which including a (non- 
trivial) 3-element arithmetic progression. 

25. If a rectangle can be decomposed into the union of finitely many rectangles 
each having commeasurable sides, then the original rectangle also has 
commeasurable sides. 
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26. The set of reals carries an ordering -< such that there are no elements 
x ~< y -< z, forming a 3-element arithmetic progression (that is, y = x \ z )■ 

27. There is an addition preserving bijection between R and C. 
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The continuum hypothesis 


The continuum hypothesis (CH) claims that every infinite subset of the reals 
is equivalent either to N or to R. It is independent of the standard axioms 
of set theory (see the introduction to Chapter 4), and in general it is not 
assumed when one deals with set theory or problems related to set theory. 

Since the continuum hypothesis says something about the set of the reals, it 
is no wonder that it has many equivalent formulations involving real functions 
or sets in Euclidean spaces. This chapter lists several of these reformulations. 
Also, in the presence of CH the set of reals “looks differently” than otherwise, 
and this is reflected in the existence of sets (such as Lusin sets or Sierpinski 
sets) with various properties. The problems below contain several examples of 
this phenomenon. CH coupled with the enumeration technique of Chapter 12 
is particularly powerful, for in a construction only countably many previously 
constructed objects have to be taken care of. 

1. (Sierpinski’s decomposition) CH is equivalent to the statement that the 
plane is the union of two sets, A and B, such that A intersects every 
horizontal line and B intersects every vertical line in a countable set. 

2. CH holds if and only if the plane is the union of the graphs of countably 
many x y and y i->- x functions. 

3. CH is equivalent to the existence of a decomposition R 1 2 3 4 5 6 7 = A| UAjU A 3 
such that if L is a line in the direction of the ay-axis then A, fi L is finite. 

4. For no natural number m exists a decomposition R 3 = A\ U A^ U A3 such 
that if L is a line in the direction of the ay-axis then \A, n L\ < m. 

5. c < if and only if there is a decomposition R n+2 = A\ U A2 U • • • U A n+ 2 
such that if L is a line in the direction of the ay-axis then A, fi L is finite. 

6. CH holds if and only if there is a surjection from R onto R x R of the 

form x 1 — y (fi (x). /afa;)) with the property that for every x £ R either 
f[(x) or x ) exists. 

7. CH holds if and only if R is the union of an increasing chain of countable 
sets. 
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8. CH holds if and only if there is a function / : R — ► 'P(R) with f(x) count- 
able for every ifR and such that f[X ] = R holds for every uncountable 
set ICR. 

9. CH holds if and only if there exist functions /o, /i, . . . : R -» R such that 
if a € R then for all but countably many x € R the set A Xta = {n < ui : 
fn{x) = a} is infinite. 

10. CH holds if and only if there exist functions /o, /i, . . . : R -» R such that 
if a = {ao, ai, . . .} is an arbitrary real sequence then for all but countably 
many icR the set A x>a = {n < ui : f n (x) = a n } is infinite. 

11. CH holds if and only if there exist an uncountable family T of real se- 
quences with the property that if {do, di, . . .} is an arbitrary real sequence 
then for all but countably many {y n } € there are infinitely many n with 
y n = Ctrl' 

12. CH holds if and only if there exist functions /o, /i, . . . : R — > R with the 
property that if X C R is uncountable then f n [X] = R holds for all but 
finitely many n < u>. 

13. CH holds if and only if there is a family {A a : a- < uq } of infinite subsets 
of u> such that if X C ui is infinite then there is some a < u>i with A a \ X 
finite. 

14. CH holds if and only if there is a family H = { A t : i g 1} of subsets of 
R with |/| = c, \A. t \ = such that if B C R is infinite then for all but 
countably many i we have A; n f? / 0. 

15. CH holds if and only if R can be decomposed as R = A U B into uncount- 
able sets in such a way that for every real a the intersection (A + a) fl B 
is countable. 

16. CH holds if and only if the plane can be decomposed into countably many 
parts none containing 4 distinct points n, b, c, and d such that dist(n, b) = 
dist(c, d) (“dist” is the Euclidean distance). 

17. CH holds if and only if R can be colored by countably many colors such 
that the equation x + y = u + v has no solution with different x, y, u, v of 
the same color. 

18. If the continuum hypothesis holds then there is a function / : R — > R 
such that for every x G R we have 

lim max ( f(x — h), f(x + h)) = oo. 
h—¥ 0 

19. CH holds if and only if there exists an uncountable family T of entire 
functions (on the complex plane C) such that for every a € C the set 
{/( a ) : / € T} is countable. 

20. (a) If CH holds, then there is a set A of reals of cardinality continuum 

such that A intersects every set of first category in a countable set 
(such a set is called a Lusin set). 
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(b) Every Lusin set is of measure zero. 

21. CH is equivalent to the statement that there is a Lusin set and every 
subset of R of cardinality < c is of first category. 

22. (a) If CH holds, then there is a set A of reals of cardinality continuum 

such that A intersects every set of measure zero in a countable set 
(such a set is called a Sierpinski set). 

(b) Every Sierpinski set is of first category. 

23. CH is equivalent to the statement that there is a Sierpinski set and every 
subset of R of cardinality < c is of measure zero. 

24. If CH holds and AC [0, 1] 2 is a measurable set of measure one, then there 
exist sets B,C C [0, 1] of outer measure one with B x C C A. (Note 
that there is an A C [0, l] 2 of measure one such that if B. C C [0, 1] are 
measurable sets with B x C C A, then they are of measure zero.) 

25. If CH holds, then there is an uncountable set ACR such that if G D Q 
is an open set then A \ G is countable (A is concentrated around Q). 

26. If CH holds, then there is an uncountable AcR such that any uncount- 
able B c A is dense in some open interval. 

27. If CH holds, then there is an uncountable densely ordered set {A, -<) such 
that any nowhere dense set (in the interval topology) in ( A , ~<) is count- 
able. 

28. If CH holds, then there is an uncountable set ACR such that if sq, e\, . . . 
are arbitrary positive reals then there is a cover Jo U I\ U • • • of A such 
that I n is an interval of length e n . 

29. If CH holds, then there is a permutation tt : R — > R of the reals such that 
A C R is of first category if and only if 7r[.4] is of measure zero. 
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If X is a ground set, then a family F of subsets of X is called a filter if 

• 0£X, 

• A,B e F implies A n B e F, 

• Aef and AC B imply B e F. 

A filter F is called principal or trivial if F = {A C X : Aq C A} for some 

A 0 c X. 

A filter that is not a proper subset of another filter is called an ultrafilter. 
The elements of an ultrafilter F can be considered as “large” subsets of 
X, and if the set of elements of X for which a property holds belongs to X, 
then we consider the property to hold for almost all elements of X. 

Ultrafilters play important roles in algebra and logic; in particular, the 
ultraproduct construction is based on them. They also appear in several so- 
lutions in this book. 

A dual concept to filter is the concept of an ideal. If X is a ground set, 
then a family I of subsets of X is called an ideal if 

• A,Bgl implies AuBgl 

• As I and B C A imply B € X. 

An ideal that is not a proper subset of another ideal is called a prime ideal. 

It is clear that F is a filter (ultrafilter) if and only if {X \ F : F € : Fj is 
an ideal (prime ideal). 

This chapter contains various problems on, and properties of ultrafilters 
on the set of natural numbers. Problem 19 gives an application in analysis, 
it verifies the existence of Banach limits — a limit concept that extends the 
standard notion of limit to all real sequences. 

1. A filter F on u is an ultrafilter if and only if for every A C ui exactly one 
of A or X \ A belongs to F. 
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2. Every filter on u> is included in an ultrafilter. 

3. There are 2 C ultrafilters on uj. 

4. If U\ , . . . , li n are nonprincipal ultrafilters on uj, then there is some infinite, 
co-infinite A £ IA\ n . . . fl IA n . 

5. If IA is an ultrafilter on u> and 0 = Hq < n\ < • ■ ■ are arbitrary natural 
numbers, then there exists an A £ U with A fl [n», rii+i) = 0 for infinitely 
many i < u>. 

6. If U is an ultrafilter on uj, then U contains a set A c u> of lower density 
zero. 

7. There is an ultrafilter U on uj such that every A £ IA has positive upper 
density. 

8. Is there a translation invariant ultrafilter on uj? Is there a translation 
invariant ultrafilter on Q? 

9. Let IA be a nonprincipal ultrafilter on uj. Two players consecutively say 
natural numbers 0 < no < rii < • • • with player I beginning. Player I wins 
if and only if the set [0, no) U [n \ , n 2 ) U • • • is in IA. Show that neither player 
has a winning strategy. 

10. (CH) There is nonprincipal ultrafilter U on uj such that if Aq ^ Ai D 
A 2 3 • • • are elements of IA, then there is an element B of U such that 
B \ A n is finite for every n. (Such an ultrafilter is called a p-point.) 

11. (CH) There is a nonprincipal ultrafilter IA on uj such that if / : [uj] r — » 
{1, 2, . . . , n} is a coloring of all r-element subsets of oj with finitely many 
colors, then there is a monochromatic element of U . (Such an ultrafilter 
is called Ramsey ultrafilter). 

12. Assume that (A, -<) is a countable ordered set and IA is a Ramsey ultrafilter 
on A. Then there is an element B gIA which is a set of type either u> or 
u>*. 

13. Let IA be a Ramsey ultrafilter on oj and let / : oj -* u> be arbitrary. Then 
either / is essentially constant (i.e., {n < oj : f(ri) = k} £ IA for some 
k < uj), or / is essentially one-to-one (i.e., / ^ is one-to-one on a set 
AeU). 

14. Let IA be a Ramsey ultrafilter on oj and no < n\ < ■ ■ ■ arbitrary numbers. 

Then there is a set A e U with | A fl [rii, »A+i)| = 1 for all / = 0, 1 , 

15. Let IA be a, Ramsey ultrafilter on uj, {a n } a positive sequence converging 
to 0 and e > 0 arbitrary. Then there is an A £ IA with 

J2 a n<e. 

nEA 


16. There are an ultrafilter IA on u> and a positive sequence {a n } converging 
to 0, such that if A £ IA then YlneA = 00 • 
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17. There is an ultrafilter 11 on to that is not generated by less than continuum 
many elements, i.e., if T is a family of subsets of 11 of cardinality smaller 
than continuum, then there is an element A £ U such that F <JL A for 
F£T. 

18. Associate with every ACoj the real number x a = 0, cco^i • • • where a, ■ I 
if and only if i £ A. This way to every subset 11 of V(u>) we associate a 
subset Xu of [0, 1]. Show that if 11 is a nonprincipal ultrafilter on u>, then 
Xu cannot be a Lebesgue measurable set. 

19. If D is a nonprincipal ultrafilter and \x n : n < w} is a sequence of reals, 
then set lim p x n = r if and only if {n : p < x n < q} £ D holds whenever 
p < r < q. If this is the case we say that {x n } has a D-limit. 

(a) Every bounded sequence has a unique H-limit. 

(b) The D-limit of a convergent sequence coincides with its ordinary limit. 

(c) limp cx n = climp x n . 

(d) \\m D {x n + y n ) = limp x n + limp y n . 

(e) | lim sup p x n \ < sup„ \x n \. 

(f) If the sequences {x n } and {y n } have the property that x n — y n — > 0, 
then lirn p x„ = lim pj y n - 

(g) If lim D x n = a and / is a real function continuous at the point a, then 
lim D f(x n ) = /(a). 

(h) If r £ R is a limit point of the set {x n : n < oj} then there exists a 
nonprincipal ultrafilter D such that lim o x n = r. 

(i) Set lim D x n = oo if and only if {n : p < x n } £ D holds whenever p < 
oo, and define lim x n = — oo analogously. Then every real sequence 
has a (possibly infinite) H-limit. 

20. Show that there is a function / : 'P(N) — £ [0,1] such that f(A) = d(A) 
whenever the set A C N has density d(A'), and / is finitely additive, i.e., 
f(A U B) = f(A) + f(B) when A, B are disjoint. 

21. Let there be an infinite sequence of switches, So,Si, . . . each having three 
positions {0,1,2}, and a light also with three states {Lo, L±, L, 2 }- They 
are connected in such a way that if the positions of all switches are si- 
multaneously changed then the state of the light also changes. Let us also 
suppose that if all the switches are in the ith position then the light is 
also in the Li state. Show that there is a (possibly principal) ultrafilter 11 
that determines the state of the light in the sense that it is Li precisely 
when 

: Sj is in the ith position} £ 11. 

22. Suppose that in an election there are n > 3 candidates and a set of voters 
I, each of whom makes a ranking of the candidates. There are two rules 
for the outcome: 
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• if all the voters enter the same ranking, then this is the outcome, 

• if a candidate a precedes candidate b in the outcome depends only on 
their order on the different ranking lists of the individual voters (and 
it does not depend on where a and b are on those lists, i.e., on how 
the voters ranked other candidates). 

Then there is an ultrafilter F on I such that the outcome is an order n if 
and only if the set F ' v of those voters i £ I whose ranking is tt belongs to 
F. In particular, if J is finite, then in every such voting scheme there is a 
dictator whose ranking gives the outcome. 
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Families of sets 


The problems in this chapter discuss various combinatorial properties of fam- 
ilies of sets and functions. 

1. For every cardinal k > ui there is a family £ < k, r] < k + of subsets 
of k + such that for fixed £ the sets A^ tV , r] < k + are disjoint, and for each 
rj < k + the set n + \ A^ <K Ap rj is of cardinality < n + . (Such a family is 
called an Ulam matrix. The matrix is of size n x k + , the k + elements in 
a row are disjoint, and yet the union of the k elements in every column is 
k + save a set of size < k + ). 

2. For every cardinal k > u> there is a family T of k + almost disjoint subsets 
of k of cardinality k, that is, for A, B £ tF, A ^ B we have \A\ = |B| = k 
but \A n B\ < k. 

3. If X is an infinite set of cardinality k, then there are 2 K subsets A 7 c X 
such that if 71 ^ 72, then each of the sets ^4 7l \ A 72 , j4 72 \ vl 7l , and 
Ayj n A 72 is of cardinality k. 

4. For every cardinal k > u> there are k + subsets of k so that selecting any 
two of them, one includes the other. 

5. If X is an infinite set of cardinality k, then there is a family T of cardinality 
2 K of subsets of A such that no member of T is a proper subset of another 
member of T (such a family is called an antichain). 

6. Let k > ui be a cardinal. For every .S', the set [S']* is the union of 2 K 
antichains. 

7. If k is an infinite cardinal, then there are 2 K sets A a ,B a , a < 2 K of 
cardinality k such that A a (~l Bp 7^ 0 if and only if a 7^ fi. 

8. Let k be an infinite cardinal and A, t . Bi, i € I a family of sets with the 
property |A»|, | B, \ < k and A. t fi B 3 / 0 if and only if i / j. Then |/| < 2 K . 

9. There are two disjoint families T , Q C "P(N) of subsets of N such that 
every infinite subset 4CN includes an element of T and of Q. 
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10. For any infinite set X there are two disjoint families X, Q C V{X) of 
countably infinite subsets of X such that every infinite subset A C X 
includes an element of T and of Q. 

Call a family T of subsets of a set S independent if the following statement 
is true: if X\, . . . , X n are different members of X, £i, . . . , e n <2, then 

Xl 1 n • • • n x ± 0 

where for a set X we put X 1 = X, X° = S \ X. 

11. For every k>lj there is an independent family of cardinality 2 K of subsets 
of K. 

12. For every k> u> there are 2 2 * ultrafilters on n. 

13. Let A be an infinite set of cardinality k. Then there is a family T of 

cardinality 2 K of functions / : A — > uj with the property that if , f n £ 

X are finitely many different functions from X , then there is an a £ A 
where the functions /i, . . . ,/„ take different values: fi(a) ^ fj(a ;) if 1 < 
i<j<n. 

14. Let A be an infinite set of cardinality 2 K . Then there is a family Q of 
cardinality k of functions /;. : d. — > k such that for an arbitrary function 
/ : A — )• k and for an arbitrary finite set A' C A there is a g £ Q such 
that g agrees with / on A' . 

15. Let k be infinite. If 7j, i < 2 K are 2 K topological spaces each of which 
has a dense subset of cardinality at most k, then the same is true of their 
product. 

16. Let T be a countable family of infinite sets with |Tn.B| 1 for A. B £ T, 
A=£ B. Then there is a set X with 1 < \X (~l A\ < 2 for every A £ T. 

17. Let T be a countable family of infinite sets with |AnB| < 2 for A, B £ X, 
A ^ B. Then there are two sets X, Y such that for every A £ T either 
\AnX\ = 1 or \AdY\ = 1. 

18. Prove that for every Hi < k < there is a family T C [k] n ° of cardinality 
k such that for every X £ [k] n ° there is some Y £ T with X C Y . Prove 
that no such family exists for k = H w . 

19. If k, /i are infinite cardinals, then there is an almost disjoint family of fi- 
element sets which is not K-colorable. That is, there is H C for some 
set V with | H nH'\<p for H,H' £U, H ± //'. such that if F : V -)• k 
is a coloring then some member of % is monocolored. 
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This chapter deals with a surprising consequence of the axiom of choice, 
namely the so-called Banach-Tarski paradox claiming that any two balls 
(with possibly different radii) in the space can be decomposed into each 
other, i.e., if B t and are such balls then there are disjoint decomposi- 
tions B\ = Ei U • • • U E n , B 2 = F\ U • • • U F n such that each E t is congruent 
to Fi- Actually, any two bounded sets in R 3 with nonempty interior can be 
decomposed into each other. 

A “common sense” argument against such a decomposition runs as follows: 
take a nontrivial finitely additive and isometry invariant measure n on all 
subsets of R 3 (think of p as a “volume” associated with each set) . Then the fi- 
measure of Bi is different from the /j-measure of B 2 if their radii are different, 
hence the aforementioned decomposition of B\ into B 2 is impossible, since 
measure is preserved under isometry. Of course, this argument fails if there is 
no such measure, and the Banach-Tarski paradox shows precisely that such 
a measure does not exist in R 3 . Hidden behind the Banach-Tarski paradox is 
the axiom of choice appearing, for example, in the solution of Problem 17, (c). 

Let us also note that in R and R 2 there are finitely additive isometry 
invariant measures (see Chapter 28), so in R and R 2 a Banach-Tarski type 
paradox cannot be established. The difference between R, R 2 , and R 3 (and 
of course every R ra with n > 3) is that the isometry groups of R and R 2 are 
relatively simple, while that of R 3 includes a free subgroup generated by two 
appropriate rotations. 

This chapter contains various problems regarding decompositions (via dif- 
ferent kinds of transformations on the parts) culminating in Problem 17 con- 
taining the Banach-Tarski paradox. We consider the equidecomposability of 
subsets of some set X, where sets are decomposed into the union of finitely 
many subsets and are transformed by the elements of ( I\ a family of X — > X 
bijections, containing the identity, closed under composition and taking in- 
verse (i.e., is a group with respect to composition). If A, B C X, then A 
is equidecompo sable to B via A, in symbol A B, if there are partitions 
A = Ai U • • • U A n , B = Bi U • • • U B n , such that Bi = /i[Aj] for some fy £ 
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If there is no danger of confusion we simply write A ~ B instead of A B. 
A A B if A ~ B' holds for some B' C B. {A x , . . . , A t } is a p-cover of A (is 
a < p-cover of A) if A\, . . . , A t C A and every element of A is in exactly p 
of the Aj’s (and every element of A is in < p of the Afs). If A, B C X, then 
pA ~ qB denotes that there is a p-cover (A -| . . ... A t } of A such that for ap- 
propriate f\ ft £ <P, the sets fi[Ai ], . . . , ft[A t ] constitute a (/-cover of B. 

If, on the other hand, fi[Ai ], . . . , ft[A t ] is just a < (/-cover of B, then we write 
pA A qB. A C X is paradoxical if A ~ 2 A. Usually it is “obvious” what i> is, 
still, in most cases, we indicate it. If X = S" (the n-dimensional unit sphere) 
then ( P is the set of rotations around its center; if X = R ra , then ( P is the set 
of the congruences; if X is a group, then $ is the set of left multiplications: 
$ = {f x : x £ X} where f x (y ) = xy. 

1. ~ is an equivalence relation. 

2. If A A B and BAA, then A ~ B. 

3. If pA A qB and qB A rC, then pA A rC holds as well (p, q, r are nonzero 
natural numbers). 

4. If pA A qB, qB A pA hold for some natural numbers p, q, then pA ~ qB. 

5. If pA ~ qB and qB ~ rC, then pA ~ rC holds as well (p, q, r are nonzero 
natural numbers). 

6. If kpA A kqB holds for some natural numbers k, p, q, k > 1, then pA A qB. 
Therefore, kpA ~ kqB implies pA ~ qB. 

7. The following are equivalent. 

(a) (n + 1) A A nA for some natural number n; 

(b) A is paradoxical; 

(c) A can be decomposed as A = A! U A!' with A! ~ A!' ~ A; 

(d) For every k > 2, A can be decomposed as A = A\ U • • • U Aj~ with 
A\ ~ A 2 ~ • • • ~ Aj. ~ A; 

(e) pA ~ qA holds whenever p, q are positive natural numbers. 

8. If A is paradoxical and A A B A nA holds for some natural number n, 
then B is paradoxical as well. 

9. (a) There exists a countable, paradoxical planar set. 

(b) There exists a bounded paradoxical set on the plane. 

10. If A C S 2 , |A| < c then S 2 ~ S 2 \ A (via rotations). 

11. [0, 1] (0, 1] (with translations). 

12. Q ~ Q \ I, where Q is the unit square, I is one of its (closed) sides (via 
translations). 

13. If P is a (closed) planar polygon, F is its boundary, then P ~ P \ F (via 
translations) . 

14. If P, Q are planar polygons, equidecomposable in the geometrical sense, 
then they are equidecomposable (via planar congruences). 
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15. Assume that E ~ Z holds (via translations) for some EC Z. What is E? 

16. (a) No nonempty subset of Z n is paradoxical (via translations). 

(b) No nonempty subset of an Abelian group is paradoxical (via multipli- 
cation by group elements). 

(c) No nonempty subset of R is paradoxical (via congruences). 

17. (a) For some A C F?, natural number n, Ho A A = nA. (F -2 is the free 
group generated by 2 elements.) Notice that this gives that A, therefore 
F 2 is paradoxical. 

(b) There are two independent rotations around the center of S 2 . 

(c) S 2 is paradoxical (via rotations). 

(d) If A, B C S 2 both have inner points, then A ~ B (via rotations). 

(e) B 3 , the unit ball of R 3 is paradoxical (via congruences). 

(f) (Banach-Tarski paradox) If A, B C R 3 are bounded sets with inner 
points, then A ~ B (via congruences). 

18. If A, B C R 2 are bounded sets with inner points and e > 0, then A is 
equidecomposable into B via e-contractions, that is, there are partitions 
A = Ai U • • • U A„ and B = B 1 U • • • U B n and bijections /* : Aj — > Bi 
such that for x, y € Aj one has d (fi(x ) , fi{y)) < ed(x,y) ( d(x,y ) is the 
distance of x and y) . 
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Stationary sets in ui± 


This chapter deals with two basic notions of infinite combinatorics, namely 
with the club (closed and unbounded) sets and with stationary sets in uq. 

First some definitions. We say that a sequence {a n }* =0 of ordinals from 
<Ji converges to a if a n < a for all n and for every 0 < a there is an N such 
that a n > 0 for n > N. Note that then necessarily a < uj\. It is easy to see 
that this is the same as convergence in the order topology on (generated by 
sets of the form {a : a < 0} and {a : a > 0}). A subset A C u>i is called 

• closed if a n —> a and each a n is in A then a £ A, 

• unbounded if given any 0 < uq there is a 0 < a £ A, 

• club set if it is closed and unbounded. 

A set is closed precisely if it is closed in the order topology, and a closed set 
is unbounded precisely if it is not compact in this topology. 

A set S C u>i is stationary if it has a nonempty intersection with every 
club set. Otherwise, it is a nonstationary set. 

Closed sets play the role of “full measure” sets among subsets of u )\ , while 
stationary sets play the role of “sets of positive measure” . Club sets are very 
“thick”, the intersection of any countable family of club sets is still a club 
set, while stationary sets are still sufficiently “thick” in the sense that if some 
property holds for the elements of a stationary set then we consider it to hold 
for many elements (like elements in a set of positive measure). The analogy 
with measure theory stops here: there is an uncountable family of disjoint 
stationary sets. 

A function / : A — > is a regressive function if f(x) < x holds for every 
x £ A \ {0}. The basic connection between stationary sets and regressive 
functions is Fodor’s theorem (Problem 9): if / is regressive function on a 
stationary set, then it is constant on a stationary subset. 

1 . When is a cofinite subset of uq a club? 

2. Assume that A C B C 
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(a) Does the stationarity of A imply the stationarity of B ? 

(b) Does the clubness of A imply the clubness of B ? 

(c) Does the nonstationarity of B imply the nonstationarity of A1 

3. The intersection of countably many club sets is a club set again. 

4. The union of countably many nonstationary sets is nonstationary. 

5. If S is stationary, C is closed, unbounded, then S fl C is stationary. 

6. If C a are club sets for a < uq, then their diagonal intersection 

S/{C a : a < uji} = {a < u>\ : (3 < a — > a € Cp} 
is also a club set. 

7. If / : [wi] <al — > u>\ is a function, then the set 

C(f) = {a < u;i : if . ,0 n < a then < a} 

is a closed, unbounded set. 

8. If C C u)\ is a club set, then there is a function / : [wi] <u ’ — >• uj\ such that 
C(f) \ {0} C (7. 

9. A set is closed, unbounded if and only if it is the range of a strictly 

increasing, continuous — >• u>\ function. 

10. If /, g : u>\ — > uj\ are strictly increasing continuous functions, then for club 
many a < u>\, f{&) = g{ct) holds. 

11. The set of countable epsilon numbers, i.e., 

{e < uji : e = to e } 

is a club set. 

12. Assume that / : u>\ — » u>\ is a regressive function. Then some value is 
assumed uncountably many times. 

13. Assume S C coi is a stationary set and f : S u > i is a regressive function. 

Then some value is assumed uncountably many times. 

14. If N C u>i is nonstationary, then there is a regressive function / : N — > u>i 
that assumes every value countably many times. 

15. If N C is nonstationary, then there is a regressive function / : N — >• 
that assumes every value at most twice. 

16. (Fodor’s theorem) If S C wi is a stationary set and / : S — »• uj\ is a 
regressive function, then some value is assumed on a stationary set. 

17. If S C u>i is a stationary set and F(a) C a is a finite set for a G S, then 
for some finite set s the set {a € S : F(a ) = s} is stationary. 

18. A slot machine returns do quarters when a quarter is inserted. Still, no 
matter what strategy she follows, if somebody starts with a single coin 
(and plays through a transfinite series of steps), after countably many 
steps she loses all her money. 
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19. There are two disjoint stationary sets. 

20. If / : u>i — * R is monotonic, then it is constant from a point onward. 

21. If / : Wi R is continuous, then it is constant from a point onward. 

22. u>i, endowed with the order topology, is not metrizable. 

23. (a) If a < wi, then a x wi is a normal topological space. 

(b) u!i x uj\ is a normal topological space. 

24. (cl-'i + 1) x to \ is not a normal topological space. 

25. Assume that we are given Hi disjoint nonstationary sets. Prove that there 
are Hi of them with nonstationary union. 

26. Two players, I and II, play by alternatively selecting elements of a de- 
creasing sequence Aq D Ai D ■ ■ ■ of stationary subsets of uq . Player II 

wins if and only if fj{Aj '■ i < u>} has at most one element. Show that II 

has a winning strategy. 

27. Assume that there are M 2 stationary sets with pairwise nonstationary in- 
tersection. Show that there are M 2 stationary sets with pairwise countable 
intersection. 

28. (CH) Assume that we are given M 2 closed, unbounded subsets of u>\. Prove 
that the intersection of some Mi of them is a closed, unbounded set. 

29. If there are M 2 functions from uq into u) such that any two differ on a 
closed, unbounded set then there are M 2 such functions such that any two 
are eventually different. 

30. There exists a regressive function f : oj 1 —> 0 J 1 such that for every limit 
ordinal a < u> 1 there is an increasing sequence a n , n < uq converging to 
a with f(a n +i) = a n for all n. 
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Now we consider the analogues of questions discussed in the preceding chapter 
but for larger cardinals. In general, the discussion will be given in a regular 
cardinal (instead of uq), but we shall also indicate how everything works in 
any ordinal of cofinality larger then ui. We shall copy the treatment for uq 
only to the extent that is necessary; several new features will emerge in the 
problems. For example, Problem 20 proves the deep result of Solovay: any 
stationary set in k can be decomposed into k disjoint stationary sets. 

In this chapter, unless otherwise stated, k is always an uncountable regular 
cardinal. 

We say that a transfinite sequence {a T : t < /i\ of elements of k converges 
to some a < k if a T < a for all r < n and for every (3 < a there is a v < fi 
such that a T > (3 whenever r > v. A set C C k is called 

• closed if whenever a transfinite sequence { a T : t < //} of elements of C 
converges to some a < k then a € C, 

• unbounded if for any /? < k there is an a £ C with (3 < a < k, 

• a club set if it is closed and unbounded. 

It is true again that a set C C k is closed if and only if it is closed in the order 
topology on re, and a closed set is unbounded precisely if it is not compact in 
this topology. 

If something holds for every element of a club set, we sometimes use the 
lingo almost everywhere , or for almost every , in short, a.e. 

A set S C k is stationary if it has a nonempty intersection with every 
closed, unbounded set. Otherwise, it is nonstationary. For A C k a function 
f : A —r k is regressive if /( x) < x holds for every x € A, x ^ 0. 

1 . The intersection of less than k many club sets is a club set again. 

2. If C C k is a club set, then for a.e. a the intersection C fl a is a cofinal 
set in a of order type a 
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3. If / : [k] <uj — y [k] <k is a function then the set 

C(f) = {a < k : if /3i, . . . , /3 n < a then . . . ,/3 n ) C a} 

is a closed, unbounded set. In the other direction, if C C k is a club set 
then there is a function / : k — > k such that C(f) \ {0} C C. 

4. Let A be an algebraic structure on the set A of cardinality n, with fewer 
than k finitary operations, and let {a 7 : 7 < n} be an enumeration of A. 
Then for almost all a < k the set {a 7 : 7 < a} is a substructure of A. 

5. If C a are club sets for a < k then their diagonal intersection 

V{C a : a < k} = {a < k: p < a — » a € Cg} 
is also a club set. 

6. The union of less than k many nonstationary sets is nonstationary. 

7. If S is stationary, C is closed, unbounded, then S fl C is stationary. 

8. If /it < k is regular, then S = {a < k : cf (a) = /x} is stationary. Is it a 
club set? What if the condition cf (a) = g is relaxed to cf (cr) < // or to 
cf (a) > nl 

9. (Fodor’s theorem, pressing down lemma) If S C k is a stationary set 
and / : S — t n is a regressive function, then some value is assumed on a 
stationary set. 

10. Assume that g, < k is such that if t < k then r ,J < k (for example, if n = 
(2^) + ). Let S C {k : cf (a) = /tx + } be a stationary set and f(a) € [a]-* 4 
for a £ S. Then / is constant on a stationary set. 

11. If A a (a < k) are nonstationary, then so is {J{A a \ (a + 1) : a < k}. 

12. Let {A a : a < k} be disjoint nonstationary sets in k. Then A = (J{.4 Q : 
a < k} is stationary if and only if B = (min(A a ) : a < n} is. 

13. Out of k disjoint nonstationary sets the union of some k is nonstationary. 

14. If A, B are subsets of k define A < B if A \ B is nonstationary. Set A < B 
if A < B but B < A is not true. (This gives a Boolean algebra if we 
identify two sets when their symmetric difference is nonstationary.) Prove 
that every family of at most k sets has a least upper bound. 

In Problems 15-19 we extend these notions to subsets of limit ordinals. 
If a is a limit ordinal, XCais unbounded if it contains arbitrarily large 
elements below a. It is closed if it contains its limit points smaller than a. 
For cf (a) > w, S C a is stationary if it intersects every closed, unbounded 
subset of a. If cf (a) = u, then we declare a (and all subsets thereof) 
nonstationary. 

15. (a) Every stationary set is unbounded. 

(b) cf (a) is the minimal cardinality /ordinal of the closed, unbounded sets 


m a. 
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(c) If cf (a) = u> then there are two disjoint closed, unbounded sets in a. 

(d) If cf (a) > u) then the intersection of less than cf (a) closed, unbounded 
sets is a closed, unbounded set. 

(e) If cf (a) = co then X C a intersects every closed, unbounded set if 
and only if X includes some end segment of a. 

16. Assume that k = cf (a) > co. Let C C a be a closed, unbounded set of 
order type k with increasing enumeration C = {c 7 : 7 < k}. 

(a) If D is closed, unbounded in k then {c 7 : 7 £ D} is closed, unbounded 
in a. 

(b) If D is closed, unbounded in a then {7 : c 7 £ D} is closed, unbounded 
in k. 

(c) X C a is stationary if and only if {7 : c 7 £ X\ is stationary in k. 

17. (a) If cf (a) < a, then there exists a regressive f : a\ {0} — > a such that 

/ -1 (£) is bounded for every £ < a. 

(b) If S C a. is stationary, / : S — »• a is regressive, then there is a station- 
ary S' C S such that / is bounded on S'. 

18. If C C k is closed, unbounded, then for a.e. a < k the set C (~l a is a club 
set in a. 

19. If S', T C k are stationary sets, define S < T if for almost every a £ T, 
S fl a is stationary in a. Then 

(a) S < S never holds; 

(b) < is transitive; 

(c) < is well founded. 

20. (Solovay’s theorem) If S C k is a stationary set, then it is the union of n 
disjoint stationary sets. Prove this theorem through the following steps. 
Assume that S is a counterexample. 

(a) Every stationary subset of S is also a counterexample. 

(b) If / : S — > k is regressive, then it is essentially bounded, i.e., there 
are an ordinal 7 < k and a closed, unbounded set C C n such that 
/(a) < 7 holds for a £ C fl S. 

(c) Almost every element of S' is a regular cardinal. 

(d) There is a closed, unbounded set D C n such that if a £ D fl S then 
a is an uncountable, regular cardinal and S fl a is stationary in a. 

(e) Conclude by showing that no set D as in (d) exists. 

21. There is a function / : n — > k such that if X C k has a club subset, then 
f[X] = K. 

22. If S C k is stationary, then there is a family T of 2 K stationary subsets of 
S such that A\B, B \ A are stationary if A, B are distinct elements of 
T. 
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23. Assume that k, /j are regular cardinals, k > fi + , ji > u>. There exists a 
family {C a : a < k, cf (a) = //} such that C a is closed, unbounded in a 
and for every closed unbounded subset E C n, there is some C a C E. 

24. Assume that k > u?. is a regular cardinal. Then there exists a family 
{C a : a < k, cf (a) = a;} such that C a is a cofinal subset of a of type oj 
and for every closed, unbounded subset E of k, there is some C a C E. 
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In this chapter for a regular uncountable cardinal k we introduce a family of 
n + functions that possess various canonicity properties. In some sense they 
are the first k + functions from k into the ordinals, this makes it possible to 
use them for various diverse results in set theory. 

For k > uj regular we construct the canonical functions h a : k n for 
a < k + as follows. h 0 ( 7) = 0 for 7 < k. h a + 1(7) = h a ( 7) + 1 (7 < k). 
If a < k + is limit with /1 = cf (a) < k then fix a sequence {a T : t < /j,} 
converging to a and set 


M 7) = sup{/i ar (7) : r < (1} 


for 7 < k. 

Finally, if cf (a) = k and {a T : r < k} converges to a, then let 
K{l) = sup {h aT (7) : r < 7} . 

Notice that the values of the functions h a ( 7) depend on the above se- 
quences converging to a, as well. 

1. Describe h a for a. < k ■ 2. 

2. If f3 < a < k + , then hp{ 7) < h a ( 7) holds for a.e. 7. 

3. If {f a : a < k + } is a system of K4K functions such that for ,6 < a < k + , 

< fail) holds for a.e. 7, then for every a < k + , f a { 7) > h a { 7) 
holds almost everywhere. 

4. If /(y) < h a (7) holds on a stationary set for some function / : k — > k, 
then there is a (3 < a such that /( 7) < hg (7) holds for stationary many 
7- 

5. If /(y) < h a { 7) holds on a stationary set, then /( 7) = hp( 7) holds on a 
stationary set for some (3 < a. 
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6. Assume that {f a : a < is a family of k — > k functions that 

a) foil) = 0 a.e.; 

b ) fpil) < fail) for a.e. 7 {/3 < a < k + ); 

c) if fi'y) < fail) for stationarily many 7 then fi'y) < fpil) for station- 
arily many 7, for some (3 < a. 

Then fail) = h a il) holds for a.e. 7. 

7. For every a < k + , h a il) < |7| + holds for a.e. 7. (Here |7| + is the cardinal 
successor of |7|.) 

In Problems 8-13 we describe an alternative construction of canonical 
functions. Fix, for every 0 < a < k + , a surjection g a : n —¥ a. Let fail) 
be the order type of the set ^[7] (a subset of a). For a = 0 set foil) = 0 
(7 < k). 

8. If g a , g' a : k — > ex are surjections, then the above derived functions f a , f a 
agree almost everywhere. 

9. If 0 < /? < a < k + then for a.e. 7 < k, gp [7] = g a [ 7] l~l j3 holds. 

10. If f3 < a then fpii) < fail) holds a.e. 

11. If fi'y) < fail) holds on a stationary set for some function / : k — > k, 
then there is a (3 < a such that /( 7) = fpil) holds for stationary many 
% 

12. fail) = hail) almost everywhere. 

13. fail) < |7| + holds for every 7. 
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Infinite graphs 


It frequently occurs in mathematics that a relation is visualized by drawing a 
graph. If the underlying set is infinite, then we get an infinite graph. Formally, 
a graph is a pair G = (V, X) where V is a set (the vertex set ) and X C [V] 2 , 
i.e., it is a subset of the two element sets of V (the edge set). Sometimes we 
just speak of X, therefore identifying the graph with its edge set. We say that 
x and y are joined if {x, y} £ X. The complement (V, X) of a graph (V, X) 
is (V, [V]' 2 \ X), that is, it has the same set of vertices and two vertices are 
joined in (V, X) if and only if they are not joined in (V, X). The degree of a 
vertex v is the number of edges emanating from v. 

We call {V',X') a subgraph of (V,X) if V' C V and X' C X. It is an 
induced subgraph if 


X' = {{x,y} : x,y£V', {x,y} £ X}, 

i.e., if two elements in V' are connected precisely if they are connected in 
(V,X). 

A subset dCFis independent if it contains no edges: X n [A] 2 = 0. 

A subset X' C X is a matching if every vertex is an endpoint of precisely 
one edge in X' . 

A path in a graph is a (finite, one-way or two-way infinite) sequence 
{. . . ,v n ,v n+ i , . . .} of consecutively joined points (i.e., [v n , v n+ \} £ V for all 
n). A circuit is such a finite sequence with the same starting and ending point. 

A forest is a graph with no circuits. 

If (V. X), ( W. Y ) are graphs, a topological (V. X) is given by an injection 
/ : V — > W and a function g that sends every edge e = { x , y} in X into a path 
in ( W,Y ) connecting f(x) and f(y), the paths {g(e) : e £ X} being vertex 
disjoint except at their extremities. 

A good coloring or sometimes a coloring of a graph (V, X) with a color set C 
is a mapping / : V — >• C such that f(x) ^ f(y) for { x , y} £ X (i.e., the vertices 
are colored in such a way that vertices that are joined get different colors). 
The chromatic number Chr(X) of a graph (V, X) is the smallest cardinal k 
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for which the graph can be colored by k colors. Therefore, a graph (V. X) has 
a good coloring with k colors if and only if Chr(X) < k. 

More generally, if T is a set system over a ground set S, then a good 
coloring of T is a coloring of S in such a way that for no F £ T get all points 
of F the same color (there is no monochromatic F). 

One would expect that the chromatic number of a graph is large only if the 
graph includes a large complete subgraph. Problem 24 shows it otherwise: the 
chromatic number can be arbitrarily large even if the graph does not contain 
three pairwise connected points. Still, a large chromatic number does imply 
the existence of certain types of subgraphs, e.g., every uncountably chromatic 
graph must include an infinite path, all circuits of even length and all odd 
circuits of sufficiently large length (Problems 29, 30). 

Let K k denote the complete graph (i.e., any two different points are joined) 
on a vertex set of cardinality k. A graph (V, X) is called bipartite if the vertex 
set can be decomposed as P = Vi U Vi such that all edges go between V\ and 
V 2 (in this case V\ and V 2 are called the bipartition classes). K k \ denotes 
the complete bipartite graph with bipartition classes of cardinality k and A, 
respectively. 

We also make the following definition. Given a class T of graphs, a univer- 
sal graph in T is a graph Xo £ T such that every graph X £ T is (isomorphic 
to) a subgraph of Xo. If Xo £ T is such that every X £ T appears as an 
induced subgraph in Xo then it is a strongly universal graph. 

Many problems from this section are used elsewhere in the book. Problem 
8 is particularly useful if one wants to deduce a conclusion for infinite sets 
provided one knows it for all finite subsets. It states the compactness property 
for graph coloring. 

There are some more problems on infinite graphs in Chapter 24. 

1. An infinite graph or its complement includes an infinite complete sub- 
graph. 

2. The pairs of u are colored with k < ui colors. Then there is a partition of 
u> into k parts such that the ith part is a finite or one-way infinite path 
in color i. 

3. If X is a graph onK>w vertices then either X or its complement includes 
a topological K k . 

4. If the degree of every vertex in a graph is at most n < u, then the graph 
can be colored with n + 1 colors. 

5. If the degree of every vertex in a graph is at most k > u>, then the graph 
can be colored with k colors. 

6. If the vertex set of a graph has a well-ordering in which every vertex is 
joined to fewer than k smaller vertices, then the graph is K-colorable. 

7. Let k > u). If the vertex set of a graph has an ordering in which every 
vertex is joined to fewer than k smaller vertices, then the graph is k- 
colorable. 
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8. (de Bruijn-Erdos theorem) If, for some n < ui, every finite subgraph of 
a graph A is n-colorable, then so is X. 

9. A graph is finitely chromatic if and only if every countable subgraph is 
finitely chromatic. 

10. Let A” be a graph on some well-ordered set. Then X is finitely chromatic 
if and only if every subset of order type w is finitely chromatic. 

11. Construct a graph X on oj'f such that every subgraph of order type is 
countably chromatic yet X is uncountably chromatic. 

12. Given the graphs ( V , X) and ( W. Y ) form their product Ixb as follows. 
The vertex set is V x W, and (x,y) is joined to (x 1 . y') if and only if 
{x,x'} € X and {y, y'\ € Y. If the chromatic number of (V. X) is the 
finite k and the chromatic number of (W, Y) is infinite, then the chromatic 
number of (V x W, X x Y) is k. 

13. (a) If the vertices of a graph {V, X) are partitioned as {Vj : i G 1} and X t 

is the subgraph induced by V) then Clir(A) < Y Chr(A,). 

(b) If the edges of a graph (V,X) are decomposed into the subgraphs 
{Xi : i e /}, then Chr(X) < n Chr(Ai). 

14. Assume that A is a bipartite graph with bipartition classes A and B and 
for every x € A the set r(x) of the neighbors of x is finite. Then there is a 
matching of A into B in X if and only if for any finite subset {xi . . . . ,Xk} 
of A the set r(x i) U • • • U r{xk) has at least k elements. 

15. Assume that p,q > 1 are natural numbers and A is a graph as in the 

preceding problem. There is a function / : E — > {0, 1, . . . ,p} on the edge 
set E such that _ 

E /( e ) =p ( xe A )’ 

e: x£e 

E /( e ) ^9 (2/ e B) 

e: j/Se 

if and only if the following condition holds: for any /c-element finite subset 
{xi , . . . , Xk} of A, the set T( xi) U • • • U r(xk) has at least pk/q elements. 

16. A graph X is planar if and only if 

(a) X includes no topological K$ or A3 3; 

(b) X has only countably many vertices with degree at least 3; 

(c) X has at most continuum many vertices. 

(A graph is planar if it can be drawn in the plane where the vertices are 
represented by distinct points, the edges by noncrossing Jordan curves.) 

17. A graph is spatial (it can be represented as in the previous problem but 
in the 3-space) if and only if it has at most continuum many vertices. 

18. For an infinite cardinal n the complete graph on k + vertices is the union 
of k forests but the complete graph on (k + )+ vertices is not. 
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19. The edge set of a graph can be decomposed into countably many bipartite 
graphs if and only if the chromatic number of the graph is at most c. 

20. There exists a strongly universal countable graph. 

21. There is no universal countable K^-free graph. 

22. There is no universal countable locally finite graph (that is, in which every 
degree is finite). 

23. There is no universal AV, -free graph of cardinality c. 

24. For every infinite cardinal k there is a k- chromatic, triangle-free graph. 

25. Define a graph (wi,X) on the set in such a way that (a. fi, 7) and 
(a',/3',7') are connected if and only if a < (i < a' < 7 < /T < 7' or 
a! < ft < a < j' < 0 < 7. Then A C cjf spans a countable chromatic 
subgraph if and only if its order type (in the lexicographic ordering) is 
< U)f. 

26. If (V, X ) is a graph on the ordered set ( V , <) we define the following graph 
( V',X '). The vertex set is V' = X. We create the edges X' as follows. 
The edge {x, y} with x < y is joined to the edge {z, t} with 2 < t if and 
only if either y = 2 or x = t holds. 

(a) Chr(X') < k if and only if Chr(X) < 2 K . 

(b) If ( V , X) does not include odd circuits of length 3, 5, . . . , 2n — 1 then 
{V' ,X') does not include odd circuits of length 3, 5, . . . , 2n + 1. 

(c) For every natural number n and cardinal k there is a graph with 
chromatic number greater than k, and not including odd circuits of 
length 3, . . . , 2n + 1. 

27. There is an uncountably chromatic graph all whose subgraphs of cardi- 
nality at most c are countably chromatic. 

28. If 2 n ° = 2 Nl = 1^2, 2 Na = K3, then there is a graph with chromatic number 
N2 with no induced subgraph of chromatic number Hi. 

29. Every uncountably chromatic graph includes K n ^ 1 for all finite n, the 

complete bipartite graph with bipartition classes of size n, Hi, respectively. 
In particular, it includes circuits of length 4, 6, 

30. Every uncountably chromatic graph includes every sufficiently long odd 
circuit. 

31. Every uncountably chromatic graph includes an infinite path. 

32. Assume that X is an Hi-chromatic graph on the vertex set V. Then V 
can be decomposed into the union of Hi disjoint subsets each spanning a 
subgraph of chromatic number Hi. 

33. Assume that X is an uncountably chromatic graph on the vertex set V. 
Then V can be decomposed into the union of two (or even Ho) disjoint 
subsets each spanning a subgraph of uncountable chromatic number. 
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34. The following graph (V, X) is uncountably chromatic. The vertex set is 

V={f : a — >• u> injective, a < o>i}, 

and two functions are joined if one of them extends the other. 

35. If the set system T-L consists of finite sets with at least two elements and 
\A n B\ ^ 1 holds for A. B £ T~L then "H is 2-chromatic. 

36. Assume that the set system H consists of countably infinite sets such that 
\AnB\ / 1 holds for A. B eH. Then T-L is w-chromatic but not necessarily 
finitely chromatic. 

37. Assume that T-L is a system of Hi three-element sets no two intersecting 
in two elements. Then T-L is w-colorable. 

38. Consider the graph G rit(y with vertex set S n (the unit sphere of R” +1 ) 
and two points are connected if their distance is bigger than a. Then 
Chr(G„ ia ) > n + 2 for all a < 2, and Chr(G„ i0! ) = n + 2 for a < 2 
sufficiently close to 2. 

39. For a < 1/2 let the vertices of the graph G be those measurable subsets 
E c [0,1] which have measure a, and let two such subsets be connected 
if they are disjoint. Then the chromatic number of G is Hq. 
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In partition calculus transfinite generalizations are obtained for the (infinite) 
Ramsey theorem: if 2 < k,r < u and the r-tuples of some infinite set are 
colored with k colors, then there is an infinite subset, all whose r-element 
subsets get the same color (Problem 2). 

If X is a set and / : [X] r — >• I is a coloring (partition) of its r-tuples, then 
Y C X is called homogeneous or monochromatic with respect to / if there is 
an i € I such that /({yi, . . . ,y r }) = i holds for all {j/i, . . . ,y r } € [T] r . We 
usually contract the notation f({y i, . . . , y r \) to f(yi, • • • , y r )- The partition 
relation k — > (A)J) expresses that if the r-tuples of a set of cardinality k are 
colored with p colors then there is a monochromatic subset of cardinality A 
(Rado’s notation). If this statement fails, then we write k (A)£. With this 
notation the infinite Ramsey theorem reads asw^ (w)£ for r , k finite. 

This branch of combinatorial set theory investigates how large homoge- 
neous set can be guaranteed for a given coloring. The most important result 
is the Erdos-Rado theorem stating that exp. r (ft)+ — (k + )J) + 1 holds when k 
is an infinite cardinal and 1 < r < w (Problem 25). Here exp r denotes the re- 
fold iterated exponential function, i.e., exp 0 ( k) = k, exp 1 («) = 2 K , exp 2 ( k) = 
2 1 2 * , . . ., etc. These values are sharp. 

In this chapter we consider this basic result and various generalizations 
and variants. We present applications to point set topology, some problems of 
this chapter will also be used elsewhere in the book. 

A tournament is a directed graph in which between any two vertices there 
is an edge in one and only one direction. 

1. If 2 < k < u, then u> — > (w)|; i.e., if we color the edges of an infi- 
nite complete graph with finitely many colors, then there is an infinite 
monochromatic subgraph. 

2. (Ramsey’s theorem) If 1 < r < u, 2 < k < u, then u> — »• (w)£. That is, if 
we color the r-tuples of an infinite set by finitely many colors, then there 
is an infinite monochromatic set. 



102 


Chapter 24 : Partition relations 


Problems 


3. Every infinite partially ordered set includes either an infinite chain or an 
infinite antichain (i.e., either an infinite ordered set or an infinite set of 
pairwise incomparable elements). 

4. Every infinite ordered set includes either an infinite increasing or infinite 
decreasing sequence. 

5. If X is an infinite planar set, then there is an infinite convex subset Y C X, 
that is, no point in Y lies in the interior of a triangle formed by three other 
elements of Y. 

6. Every infinite tournament includes an infinite transitive subtournament. 

7. If X is an infinite directed graph with at most one edge between any two 
vertices, then either there is an infinite independent set, or there is an 
infinite, transitively directed subgraph. 

8. The edges of a complete directed graph of cardinality continuum can be 
colored by u colors so that there are no connected edges of the same color 
(two edges are connected if the endpoint of one is the starting point of 
the other). 

9. If / : [u>] 2 —1 u) is a coloring such that for every i < u) there is a finite set 

Ai with 6 Ai (i < j < oj), then there is an infinite set A C aj which 

is endhomogeneous, that is, in A, f(i,j ) only depends on i. 

10. If / is a coloring of [w] 2 with no restriction on the colors, then there is an 
infinite H C such that either 

(a) H is homogeneous for /, or 

(b) if x < y, x' < y' are from H, then f(x,y) = f{x',y') if and only if 
x = x\ or 

(c) if x < y, x' < y' are from H, then f(x,y) = f(x',y') if and only if 
V = y', or 

(d) the values {f(x,y) : {x. y\ € [77] 2 } are different. 

11. Let / : u> — > u> be a function with f(r) — > oo (r — > oo). Assume that for 
every 1 < r < oo H r colors [ui\ r with finitely many colors. Then there is 
an infinite X C u> such that H r on [X] r assumes at most f(r) values. The 
statement fails if /(r) -fx oo. 

12. There is a constant c with the following property. If / : [w] 2 — > 3 is a 
coloring, then there is an infinite sequence Oo < a\ < ■ ■ ■ with a n < c" for 
infinitely many n such that / assumes only two values on this sequence. 

13. If k is an uncountable cardinal, then k — (k, Hq) 2 . That is, if / : [k ] 2 — > 
{0, 1}, then either there is a set of cardinality k monochromatic in color 0 
or else there is an infinite set monochromatic in color 1. Show this when 
k is 

(a) regular, 

(b) singular. 
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14. For cardinals A > 2, n > u> order the k — > A functions lexicographically. 
There is no decreasing sequence of length k + . There is no increasing se- 
quence of length max(K, A) + . 

15. If {A, <) is an ordered set, |A| < 2 K , then there is some / : [A]' 2 — > k with 
no x < y < z such that f(x, y) = f(y, z ). 

16. There is an uncountable tournament with no uncountable transitive sub- 
tournament. 

17. (Todorcevic) There is a function F : [uf| ] 2 — > u>i such that for every 
uncountable X C F assumes every element of u>\ on [ X ] 2 . 

18. If k > No is a cardinal, r > la natural number and / is a coloring of the 
(r + l)-tuples of (2 K ) + with k colors, then there is a set X C (2 K ) + , |X| = 
k + on which / is endhomogeneous, that is, for X\ < ■ ■ ■ < x r < y < y' 
from X, /(aq, . . . ,x r ,y) = f(x ±, . . . ,x r ,y') holds. 

19. If k > No is a cardinal, then (2 K ) + — > (k + ) 2 k . That is, if the pairs of 
(2 K ) are colored with k colors, then there is a homogeneous subset of 
cardinality k + . 

20. If k > No is a cardinal, then (2 K ) + — >• ^(2 K ) + , (k + ) k ^ • That is, if 

/ : (2 K ) + — > k, then either there is a homogeneous subset in color 0 
of cardinality (2 K ) + or else there is a homogeneous subset in some color 
0 < a < k of cardinality k + . 

21. If k is an infinite cardinal and {/ a : a < (2 K ) + } is a sequence of ordinal- 
valued functions defined on k, then there is a pointwise increasing subse- 
quence of cardinality (2 K ) + , that is, there is a set Z C (2 K ) + , \Z\ = (2 K ) + , 
such that fa{0 < fp(Q holds for a < (3, a, 0 £ Z, £ < k. 

22. If X is a set then \X\ < c if and only if there is an “antimetric” on X, i.e., 
a function d : X x X — > [0,oo) which is symmetric, d(x,y) = 0 exactly 
when x = y, and for distinct x,y, z € X for some permutation x ' , y' , z! of 
them d(x’, z') > d{x ' , y') + d(y l , z') holds. 

23. 2 K t 4 (/c -1- )!- That is, if |<S| = 2 K , then there is / : [S'] 2 — > {0,1} with no 
monochromatic set of size k + . 

24. 2 K (3) 2 . That is, if |S| = 2 K , then there is / : [S] 2 — » k with no 
monochromatic triangle. 

25. (Erdos-Rado theorem) If k is an infinite cardinal, set exp 0 ( k) = k and 
then by induction exp r+1 (k) = 2 exp >'- K b If n > No is a cardinal, then 
exp r (K) + — > (k + )” + 1 . That is, if the (r + l)-tuples of exp r («;) + are colored 
with k colors, then there is a homogeneous subset of cardinality k + . 

26. If k is an infinite cardinal, r < u>, there is a function / : [exp r .(/-c)] r+1 —> k 
such that if xo < x\ < ■ ■ ■ < x r+ i, then f(x o, . . . , a; r+ i) ^ f(x i, . . . , x r+ 2 ), 
specifically, exp r («;) -/> (r + 2)” +1 . 
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27. Let k be an infinite cardinal, |A| = k + , |.B| = (k + ) + , and k finite. If 
/ : A x B -4- k, then there exist A' C A, B' C B, \A'\ = IB'I = k such 
that A! x B' is monochromatic. 

28. If |A| = Hi, \B\ = H 0 , k is finite, / : A x B — i k, then there exist A! C A, 
B' C B, \A'\ = \B'\ = H 0 such that A' x B' is monochromatic. 

29. (Canonization) Assume A is a strong limit singular cardinal and S, a set 
of cardinality A is partitioned as S = (J{S a : a < // } where ft = cf (A) 
and each S a is of cardinality < A. Assume that / : [5] 2 — »• k with k < A. 
Then there is a set X C S, X = A, on which / is canonical in the sense 
that if x, y £ X then f(x, y) is fully determined by a, fi where a, /? < // 
are those ordinals with x £ S a , y £ Sp. 

30. If A is a strong limit singular cardinal with cf (A) = w, 3 < k < uj, then 
A — > [\}‘l holds, that is, if / : [A] 2 —l k then on some subset of cardinality 
A / assumes at most two values. 

31. For a set I of indices let the sets {Ai,Bi : i G 1} be given with | A, | , 
\Bi\ < k and Aj fl Bj = 0 if and only if i = j. Then |/| < 2 K . 

32. If k > uj is regular, then k —)■ (k,u + l) 2 . That is, if / : [k] 2 -*• {0,1}, 
then either there is a set of order type k monochromatic in color 0 or else 
there is a set of order type uj + 1 monochromatic in color 1. 

33. For k < uj, uj\ — »• (uj + l) 2 .. That is, if we color [cui] 2 with k colors, then 
there is a monochromatic set of order type uj + 1 . 

34. If k < uj and A denotes the order type of the reals, then A — >• (uj + 1)| 
holds. That is, if / : [R] 2 —¥ k, then there is a monochromatic set of order 
type uj + 1. 

35. Assume that k > uj is a cardinal for which k — > (k )2 holds. Then k is 

(a) regular, 

(b) strong limit (i.e., if A < k then 2 a < k), 

(c) not the least cardinal with (a) and (b). 

36. Define, for k < uj, by transfinite recursion on a < oj± , the notion of 
semihomogeneous coloring / : [S'] 2 — > k for every (S, <) of order type u> a . 
For a = 0, no condition is imposed. For a = /3+1, / is semihomogeneous if 
and only if there is a decomposition S = Sq U S’i U • • ■ with So < Si < ■ ■ •, 
each Si having order type uA, / is semihomogeneous on every Si, and 
gets the same value on all pairs between distinct SV s. For a limit, / is 
semihomogeneous if and only if there is a decomposition S = So U Si U • • • 
where So < Si < ■ ■ -, with S, of order type u ai where ao < oil < ■■ ■ 
converges to a, f is semihomogeneous on every S, , and gets the same 
value on all pairs between distinct Sj’s. Then given j3 < uji, k < uj, there 
exists a < uji, such that every semihomogeneous coloring of [tn“] 2 with k 
colors includes a homogeneous set of type (3. 
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37. If V, a vector space over Q with \V\ > M 2 , is colored with countably 
many colors, then there is a monochromatic solution of x + y = z+u with 
pairwise distinct x, y, z, u. 

38. If V, a vector space over Q with \V\ > c + is colored with countably many 
colors, then there is a monochromatic solution of x + y = z with x, y, z 
different from zero and each other. This is not true for \V\ < c. 

39. If ( X , T) is a Hausdorff topological space with a dense set of cardinality 
k. then \X\ < 2 2 * . 

40. If {X,T) is a Hausdorff topological space with |X| > 2 2 ' , then there is a 
discrete subspace of cardinality k + . 

41. If (X, T) is a hereditarily Lindelof Hausdorff topological space, then \X\ < 
c (“hereditarily Lindelof” means that every open cover of any subspace 
includes a countable subcover). 

42. If {X, T) is a first countable Hausdorff topological space with no uncount- 
able system of pairwise disjoint, nonempty open sets, then \X \ < c (“first 
countable” means that for every point in the space there is a countable 
family {f7j}*< w of neighborhoods of x such that every neighborhood of x 
includes a 17*). 

43. If the elements of V(uj') are colored with countably many colors, then there 
is a monocolored nontrivial solution of X U Y = Z. 

44. There is a set S such that if the elements of V(S) are colored with 
countably many colors, then there is a monocolored nontrivial solution 
of X U Y = Z with X, Y disjoint. 

45. For every set S there is a coloring of V(S) with countably many colors 
such that there do not exist pairwise disjoint Xq , X-[ , . . . C S with all 
nonempty, finite subunions in the same color class. 

46. For every infinite set S there is a coloring / : [.9] H ° — »• {0,1} of the 
countably infinite subsets of S with two colors that admits no infinite 
homogeneous subset, i.e., k -ft (Mq)^ 0 holds for any k. 
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Regarding the inclusion relation the simplest possible family is a family of 
pairwise disjoint sets. Often, from a family of sets one would like to select 
a subfamily with such a simple structure, however, with pairwise disjoint 
sets this is not always possible. A possible remedy is the selection of a A- 
system, where {A, : : i g 1} is called a A-system (or a A-family) if the pairwise 
intersections of the members is the same; A^nAj = S for some set S (for i / j 
in J). Thus, a A-system has a simple structure: all sets in it have a common 
core, and outside this common core the sets are disjoint. 

In this chapter we consider the problem how large A-systems can be se- 
lected from a given family of sets. As an application we shall obtain in Prob- 
lem 5 that in no power of R (regarded as a topological space) can one find an 
uncountable system of pairwise disjoint open sets. 

1. An infinite family of n-element sets (n < uj) includes an infinite A- 
subfamily. 

2. An uncountable family of finite sets includes an uncountable A-subfamily. 

3. Let F be a family of finite sets, k = \F\ a regular cardinal. Then T has a 
A-subfamily of cardinality k. This is not true if k is singular. 

4. Is it true that every family F of finite sets with \F\ = Hi is the union of 
countably many A-subfamilies ? 

5. Let A, B be arbitrary sets, let B be countable, and let F(A, B) be the set 
of all functions from a finite subset of A into B. Then among uncount- 
ably many elements of F(A, B) there are two which possess a common 
extension. 

6. Consider the topological product of an arbitrary number of copies of R, 
regarded as a topological space. In this space there are no uncountably 
many pairwise disjoint nonempty open subsets. 

7. If {A a : a < Wi} is a family of finite sets, then {A a : Q: € S} is a 
A-subsystem for some stationary set S. 
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8. (a) Let T be a family of countable sets, \J r \ = c + . Then T has a zA- 

subfamily T' £ : 3F with | T'\ = c + . 

(b) Let T be a family of sets of cardinality < /i, with A = | T\ regular and 
with the property that k < X implies n IJ < X (for example, A = (2 /i ) + ). 
Then T has a zA-subfamily of cardinality A. 

9. For fi infinite, there is a set system of cardinality 2 ,i , consisting of sets of 
cardinality /i, with no 3-element /A-subsystem. 

10. For a set I of indices the sets { Ai , E, : i & 1} are given with | A % \ , | B, \ < /j 
and Ai fi B :t = 0 holds if and only if i = j. Then |/| < 2 /J . 

11. Assume that A > k > u> and T is a family of cardinality A of sets of 
cardinality < k. Then there is a subfamily T' C T of cardinality A such 
that 

|J (AnB) < A 

AjtBEF' 

assuming that either 

(a) A is regular or 

(b) GCH holds. 
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In the following problems a set mapping is a function / : S — >• V(S) for some 
set S (or, in some cases, / : [S] n — V{S) for some set S and some finite 
n > 2) usually with some restriction on the images. We shall always assume, 
even if we do not explicitly mention it, that x £ f(x) (or, in the other case, 
xi , . . . , x n ^ f(x i, . . . , x n )). Given a set mapping / : S — >• V(S) a free set is 
some set X C S with x ^ f(y) for x,y £ X. (If / : [S']" -» V{S) then the 
condition is that y £ f(x i, . . . , x n ) for y,x i, ... ,x n £ X). 

A basic problem for set mappings is how large free set can be guaranteed 
under a set mapping. In what follows we shall consider both positive and 
negative results on this problem. 

1. Assume that / : R — » 'P(R) is a set mapping with x £ f{x). Then there 
is a free set that is 

(a) of the second category, 

(b) of cardinality continuum. 

2. There is a set mapping / : R — > 'P(R) with f(x) bounded, but with no 
2-element free set. 

3. There is a set mapping / : R — > 'P(R) with |/(a:)| < c and with no 

2- element free sets. 

4. If / : R — ► P(R) is a set mapping with f(x) nowhere dense, then there is 
always an everywhere dense free set. 

5. Assume that / : R — > 'P(R) is a set mapping such that |/(a:j| < c, f(x) 
not everywhere dense in R. Then there is a 2-element free set. Is there a 

3- element free set? 

6. Assume that / : R — > 'P(R) is a set mapping such that f{x) is always a 
bounded set with outer measure at most 1. Then for every finite n there 
is an n-element free set. 
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7. (CH) There is a set mapping / : R — ► 'P(R) such that for every real 
number ieR the image f(x) is a sequence converging to x, yet there is 
no uncountable free set. 

8. Assume y < k are infinite cardinals with k regular. Let / : k — > [k] <m be 
a set mapping. There is a free set of cardinality k if k is 

(a) regular (S. Piccard), 

(b) singular (A. Hajnal). 

9. Assume that / : S — > 'P(S) is a set mapping with \f(x) \ < k for some 
natural number k. Then S is the union of at most 2k + 1 free sets. 

10. Assume that f : S —¥ V(S) is a set mapping with |/(a;)| < y for some 
infinite cardinal y . Then S is the union of at most /j free sets. 

11. Assume that / : uq — > V(u>i) is a set mapping such that f(x) fl f(y) is 
finite for x ^ y. Then for every a < ajj there is a free subset of type a. 

12. Assume that / : [S] k -» [S] <UJ is a set mapping for some set S where k is 
finite. If |5| > then there is a free set of size k + 1, but this is not true 
if |S| < H fc . 

13. If / : [S'] 2 — > [S ] <UJ is a set mapping on a set S of cardinality d 2 , then for 
every n < u> there is a free set of size n. 
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In this chapter we consider the somewhat technical but important notion of 
tree. We start with Konig’s lemma, whose easy yet powerful statement can 
be formulated as: if there will be infinitely many generations, then there is an 
infinite dynasty. Then we proceed to higher equivalents, that is, to Aronszajn 
trees and variants. 

A tree { T , ~<) is a partially ordered set in which the set T <x = {y : y ~< x} 
of the elements smaller than x is well ordered for every x 6 T. The order type 
o(x) of T <x denotes how high the element x is in the tree: those elements with 
o(x) = a form the ath level T a of T. In order to be reader-friendly, we will 
occasionally use the nonstandard but self-explanatory notation T >x = {y : 
x < y}, T <a = U{I> : (3 <a}, T >a = \J{Tp : cu < /?}, etc. The height, h(T) 
of T, is the least a with T a = 0. An a-branch of a tree (T, -<) is an ordered 
subset b C T <a that intersects every level Ty ((3 < a) (in exactly one point). 

A tree (T, -<) is normal if 

(A) for every x £ T, T >x contains elements arbitrary high below /i(T); 

(B) if x £ T, then there exist distinct y , y' with x ~< y, x -< y' , o(y) = 

°{y') = °( x ) + i; 

(C) if a < h(T) is a limit ordinal, x ^ x' S T a , then T <x ^ T <x >. 

If s -< t, then we call t a successor of s, s a predecessor of t. If s -< t or 
t ~< s holds, then we call s, t comparable. If neither s ~< t nor t s holds, then 
s, t are incomparable. If s ~< t and there are no further elements between s 
and t (i.e., they are on consecutive levels of the tree), then t is an immediate 
successor of s, s is an immediate predecessor of t. 

If k is a cardinal, a tree (T, -<) is a n-tree if h(T) = k and \T a \ < k holds 
for every a < k. 

An Aronszajn tree is an wi-tree with no wi-branches, and in general, a k- 
Aronszajn tree is a K-tree with no K-branches. If every re-tree has a re-branch, 
that is, there are no re- Aronszajn trees, then re is said to have the tree property. 

In a tree ( T , -<) a subset A C T is an antichain if it consists of pairwise 
incomparable elements. An uq-tree is special if it is the union of countably 
many antichains. 
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A subset D CT of a tree is dense if for every x £ T there is a y £ D with 
x A y. A subset D CT of a tree is open if x ~< y, x € D imply that y £ D. 

An uq-tree is a Suslin tree if there is no nq -branch or uncountable antichain 
in it. 

Squashing a tree-, if (T, -<) is a tree, then we can transform it into an ordered 
set as follows. Let < a be an ordering on T a . If x. y are distinct elements of 
T, then set x <i ex y if and only if either x ~< y or T< x is “lexicographically 
smaller” than T< y . That is, if T< x = {p a (x) : a < o(x)} where p a (x) is the 
only element of T< x on T a , and T< v = {p a {y) '■ a A } is the corresponding 
set for y, then p a (x) < a p a (y) holds for the least a where p a (x) ± p a (y). 
Notice that if (T, — <) is normal then it suffices to define < a on To and for 
every element s of T on the set of immediate successors of s. 

A Specker type is the order type of an ordered set that does not embed uq, 
w*, or an uncountable subset of the reals. 

A Countryman type is the order type of an ordered set {S,-<) if S x S is 
the union of countably many chains under the partial order (x, y) A {pc' , y') if 
and only if x < x' and y < y' . 

A Suslin line is a nonseparable ordered set that is ccc, that is, it does 
not include a countable dense subset and every family of pairwise disjoint 
nonempty open intervals is countable. 

There are two more notions of trees: in Chapter 31 what we call trees 
are certain trees of height u and of course in graph theory the connected, 
circuitless graphs are called trees. 

1 . (Konig’s lemma) has the tree property, that is, if every level of an infinite 
tree is finite, then there is an infinite branch. 

2. There is a tree T of height u, with \T n \ = do for every n < ui such that T 
has no infinite branch. 

3. If an infinite connected graph is locally finite (every vertex has finite 
degree), then it includes an infinite path. 

4. Suppose that H is an infinite set of finite 0-1 sequences closed under 
restriction, that is, if a\ ■ ■ ■ a n £ H, then a\ ■ ■ ■ a m £ % holds for every 
m < n. Then there is an infinite 0-1 sequence all whose (finite) initial 
segments belong to H. 

5. Let Aj, i < uj be finite sets and let fk € El ick-^-i f° r & = 0,1, Then 

there is an / € Y\ i<u A* such that on any finite set S C to the function / 
agrees with one of the fk s (i.e., f\g= fk\g)- 

6. An infinite bounded set of reals has a limit point. 

7. Given the natural numbers r, k, and s there is a natural number n such 
that if all r-tuples of { 0 , 1 , ... , n— 1} are colored with k colors, then there is 
a homogeneous subset increasingly enumerated as {ai, . . . , a p } with p > s 
and also with p > a\ . 
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8. A domino is a one-by-one square, where the four sides are colored. Given 
a collection D of dominoes with finitely many different color types, we 
want to tile the plane with them, i.e., to place a domino on each lattice 
point with its center on the lattice point, in a horizontal-vertical position 
such that the common sides of neighboring dominoes have the same color. 

(a) If for every n < u an n x n square has a tiling from D, then so has 
the plane. 

(b) If the plane has a tiling from D, then it has from D', where D’ is 
obtained from D by omitting those types that contain only finitely 
many pieces. 

9. The vertex set of a locally finite graph can be partitioned into two sets, 
A and B such that if for v, a vertex, cIa(v), dniv) denote the number of 
vertices joined to v in A, B, respectively, then (Ia(v) < dg(v) if v G A 
and cIa(v) > ds{v) if v G B. 

10. (a) If a\ + ■ ■ ■ + a n is a sum of positive reals, then there are indices 0 = 

&;(0) < fc(l) < • • • < k(r) = n such that S% > ■■ ■ > S r holds for the 

subsums Si = H + and Si < 2-^/af#- • • + a^. 

(b) If ^i° a i i s a divergent series of positive terms and aj < oo, then 
there are indices 0 = fc(0) < fc(l) < • • • such that Si > ■ ■ ■ > S r holds 
for the subsums Si = cifc(i_i)+i H + «&(»)• 

11. There is an Aronszajn-tree. 

12. There is a special Aronszajn-tree. 

13. Every special uq-tree is Aronszajn. 

14. If ( T , -<) is a tree, then ( T , <i ex ) is an ordered set. 

15. If (T, -<) is an Aronszajn-tree, then the order type of (T, <i ex ) is a Specker 
type. 

16. There exist functions {e a : a < uq } such that each e a : a u) is injective 
and for /3 < a the functions e t g and e a | ^ are identical at all but finitely 
many points. 

17. The tree T = {e a |^ : /3 < a < u> i} (with the functions of the previous 
problem) is an Aronszajn-tree, where g -< g' if and only if g' properly 
extends g. 

18. Let e a from Problem 16, and set S = {e a : a < uq}, where -< is the 
lexicographic ordering. Then the order type of S is a Countryman type. 

19. Every Countryman type is a Specker type. 

20. An uq-tree ( T , -<) is special if and only if there is an order preserving 
f:(T,*)^( Q,<>. 

21. Assume that ( T , -<) is an uq-tree with a function / : T\To — > T such that 
/(f) -< t and for every t and for every element s G T the set f~ 1 (s) is the 
union of countably many antichains. Then (T, -<} is special. 
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22. If a normal uq-tree (T, -<) has no uncountable antichain, then it is a Suslin 
tree. 

23. If (T, -<) is a Suslin tree then for all but countably many x € T, the set 
T> x is uncountable. 

24. If there is a Suslin tree, then there is a normal Suslin tree. 

25. There is a Suslin tree if and only if there is a Suslin line. 

26. If ( T , -<} is a Suslin tree, D C T is dense, open then D is co-countable in 
T. 

27. If (T, -<} is a normal Suslin tree, D 0 ,Di,... C T are dense, open sets, 
then Do n D\ n • • • is also a dense, open set. 

28. If (T, -<) is a Suslin tree, ACT is uncountable then A is somewhere dense, 
i.e., there is some t CT such that for every a ; >r t there is y cl x, y £ A. 

29. If (T, -<) is a normal Suslin tree, / : T -> R preserves A, then / has 
countable range. There is no such / that preserves 

In Problems 30-31 we consider the topology of the tree (T, -<) generated by 
the open intervals, i.e., of the sets of the form (p, q) = {t € T : p -< t -< q}. 
This amounts to declaring t £ T a isolated if a = 0 or successor, and if a 
is limit then the sets of the form (s, t] ( s -< t) give a neighborhood base of 
t. 

30. If ( T , -<) is a normal Suslin tree, / : T — > R is continuous, then / has 
countable range. 

31. If ( T , -<) is a normal Suslin tree, then it is a normal topological space. 

32. On a normal wi-tree (T, -<) two players, I and II alternatively pick the 

successive elements of the sequence to ~< ti ~< ■■ ■ with I choosing to- I 
wins if and only if there is an element of T above all of to? ti, 

(a) I has no winning strategy. 

(b) If (T, -<) is special, II has winning strategy. 

(c) If ( T , ~<) is Suslin, II has no winning strategy. 

33. If k is regular, A < k, (T,~<) is a K-tree with \T a \ < A for a < k then 

(T, -<) has a K-branch. This is not true if k is singular. 

34. If, for some regular k > u, there is a K-Aronszajn tree, then there is a 

normal one. 

35. If ( T , -<) is a K-tree for some regular cardinal k, then the following are 
equivalent. 

(a) (T, -<) has a K-branch. 

(b) (T, <i ex ) includes a subset of order type k or k*. 
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36. There exists a « + -Aronszajn tree if 'Ipt^ holds, that is, for every limit 
a < k + there is a closed, unbounded subset C a C a of order type < K 
such that if 6 < a is a limit point of C a , then C'g = C a fl /3. 

37. There exists a K + -Aronszajn tree if k is regular and 2 #t < k holds for 

H < K. 

38. k has the tree property if k is real measurable (see Chapter 28). 

39. Assume that k is a singular cardinal such that for every A < k there is an 
ultrafilter D\ on the subsets of k + such that if A e D\ then |A| = k + and 
if A a e D\ ( a < A) then D a <A € D\. Then k + has the tree property. 

40. If k (k)| then every ordered set of cardinality k includes either a well- 
ordered or a reversely well-ordered subset of cardinality n. 

41. If every ordered set of cardinality k includes either a subset of order type 
k or a subset of order type k*, then k is strongly inaccessible. 

42. If k has the tree property, then k is regular. 

43. If k is the smallest strong limit regular cardinal bigger than u>, then k 
does not have the tree property. 

44. For an infinite cardinal k the following are equivalent. 

(a) k — > (k) 2 , 

(b) k — >• (k)” for any a < k and n < w, 

(c) k is strongly inaccessible and has the tree property, 

(d) in any ordered set of cardinality k there is either a well-ordered or a 
reversely well-ordered subset of cardinality k. 




28 


The measure problem 


It has always been an important problem to measure length, area, volume, 
etc. In the 19th and 20th centuries various measure and integral concepts 
(like Riemann and Lebesgue measures and integrals) were developed for these 
purposes and they have proved adequate in most situations. However, it is 
natural to ask what their limitations are, e.g., to what larger classes of sets 
can the notion of Lebesgue measure be extended by preserving its well-known 
properties. The standard proof for the existence of not Lebesgue measurable 
set in R (using the axiom of choice!) shows that there is no nontrivial trans- 
lation invariant u-additive measure on all subsets of R. It was S. Banach 
who proved that in R and R 2 there is a finitely additive nontrivial isometry 
invariant measure. If we go to R 3 , then the situation changes: by the Banach- 
Tarski paradox (Chapter 19) a ball can be decomposed into two balls of the 
same size; therefore, there is no nontrivial finitely additive isometry invariant 
measure on all subsets of R n with n > 3. 

In this chapter we discuss the problem when we do not care for translation 
invariance, but want to keep cr-additivity or some kind of higher-order addi- 
tivity. Let X be an infinite set. By the phrase “/i is a measure on X ” we mean 
a measure /j, : V(X) — > [0, 1] on all subsets of X. Such a measure is called 
nontrivial if /-i(X') = 1 and /i( {a:}) = 0 for each x € X. Since we shall only be 
interested in nontrivial measures, in what follows we shall always assume that 
the measures in question are nontrivial (hence we exclude discrete measures, 
which are completely additive), /j is called rc- additive if for any disjoint family 
Yi, i £ I of fewer than k sets (i.e., |/| < k) we have = J2iei Mb)- 

The right-hand side is defined as the supremum of its finite partial sums, and, 
as a consequence, on the right-hand side only countably many ^(Yj) can be 
positive. Instead of w-additivity we shall keep saying “finite additivity” and 
instead of -additivity we say “cr-additivity” . 

It turns out (see Problems 8, 9) that the first cardinal k on which there is a 
cr-additive measure has also the stronger property that it carries a K-additive 
measure as well. A cardinal n > u> is called real measurable if there is a n- 
additive [0, l]-valued measure on n. It is called measurable if there is such a 
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measure taking only the values 0 and 1. Real measurable but not measurable 
cardinals are at most as large as the continuum (Problem 7), but measurable 
cardinals are very large, their existence cannot be proven in ZFC (Zermelo- 
Fraenkel axiom system with the axiom of choice). On the other hand, R. 
Solovay proved in 1966 that if ZFC is consistent with the existence of a real 
measurable cardinal, then 

• ZFC is consistent with the existence of a measurable cardinal, 

• ZFC is consistent with c being real measurable, 

• ZF is consistent with the statement that all subsets of R are Lebesgue- 
measurable. 

In the present chapter we discuss a few properties of measurable cardinals. 
One of the main results in this subject is the existence of a normal ultrafilter 
on any measurable cardinal (Problem 14), which has the easy consequence 
that all measurable cardinals are weakly compact, that is, k — (k)| holds for 
them. A stronger Ramsey property will be established in Problem 16. 

In analogy with K-additivity of measures let us call an ideal K-complete 
if it is closed for < k unions and a filter K-complete if it is closed for < k 
intersections. Recall that an ideal/filter on a ground set X is called a prime 
ideal/ultrafilter if for all Y C X either Y or X \ Y belongs to it (and this 
is equivalent to the maximality of the ideal/filter). A prime ideal X c V(X) 
is called nontrivial if it contains all singletons {.r}, x £ X, and an ultrafilter 
T C V(X) is called nontrivial if it does not contain any of the {x}, x £ X. 

In the problems below all measures, prime ideals, and ultrafilters 
will be assumed to be nontrivial. 


1. On any infinite set there is a finitely additive nontrivial 0-1-valued mea- 
sure. 

2. Let X be an infinite set and k > w a cardinal. The following are equivalent: 

• there is a K-additive 0-1-valued measure on X: 

• there is a K-complete prime ideal on X; 

• there is a K-complete ultrafilter on X. 

3. There is no cr-additive [0, l]-valued measure on uq (i.e., Hi is not real 
measurable) . 

4. If R is decomposed into a disjoint union of Hi sets of Lebesgue measure 
zero, then some of these sets have nonmeasurable union. 

5. If k is real measurable, then it is a regular limit cardinal. 

6. If there is a [0, l]-valued cr-additive measure ji on [0, 1] then there is such 
a /i extending the Lebesgue measure. Furthermore, if /j is K-additive for 
some k, then so is ~p. 
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7. If k > c is real measurable, then it is measurable. 

8. If k is the smallest cardinal on which there is a a - additive [0, 1] -valued 
measure, then k is real measurable. 

9. If k is the smallest cardinal on which there is a u-additive 0-1-valued 
measure, then k is measurable. 

10. There is no cr-additive 0-1-valued measure on R. 

11. If k is measurable, then it is a strong limit regular cardinal. 

If k > 0 is a regular cardinal, then a filter F on k is called a normal filter 
if for every F £ F and every / : F — >• k regressive function / there is an 
a < k such that f~ 1 (a) £ F. 

12. Let k be regular. An ultrafilter F on k is normal if and only if it is closed 
for diagonal intersection (see Problem 21.5). 

13. Let k be regular and F a normal ultrafilter on k. Then F is K-complete 
if and only if no element of F is of cardinality smaller than k. 

14. If k is measurable, then on k there is a K-complete normal ultrafilter. 
Prove this via the following outline. 

(a) Let n be a K-additive measure on k, and for f,g £ k k set / = g if 
f(a ) = g(a) for a.e. a (i.e., the /i-measure of the set of the excep- 
tional a is 0). Then this is an equivalence relation, and between the 
equivalence classes / and g of f and g set / -< g if f(a) < g(a) a.e. 
This is a well-ordering on the set of equivalence classes k k j_. 

(b) Let Y be the set of those functions f £ k k for which / -1 (a) is of 
measure 0 for all a £ k, and let fo £ Y be such that its equivalence 
class is minimal in Yj_- Then F = {F : f 0 1 [F] is of measure 1} is 

a K-complete normal ultrafilter on k. 

15. If k is measurable, then k — >• (k)£ for any r < ui and a < k. 

16. If k is measurable, then k — > (k)< u for any a < k, i.e., if we color the 
finite subsets of k by a < n colors then there is a set A of cardinality 
k that is homogeneous in the sense that for every fixed r < oj all the r 
tuples of A have the same color (cardinals with the property k — > (k)^ u 
for a < k are called Ramsey cardinals). 

The following problems lead to the existence of finitely additive isometry 
invariant measures on all subsets of R and R 2 . First we deal with the case 
when the whole space has measure 1, and then with the case that extends 
Jordan measure (in this case the measure necessarily is extended-valued, 
i.e., it is infinite on the whole space). Such measures are called Banach 
measures. Note that by the Banach-Tarski paradox (see Chapter 19) in 
R 3 (and in R n with n > 3) there is no such measure. 
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The construction of finitely additive isometry invariant measures on all 
subsets runs parallel with the construction of additive positive linear func- 
tionals on the space of bounded functions, which is the analogue of inte- 
gration. We shall also construct these so-called Banach integrals in R 
and R 2 both in the normalized case (when the identically 1 function has 
integral 1) and also in the case which extends the Riemann integral. Ac- 
tually, Banach measures are obtained by taking the Banach integral of 
characteristic functions. 

Let Ba denote the set of all bounded real-valued functions on the set 
A equipped with the supremum norm ||/|| = sup oe ^ l/(«)l- We call a 
function I : Ba — > R 

• linear if for any /i,/ 2 € Ba, ci,C 2 € R we have I(cifi + c- 2 .fi) = 
ci/(/i) + c 2 /(/ 2 ), 

• nontrivial if J(l) = 1, where 1 denotes the identically 1 function, 

• normed if it is nontrivial and |/(/)| < ||/|| for all / € Ba, 

• positive if it is nonnegative for nonnegative functions: 1(f) > 0 if / > 0. 
Positivity is clearly equivalent to monotonicity: if / < g, then 1(f) < 1(g). 
In what follows in statements (a)-(k) the adjective “normed” can be 
replaced everywhere by “positive”, since a linear functional I for which 
1(1) = 1 is positive if and only if \I(f)\ < ||/||. 

If <?> is a family of automorphisms of A, then we say that I is invariant 
if 1(f) = I(f v ) for all f € Ba and ip e 3>, where f v (x) = f(ip(x)). 


17. (a) There is a normed linear functional on Bn- 

(b) There is a translation invariant normed linear functional I on Bn, 
i.e., if g(n) = f(n +1), n £ N, then 1(f) = 1(g) (such a functional is 
called a Banach limit). 

(c) There is a translation invariant normed linear functional on Bz- 

(d) For any finite n there is a translation invariant normed linear func- 
tional on Bz« ■ 

(e) If A is an Abelian group and si , . . . , s n G A are finitely many elements, 
then there is a normed linear functional I on Ba that is invariant for 
translation with any Sj (i.e., if fj(x) = f(sj + x), then I(fj) = 1(f) 
for all 1 < j < n). 

(f) If A is an Abelian group, then there is a translation invariant normed 
linear functional on Ba- 

(g) If A is an Abelian group, then there is a finitely additive translation 
invariant measure p on all subsets of A such that p(A) = 1. In par- 
ticular, there is a finitely additive translation invariant measure p on 
all subsets of R n such that p( R ra ) = 1. 

(h) There is an isometry invariant normed linear functional on Br. 
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(i) There is a finitely additive isometry invariant measure fi on all subsets 
of R such that /z(R) = 1. 

(j) There is an isometry invariant normed linear functional on Br 2. 

(k) There is a finitely additive isometry invariant measure fi on all subsets 
of R (l) 2 such that /z(R 2 ) = 1. 

In statements (l)-(p) we allow the measure to take infinite values, and in 
these statements denotes the set of bounded functions on R ra with 
bounded support. 


(l) There is a translation invariant positive linear functional on B ^ that 
extends the Riemann integral. 

(m) For every n there is a translation invariant positive linear functional 
on £>p„ that extends the Riemann integral. 

(n) There is a translation invariant finitely additive measure on all subsets 
of R n that extends the Jordan measure. 

(o) For n = 1,2 there is an isometry invariant positive linear functional 
on £>p„ that extends the Riemann integral (Banach integral). 

(p) For n = 1,2 there is a finitely additive isometry invariant measure on 
all subsets of R" that extends the Jordan measure (Banach measure). 




Stationary sets in [A] <K 


In this chapter we consider subsets of [A] <K where k > lo is regular and A > k. 
X C [A]<~ is called 

• unbounded if for every P £ [A] <K there exists some Q € X with P C Q, 

• closed if whenever a < k and [Pp : 3 < a} is an increasing transfinite 
sequence of elements of X then (JjP^ ■ P < a} £ X, 

• a club set when it is both closed and unbounded. 

If something is true for the elements of a closed, unbounded set, then we 
say that it holds for almost every P £ [A ] <K (a.e. P). Similarly, if X C 
[A] <K , then some property holds for almost every element of X if there is 
a closed, unbounded set C such that it holds for the elements of C (~l X. 
S C [A] <K is stationary if it intersects every closed, unbounded set. Otherwise, 
it is nonstationary. 

As we shall see these notions extend the classical notion of club sets and 
stationary sets. Most of the classical results from Chapters 20-21 have an 
analogue in this setting, and the present generalization opens space for some 
other questions as well. 

We define k(P) = P P\ k whenever it is < k, i.e., when P intersects k in 
an initial segment. 

1. [A] <K is the union of k bounded sets. 

2. The union of < k bounded sets is bounded again. 

3. For every a < A the cone {P £ [A] <K : a £ P} is a closed, unbounded set. 
In general, if Q £ [A] <K , then {P £ [A] <K : Q C P} is a closed, unbounded 
set. 

4. Every stationary set is unbounded. 

5. As all ordinals, specifically all ordinals < k, are identified with the initial 
segment determined by them, k C [k] <k holds. A set A C k is stationary, 
(or closed, unbounded) in the sense of k exactly if it is in the sense of 
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6. X C [A] <K is closed if and only if for every directed set Y C X of car- 
dinality < k, (J Y £ X holds ( Y is called directed if for any P% . P% £ Y 
there is a P £ Y such that -Pi U P -2 C P). 

7. If / : [A] <w -> [A] <K , then define C(f) = {P £ [A] <K : P is closed under /}. 

(a) C(f ) is a closed, unbounded set. 

(b) If C is a closed, unbounded set, then C(f) \ {0} C C holds for an 
appropriate /. 

8. The intersection of < k closed, unbounded sets is a closed, unbounded set 
again. 

9. For a.e. P, k fl P < k holds (that is, P intersects the interval k in an 
initial segment). 

10. Given an algebraic structure with countably many operations (group, ring, 
etc.) on A, a.e. P £ [A] <K is a substructure. 

11. Almost every P £ [A] <K is the disjoint union of intervals of the type 
[k ■ a, k ■ a + /3) with (3 = k(P). 

12. If {C a : a < A} are closed, unbounded sets, then so is their diagonal 
intersection 

V a< \C a = {P£ [A] <K : a £ P — * P £ C a }. 

13. Assume that S C [A] <ft is stationary, f(P) £ P holds for every P £ S, 
P ^ 0. Then for some a < A, f~ 1 (a) is stationary. 

14. Assume that S C [A] <K is stationary, /(P) £ [P] <a ’ holds for every P £ S. 
Then for some s, f~ 1 (s) is stationary. 

15. If X C [A] <K is a nonstationary set, then there exists a function / with 
/(P) £ [P] <1jJ for every P £ X such that f~ 1 (s) is bounded for every 
finite set s. 

16. If C C k is a closed, unbounded set, then so is {P £ [A] <ft : k(P) £ C}. 

17. If A is regular, C C A is a closed, unbounded set, then 

A = {P e [A] <K : sup(P) e C) 
is again a closed, unbounded set. 

18. If S C k is a stationary set, then so is {P £ [A] <K : k(P) £ S'}. 

19. There is a stationary set in [u> 2 ] <Nl of cardinality K 2 . 

20. Every closed, unbounded set in [cJ 2 ] <Ni is of maximal cardinality d^ 0 - 

21. Set Z = (P £ [A] <K : k(P) = |P|}. (Remember the identification of 
cardinals with ordinals!) 

(a) Z is stationary. 

(b) If S C Z is a stationary set, then it is the disjoint union of A stationary 


sets. 
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22. Every stationary set in [A] <K is the union of n disjoint stationary sets. 

Prove this via the following steps. Let S' be a counterexample. 

(a) Every stationary S' C S is also a counterexample. 

(b) For almost every P € S, k(P) < |P| holds. 

(c) Assume that f(P) E P holds for every P E S, P ^ 0. Then there is 
some Q E [A] <K such that /(P) E Q holds for a. e. P E S. 

(d) k is weakly inaccessible (a regular limit cardinal). 

(e) If S' C S is stationary, /(P) C P, |/(P)| < k(P) holds for P E S' 
then there is some Q E [A] <K such that /(P) E Q holds for a. e. 
PES'. 

(f) For a . e. P E S, k(P) is weakly inaccessible. 

(g) For a. e. P € S, S n [P] <K ( p ) is stationary in [P]« p l 

(h) Get the desired contradiction. 

23. (GCH) Set A = K^, k = K 2 . There is a stationary set S C [A] <K such that 

every unbounded subset of S is stationary. 

24. For any nonempty set A call S C V(A) A-stationary if for every function 

/ : [A] <w — > [A]- N ° there is some B E S, B ^ 0 which is closed under /. 

(a) S = {A} is A-stationary on A. 

(b) If S is A-stationary on A, then A = (J S. 

(c) If A = A > oji is a cardinal, S C [A] <Nl then S is A-stationary on A if 
and only if it is stationary. 

(d) If S is A-stationary, 0 ^ B C A, then T = {P fl B : P E 5} is 
P-stationary. 

(e) If S is A-stationary, PDA, then T = (P C P : P n A g S} is 
P-stationary. 

(f) If S is A-stationary, P(P) E P holds for every P G .S’, P^0, then for 
some x, the set F~ 1 (x) is A-stationary. 
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In this chapter we do not assume the axiom of choice. 

We now enter a strange and interesting world. Strange, as our everyday 
tools cannot be used; we no longer have the trivial rule for addition and 
multiplication of two cardinals, and as some sets may not be well orderable, 
we cannot always apply transfinite induction or recursion. Interesting, as we 
are still able to prove some statements similar to the corresponding statements 
under the axiom of choice, only it requires delicate arguments, and in some 
cases we discover phenomena that can only hold if AC fails. 

We can use the notion of a cardinal, in the naive sense, that is, without 
the von Neumann identification of cardinals with ordinals. That is, we can 
speak of the equality, sum, etc., of two cardinals. 

AC W is the axiom of choice for countably many nonempty sets. 

1. For no cardinal k does 2 K = Ho hold. 

2. If ip is an ordinal, then there is a sequence (f a : u> < a < ip) such that 
/ a :axa^aisan injection. 

3. If 0 < a < UJ2 , then there is a surjection R — >■ a. 

4. There is a mapping from the set of reals onto a set of cardinality greater 
than continuum if either 

(a) every uncountable set of reals has a perfect subset, or 

(b) every set of reals is measurable, or else 

(c) (AC U ) there are no two disjoint stationary subsets of uq. 

5. Let C n denote the axiom of choice for n-element sets. Then C m implies 
C n if m is a multiple of n. 

6. C 2 implies C 4 . 

7. C 2 and C3 imply C6- 

8. If every set carries an ordering then C <a , (the axiom of choice for families 
of finite sets) holds. 
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9. Let k, A be cardinals, n a natural number, and assume that k + n = A + n 
holds. Then k = A. 

10. If k > No, then k + No = n. 

11. If k > 1, then k + 1 < 2 K . 

12. If k > Nq, then k + 2 K = 2 K . 

13. Set k <C A if and only if k + A = A. This -C is transitive. Furthermore, 
k -C A holds if and only if Nqk < A. 

14. If k is of the form either k = NoA for some cardinal A or k = 2 A for some 
cardinal A > N 0 , then k + k = k. 

15. If a, b are cardinals and 2 a = 2b, then a = b. 

16. If k is an infinite cardinal then No < 2 2 ’' . 

17. Ni < 2 2bi °. 

18. k ■ k < 2 2 holds for every cardinal k. 

19. (Hartogs’ lemma) If n is a cardinal then there is an ordinal H(k) with 
|J7 (k)| < 2 22 such that |L7 (k)| ^ k. 

20. If k 2 = k holds for every infinite cardinal k then the axiom of choice is 
true. 

21. The generalized continuum hypothesis implies the axiom of choice. That 
is, if for no infinite k exists a cardinal A with k < A < 2 K then the AC 
holds. 

22. AC is implied by the following statement: if {A t : i £ 1} is a set of 
nonempty sets, then there is a function that selects a nonempty finite 
subset of each. 

23. If every vector space has a basis, then the axiom of choice holds. 

In the following problem, the chromatic number of graph G = ( V , E) is 
the minimal cardinality (if it exists) of the form \A\ for which there is a 
surjection /: V — > A which is a good coloring, i.e., if x, y £ V are joined, 
then f(x) + f(y). 

24. The axiom of choice is equivalent to the statement that every graph has 
a chromatic number. 

25. Hajnal’s set mapping theorem (Problem 26.8) implies the axiom of choice. 

26. If R. is the union of countably many countable sets, then so is Ui and 
cf (wi) = U). 

27. Ll >2 is not the union of countably many countable sets. 



31 


Well-founded sets and the axiom of foundation 


In this chapter we investigate well-founded sets. These are partially ordered 
sets where every nonempty subset has a least element (one with no predecessor 
in the subset). These sets share many properties with the well-ordered sets. 
We can, therefore, use some techniques developed for well-ordered sets, as 
transfinite induction. In applications, e.g., in descriptive set theory, important 
facts can be transformed into the existence (or nonexistence) of an infinite 
decreasing chain in some specific partially ordered sets, which we call trees. 
That these two properties are equivalent for any given partially ordered set 
follows from the axiom of dependent choice (a weakening of the axiom of 
choice), which says that if A is a nonempty set, R is a binary relation on A 
with the property that for every element x £ A there is some y £ A such that 
R(x,y ) holds, then there is an infinite sequence xq,x\,... of elements of A 
such that R(xo,xi), R(xi,X 2 ), ■ ■ ■ hold. 

The axiom of foundation (or regularity) says that if A is a nonempty 
set, then there is some element x of it with x (~l A = 0. This claims that the 
universe is well founded under e and that implies that it is possible to create 
every set from the empty set by iterating the power set operation (cumulative 
hierarchy) . 

In this chapter, we assume the axioms of choice and regularity, unless 
indicated otherwise. 

A class is a defined part of the universe which is not necessarily a set. If 
a class is indeed not a set, then we call it a proper class. An operation is a 
well-defined mapping on some part of the universe which is possibly not a 
function, that is, it does not necessarily go between sets. 

1. The following statements are equivalent: 

(a) DC, the axiom of dependent choice; 

(b) If the nonempty partially ordered set (P, <) has no minimal element, 
then there is an infinite descending chain in (P, <), 
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(c) A partially ordered set is well founded iff there is no infinite descending 
chain in it. 

2. If ( P , <) is a partially ordered set, then there is an order-preserving 
ordinal-valued function / on P, that is, x < y implies f(x) < f(y) if 
and only if (P, <) is well founded. 

3. If (P, <) is a partially ordered set, then there exists a cofinal subset QCP 
such that (Q, <) is well founded. 

4. Let (P, <) be a partially ordered set that does not include an infinite in- 
creasing or decreasing sequence. Is it true that P is the union of countably 
many antichains (an antichain is a set of pairwise incomparable elements)? 

5. If (P, <) is a well-founded set, then there is a unique ordinal-valued func- 
tion r (the rank function of (P, <)) with the properties 

(a) if x < y, then r(x) < r(y), 

(b) if a = r(x) and (3 < a, then there exists some y < x with r(y) = /3. 

For k a cardinal let FS(k) be the set of all finite strings of ordinals less than 
k. We think the elements of FS(k) as finite functions from n to n for some 
n < u> and simply write s = s(0)s(l) • • • s(n — 1) (rather than using e.g., 
the ordered sequence notation). If s,t 6 FS(«) we set s < t if t properly 
extends s, and s ct if t is a one-step extension of s. s't is the juxtaposition 
of s and t; that is, if s = s(0)s(l) • • • s(n— 1) t = t(0)f(l) • • • t{m— 1), then 
s't = s(0)s(l) • • • s(n — l)t(0)t(l) • • • t(m — 1). 

For Problems 6-10 we define a set T C FS(k) a tree if it is closed under 
restriction, i.e., s < t £ T implies that s € T. The nth level of T is 
formed by those elements of length n. T is well founded if it does not 
include an infinite branch, that is, if (T, >) is well founded in the original 
sense. In this case, let R(T) be the ordinal assigned to the root (the empty 
sequence) by Problem 5. (Notice that these trees are trees in the sense of 
Chapter 27, only turned upside down.) 

6. If T C FS(k) is a well-founded tree, then R(T) < k + . For every ordinal 
a < k + there is a well-founded tree T C FS(k) with R(T) = a. 

7. If T,T’ are well-founded trees and R(T) < R(T') then T A T', i.e., there 
is a level and extension preserving (but not necessaily one-one) map from 
T into V . 

8. For any two trees, T and V either T A V or V A T holds. 

9. Define the Kleene-Brouwer ordering < K b on FS(k) as follows. If s = 
s(0)s(l) • • • s(n) and t = t(0) • • • t(m), then s <kb t if and only if either 
s properly extends t or s(i) < t(i ) holds for the least i where they differ. 
This is an ordering on FS(k). A tree T C FS(k) is well founded if and 
only if it is well ordered by <kb- 
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10. (Galvin’s tree game) Two players, W and B, play the following game. 
They play on the isomorphic well-founded trees, TV and Tg. At the be- 
ginning both players have a pawn at the root of his/her own tree. At every 
round first W makes a move with either pawn, i.e., moves it to one of the 
immediate extensions of its current position, then B does the same with 
one of the pawns. B may pass but W may not. The winner is whose pawn 
first reaches a leaf (that is, queens). 

(a) One of the players has a winning strategy. 

(b) W has a winning strategy. 

11. Exhibit two well-founded sets such that neither has an order-preserving 
(not necessarily injective) mapping into the other. 

A set (or possibly a class) A is transitive if x £ A, y £ x imply that y £ A. 

12. There is no set x with x £ x. 

13. There are no sets x, y with x £ y and y £ x. 

14. For every natural number n, there is an n-element set A with the following 
properties: if x, y £ A, then either x £ y, or x = y, or y £ x, and if x £ A, 
y € x, then y £ A. For a given n, can there be more than one such sets? 

15. What are the transitive singletons? 

16. The intersection and union of transitive sets are transitive. 

17. Let A be a set. Define Ao = {A}, A n+ \ = (J A n for n = 0, 1, . . ., TC(A) = 
AoUAiU- • • (the transitive closure of A). TC(A) is transitive and if A £ B, 
B is transitive, then TC(A) C B. 

18. (Cumulative hierarchy) Construct, by transfinite recursion, the following 
sets. Vo = 0. V a +i = V(V a ). If a is a limit ordinal, then V a = (J{Vg : fi < 
a}. 

If a set x is an element of some V a then a; is a ranked set, and rk(x) (the 
rank of x) is the least a with x £ V a . 

(a) Every V a is a transitive set. 

(b) Vg C V a holds for (3 < a. 

(c) rk(a;) is always a successor ordinal. 

(d) If x is ranked and y £ x, then y is also ranked and rk(y) < rk(x). 

(e) If every element of x is ranked, then so is x. 

(f) The axiom of foundation holds if and only if every set is ranked. 

19. Solve the equation X x Y = X in sets X, Y. 

20. If C is a proper class, then there is a surjection from C onto the class of 
ordinals such that the inverse image of every ordinal is a 

(a) set, 

(b) proper class. 
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21. Assume that C is a class, ~ is an equivalence relation on it. Then there 
is an operation T defined on C such that T{x) = E(y) holds iff x ^ y is 
true. 

22. The axiom of choice is equivalent to the statement that every set can be 
embedded into every proper class. 

23. The following are equivalent. 

(a) (The axiom of global choice) There is an operation T defined on all 
nonempty sets, such that T{X) g X holds for every such set X. 

(b) The universe has a well-ordering, that is, a relation < such that every 
nonempty class has a <-least minimal element. 

(c) Moreover, < is set-like, that is, the predecessors of every set form a 
set. 

(d) If A, B are proper classes, then there is an injection of A into B. 

(e) If A, B are proper classes, then there is a bijection between A and B. 

24. If k is an infinite cardinal, then H K = {x : |TC(x)| < k} is a set (here 
TC(a;) is the transitive closure of x: see Problem 17). 

25. (Mostowski’s collapsing lemma) Assume that M is a class, E is a binary 
relation on M which is 

(a) irreflexive, that is, xEx holds for no x g M\ 

(b) extensional: if {z : zEx} = { z : zEy }, then x = y, 

(c) well founded: there is no infinite A-decreasing chain, i.e., a sequence 
{x n : n < uj\ with x n +\Ex n for n = 0, 1, . . .. 

(d) set-like: for every x € M, {y : yEx} is a set. 

Then there are a unique transitive class N, and a unique isomorphism 
7 r : (M, E) ->• (N,e). 



Part II 


Solutions 
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Operations on sets 


1. If an element a is contained in exactly s > 1 of the sets A- t , ... . A n , then 
on the right-hand side this a is counted exactly 


• + (-!)* 


times, and this is 1 because the binomial theorem gives that 


o - (1 - D* - 1 -(*) + (’)- (3) + - + (-1)' (*) ■ 

To prove the second identity, set X = UA, t , apply the first identity to the 
sets A* = X \ Ai and subtract the resulting equation from N = |X|, the 
number of elements of X: 


]Ai n • • • n A n \ = N- \A* u • • • tiJ£| 

= n ~Y 1 \ A *i \ + E Mf nA *j\ ~ E \ A i nA j nA k\ — 

* i<i %<j<k 

= ^2(N - \AT\) - J2(N - 1 A* n A*-\) - ^ (-V- IA* n A* n a%\) 

i i<j i<j<k 

and since 

iv - \A* n A* n • • • n A* k \ = \Ai u Aj u • • • u A k \, 

we are done. 


2. Both the commutativity and the associativity of A can be directly verified. 
It is also easy to see that n is distributive with respect the A: 


In fact, 


A n ( BAC ) = (A n B)A(A n C). 
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• an element belongs to the left-hand side if and only if it belongs to A and 
to exactly one of B and C, 

• an element belongs to the right-hand side if and only if it belongs to A 
and B or to A and C, but not to A, B, and C, 

and it is clear that these two statements are the same. 

Thus, H is a ring. Clearly, A Aft = A, so the empty set 0 plays the role 
of zero for A. Furthermore, AAA = 0, hence every set is its own additive 
inverse. 

3. The statement is clearly true for n = 2 and from here we can pro- 
ceed by induction. Suppose we know its validity for some n. Writing B = 
A 1 AA 2 A • • • AA n AA n+ i as CAA n+ i with C = A 1 AA 2 A ■ ■ ■ AA n , we can see 
that an element a belongs to B if and only if either it belongs to A n+ i and 
not to C, or it belongs to C and not to A n+1 . In either case the induction 
hypothesis gives that a € B if and only if it belongs to an odd number of the 
A;’ S . 

4. We apply the characterization given in Problem 3. If a belongs to s of the 
Aj’s, then it is counted on the right-hand side 

times, and this is 0 if s is even and 1 if s is odd. 

5. Since A c = A J, A, we can see that A U B = {A l B) c = (A J, B) (A l B). 
Using that A fl B = (A c U B c ) c , it follows that fl can also be expressed via 4~ 
Finally, A \ B = A n B c . 

One can proceed similarly with |. 

6. Consider part a). If a belongs to the left-hand side then there is an !q S / 

such that a belongs to all the sets Aj 0 j, j € Ji 0 . But then a belongs to every 
|J ie/ so it belongs to the right-hand side as well. 

Conversely, if a does not belong to the left-hand side, then for every i £ I 
there is j € Ji, which we shall denote by such that a 0 A, But 

then this /o is in n, e / A, , hence a does not belong to the right-hand side. 
The other identities can be verified in the same manner. 

7. Let H (X-, Ai, . . . , A ra ) be the collection of those sets that can be obtained 
from Ai,...,A n using the operations fl, U, and (complementation with 
respect to X). We have to show that 

\H(X-A 1 ,...,A n )\<2 2n . (1.1) 

This is clearly true for n = 1, and we can proceed by induction. Thus, suppose 
that (1.1) is true for an n. Note that 7i(X: Ai, . . . , A„) is nothing else than the 
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smallest set containing X; Ax , . . . , A n that is closed under union, intersection, 
and complementation. Therefore, it immediately follows that 

U(X-,A 1 ,...,A n ,A n+1 ) = {SUT}, 

where on the right we take all possible unions with S £ 7i(A n+ -i : A\ n 
A n+ 1 , . . . ,A n n A n . |_i) and T £ H(A^ +1 -, A\ n A^ + 1 , . . . ,A n n A c n _ x ). By the 
induction hypothesis these latter sets have at most 2 2 ” elements, so there are 
that many choices for S and T. Thus, for SUT we have at most 2 2 ” •2 2 " = 2 2 + 
choices, and this proves (1.1) with n replaced by (n+ 1). 

8. The hyperplanes Xi = 1/2 divide the unit cube into 2” pairwise disjoint 
subcubes C\, ... . of side length 1/2. Clearly, each of Cx , . . . , CV» can be 
obtained from the sets A k using the operations D and - c , and so taking the 
union of any possible subcollection of Cx , . . . , C%n (there are 2 2 different such 
subcollections), one can construct 2 2 different sets from A 1 ,A 2 ,...,A n . 

9. Let % be the collection of all sets that can be obtained from A 1 , A 2 , . . ■ , A n 
using the operations \, fl, and U. Note that each such set is a subset of 
A\ U • • • U A n . Let us also choose a set X that is strictly larger than A\ U 

• • • U An, and consider the set H(X-, A \ , A n ) from the solution of Problem 

7. Note that since A \ B = A n B c , we have H C H(X; Ax , . . . , A n ). Thus, 
if H £ H, then H £ 'H(X: Ax,. , A n ), and since this latter set is closed for 
complementation, we also get H c £ 1~L{X: A-[. . . . . A n ). Moreover, it is not 
possible that H c £ H, for then X would belong to H. Thus, for every H £'H 
there are two different sets ( H and H c ) in T-L(X: Ax , . . . , A n ), and so the first 
statement is a consequence of Problem 7. 

To show that the bound 2 2 -1 can be achieved, consider Ax, ■ . ■ , A n from 
Problem 8. It is easy to see that using U, n, and \, all but one of the cubes 
Ci, ... , C- 2 « from the solution (namely the one with one vertex at the point 
(0, 0, ... , 0)) can be constructed, and we can form again the union of all pos- 
sible subcollections of these 2 ra — 1 cubes to get 2 2 _1 different sets. 

10. If there is a solution to 

(a) Ai n X = Bi, i £ I, 

then we must have IJ , Bj C X, and then it is easy to see that X' = U jBj 
is also a solution. But then substituting this into the equations we can see 
that we must have U j(Ai fl Bj) = Bi, which holds if and only if B, C A t and 
A,-, n Bj C Bi for all i and j ^ i. Thus, the system is solvable if and only if 
these two conditions are satisfied, and then one solution is X = U jBj. One 
can always add elements from outside U jAj to X, so the solution is never 
unique. 

In a similar manner (or take the complement of all sides with respect to a 
large set and reduce the problem to Problem (a)) 
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(b) Ai UX = B u i € L 

is solvable if and only if Ai C Bj and Bj C Ai U Bj for all i and j ^ i. In this 
case one solution is X = C \ 3 Bj . 

In dealing with 

(c) Ai\X = B u i€l, 

let Z be the union of all the sets A, : and Bj , and let Y = Z \ X. Then the 
system takes the form 

(c') Air\Y = Bi, i e I, 

i.e., the one we have considered in (a). 

In a similar manner, the system 

(d) X\Ai = Bi, i e I. 

can be reduced to the case (a) if we write X \ Ai as (Z \ Ai) n X. 

11. Let 



It is immediate that these sets are pairwise disjoint and UjBj C U,;A ( . Fur- 
thermore, if for an a G U;A,; the first index i with a G A,; is Iq, then clearly 
a € Bi 0 , so we actually we have UB t = UjA*. 

12. If the C and D with the prescribed properties exist, then clearly A, n Bj 
is finite for all i and j. 

Conversely, suppose that Aj n Bj is finite for all i,j. The sets 

w ( >■ tj » ) c=u(a\y^) 

are disjoint since Aj \ and Bj \ A;, are disjoint for all i, j. That 

Aj \ C is finite follows from the finiteness of Aj n Bj for all j and hence for 
all j < i. We get analogously that Bi\D are finite for all i. 

13. Let S C V{X) be the smallest family of sets including A and closed under 
countable intersection and countable disjoint union (this is the intersection of 
all such families). It is clear that S is also closed under finite intersection and 
finite disjoint union. Set 

B = {AeS : X\Ag <S}. 


By assumption AC B. 
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If A, B G B, then B\A=Bn(X\A) G S, 4uB = 4u(B\i) e S, 
and X \ (A U B) = ( X \ A) n ( X \B) G S. These latter two show that B 
is closed under two-term union, and hence under finite union. Finally, since 
A \ B = A n {X \ B) G S, X \ {B \ A) = {X \ B) U {A n B) G S, 8 is also 
closed under difference (B is a so-called algebra of sets). 

If A n G B, n = 0, 1, . . ., then, as in the solution of Problem 11, we have 


u*-u(mu4 

n = 0 n= 0 \ j<n ) 

and this latter one is a countable disjoint union of elements of B, hence it 
belongs to S. Furthermore, 

x\ ( U A n) = H {X \ 4n) e S. 

\n=0 / n= 0 

These show that B is closed under countable union, hence it is a cr-algebra 
including A. Therefore, it includes the cr-algebra A* generated by A. On the 
other hand, B C S, and clearly S is a subset of the cr-algebra A*, and these 
show that B = S = A*. 

14. All the statements are immediate consequences of the definitions. 

15. Clearly, two subsets of X are the same if and only if their characteristic 
functions are the same. Furthermore, if g € x {0, 1} is arbitrary, then g = \A, 
where A is the set of those x G X where g(x) = 1. Thus, A i->- \a is a 1-to-l 
correspondence. 

The statements concerning the lim inf and lim sup sets immediately follow 
from parts b) and c) of the preceding problem. 

16. By the definition {A n }))L 1 is convergent if and only if every element a 
that is contained in infinitely many of the Aj’s is contained in all but finitely 
many of the them. This is the same as saying that there is no element a and 
two infinite subsequences {m^} and {n,} of the natural numbers with a G A rni 
and a £ A ni , and this is the same as the condition in the problem. 

17. See the solution of the preceding problem. 

18. Of the infinitely many sets A* either infinitely many contain 0, or infinitely 
many do not contain 0. In the first case let Aq'K .df’*. ... be the sequence of 
those Aj’s that contain 0, and in the second case let Aq°\a|°\... be the 
sequence of those Aj’s that do not contain 0. Now of Aq°\a[°\..., either 
infinitely many contain 1, or infinitely many do not contain 1. In the first 
case let A^,A^\ ... be the sequence of those A-^’s that contain 1, and in 



140 


Chapter 1 : Operations on sets 


Solutions 


the second case let be the sequence of those A ’s that do not 

contain 1. Proceeding similarly with the numbers 2,3,... we get infinitely 
many infinite subsequences 3 =0,1,... of the original sequence. It 

is immediate (see also Problem 14) that the diagonal sequence {A^ }?2. 0 is 
convergent. 

19. Let Ai be the set of those real numbers the ith decimal digit (after the 
decimal point) of which is 0 (warning: some rational numbers have two decimal 
expansions, one finite and one infinite, e.g., 0.1 = 0.09999 •••, but in this 
solution it does not matter which one we fix). We claim that there is no 
convergent subsequence of {Aj}-^. In fact, let 0 < ri\ < n -2 < ■ ■ ■ be any 
subsequence of the natural numbers, and consider the number 


lQn 2j ‘ 

j = i 

The ri 2 j+ith decimal digit of this is 0, so x belongs to all the sets A n2j+1 . 
However, the ri 2 jth decimal digit of x is 1, so x does not belong to any of the 
sets A n2j . Thus, x belongs to lim sup ;/ A nj , but does not belong to lim inf j A nj , 
i.e., the subsequence {A nj }'jt 1 is not convergent. 

20. It is clear that C (proper subset) is irreflexive and transitive (but in general 
not trichotomous, i.e., in general for A ^ B we do not have either A C B or 
B c A), hence it is a partial ordering. 

Conversely, let {A, -<) be a partially ordered set, and consider the family 
A of those subsets H a of A of the form H a = {b £ A : b A a}- It is clear that 
a ~< b exactly if H a c Hb, hence ( A , a) is isomorphic with (.4, c). 

21. Let ( V , E) be a graph where V denotes the set of vertices and E denotes the 
set of edges. To every vertex x € V associate the subset E x of E that consists 
of the edges that are adjacent to x. It is clear that E x and E y intersect if and 
only if there is an edge between x and y, so x i— E x U {x} is an appropriate 
isomorphism. 

22. Clearly, AA$ = A, so the empty set 0 plays the role of zero for A. Fur- 
thermore, AAA = 0, so every set is its own additive inverse. All the other 
ring properties follow from Problem 2. 

23. Let (A, +, •, 0) be a ring in which every element is idempotent (a - a = a). 
Then 

a-\-CL‘b-\-b‘<i-\-b — CL' CL-\-&‘b-\-b'Cb-\-b'b = ( a T 6) • (n T 6) = a T 6, 

hence a ■ b + b ■ a = 0. Putting here b = a we get a + a = a- a + a- a = 0 for 
every a. Using this in the preceding formula we obtain 
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a-b = a- b+(a-b+b-a) = (a ■ b + a ■ b) + b ■ a = b ■ a. 

Thus, the ring is commutative, in which every element is its own additive 
inverse. 

Call a subring 7 c A a prime ideal if it is not the whole ring A and a £ I, 
b € A implies a ■ b € I (that is it is an ideal) and if a ■ b € I implies that one 
of a or b belongs to 7. Let the set of prime ideals be X and to every element 
a£ A associate the set 


H a = {I eX : agl}, 

the set of prime ideals not containing a. We claim that the set T-L = {fd Q }oe/i 
is closed for the operations fl and A, and that a i-» H a is a ring isomorphism. 

First we show that a i-> H a is a 1-to-l mapping. Let a and b be two 
different elements in A, and first assume that b ■ a = b. There is an ideal 
containing b but not a, e.g., the set {c £ A : b ■ c = c} is such an ideal. Now 
it is easy to see that if M is a set of ideals ordered with respect to inclusion 
such that every member of M contains b but does not contain o, then their 
union also has this property. Thus, by Zorn’s lemma (see Chapter 14) there is 
a maximal (with respect to inclusion) ideal 7 containing b but not containing 
a. We claim that this is a prime ideal. In fact, if that was not the case then 
we would have c,d 0 7 with c • d £ I. The ideal generated by I and c consists 
of all elements c • p + q with p £ A and q £ I (check the ideal properties for 
the set of these elements). Thus, by the maximality of I, there are p\ £ A and 
qi £ I such that a = c ■ pi + q\. In a similar fashion, there are p 2 £ A and 
q 2 £ I such that a = d ■ p 2 + (/2 ■ But then 

a = a-a = (c-p 1 +q 1 )-(d-p 2 +q 2 ) = c- d- (px ■ p 2 ) + qi ■ (d- p 2 + q 2 ) + q 2 ■ (c- Pi) 

belongs to I, for all the products on the right-hand side are in I (they are the 
products of elements of I with some elements of A). This contradiction shows 
that, in fact, I is a prime ideal containing b but not a. 

If a ■ b = a, then by the same argument there is a prime ideal containing 
a but not b. Finally, if a ■ b ^ a, b, then (a ■ b) ■ a = a ■ b, and by what we have 
just proven, then there is a prime ideal containing a ■ b but not a. But then 
the prime property shows that / must contain b. 

Thus, for different elements there are prime ideals containing exactly one 
of them, so the mapping a i-> H a is 1-to-l. 

It is clear that H 0 = %, and 

H a . b = {I eX : a - b $ 1} = {I £ X : a g I and b g 1} = H a n H b . 

It is also clear that if I is a prime ideal and a £ I and b £ I or b £ I and 
a £ I, then a + b 0 I. Furthermore, if a 0 I and b ^ /, then a ■ b £ I, but 
(a • b) ■ (a + b) = a-b+a-b = 0 is in 7, hence a + b must be in 7. Thus, a + b $ I 
if and only if exactly one of a and b is not in 7. Hence H a+b = H a AH b , and 
this completes the proof that the mapping a H a is an isomorphism. 
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24. The intersection of a finite set with any set and symmetric difference of 
two finite sets is finite, hence X is a subring which is also an ideal. If H C X 
is infinite, then we can write H as a disjoint union of two infinite sets H x 
and Hi. Thus, if H denotes the image of H under the ring homomorphism 
H — > XL/X, then Hi ± 0 is different from H, and Hi ■ H = Hi, and this proves 
that H is not an atom. 

25. All the lattice properties are easy to check. The distributivity is also true, 
since A n (B U C) = {A n B) U (A n C) and A U (B n C) = (A U B) n (A U C) 
(see also the general distributivity laws in Problem 6). 

26. Let L be a distributive lattice with the operations A and V, and for b,a £ L 
set a < b if a A b = a. It is easy to see that this is a partial ordering on L. 

We call a subset I ^ 0 of L an ideal if it is closed for V, and it is also true 
that if a £ I and b < a, then b £ I. Call an ideal I prime ideal if it is not the 
whole L and a A b £ I implies that either a or b belongs to I. We denote the 
set of prime ideals by X, and for a £ L set 

H a = {I £X : a(£I}. 

We claim that the family % = {H a } aeL of sets is closed under two-term 
intersection and union, and that the mapping a i-> H a is an isomorphism from 
L onto {H a } ae L considered as a lattice with n and U for operations. 

First we show that a i-> H a is 1-to-l, and to this end it is sufficient to show 
that for any two a ^ b in L there is a prime ideal I which contains exactly 
one of a and b. First assume that a <b, and let S be the set of all ideals that 
contain a but do not contain b. S is not empty, for {c £ L : c < a} is such 
an ideal. It is easy to show that if M is an ordered subset of S with respect 
to inclusion, then the union of the ideals in M is again in M, hence by Zorn’s 
lemma (see Chapter 14) there is a maximal element I in S. We claim that / 
is a prime ideal. In fact, suppose to the contrary that c A d £ I but c, d 0 I. 
The ideal generated by the set I U {c} consists of those elements p £ L for 
which there is a q £ I with the property that p < c V q (just check that the 
set of all these elements form an ideal). Thus, by the maximality of I there 
must be an e £ I such that b < c V e. In a similar manner there is an f £ I 
such that b < d V /. But then b < c V (e V /) and b < d V (e V /), hence 

b < [c V (e V /)] A [d V (e V /)] = (c A d) V (e V /) £ I , 

since both cArf £ I and e V / £ I. Thus, we must have b £ I, which is not 
the case, hence the claim that / is a prime ideal follows. This verifies that for 
a < b there is a prime ideal containing a but not b. 

If b < a, then the argument is similar. Finally, if neither a nor b is smaller 
than the other one, then a A b is strictly smaller than a, hence, according to 
what we have just proven, there is a prime ideal I that contains a A b but does 
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not contain a. The primeness of I shows that we must then have b £ I, and 
the existence of I has been verified in this case as well. 

The proof that H is closed for union and intersection and that a H a is 
an isomorphism is easy: 

H a A6 = {I €X : a A b g 1} = {I £ X : a, b 1} 

= {l£X : agI}n{l£X : b £ 1} = H a 0 H b , 

and similarly, 


H aVb = {l£X 
= {l£X 


a V b (£ 1} = {I £ X : a £ 7 or 6 01} 
a £ I}\J {I £ X : bgI} = H a UH b . 


27. For every H £ U there is a K £ H with H ■ K = 0 and H + K = 1, 
namely the complement X \ H of H with respect to X has this property. All 
the other Boolean algebra properties are easy consequences of properties of 
set operations. 


28. Let (7?, ■+,■/, 0, 1) be a Boolean algebra. Then ( B , A, V) with V = + and 
A = • is a distributive lattice, hence it can be represented in the prime ideal 
space X as in Problem 26. Following the notation of the proof of Problem 26 
it is clear that Ho = 0 and Hi = X. Thus, all that is left is to show that 
H a f = X\H a . But this follows from the other properties that we know of the 
mapping a i-> H a : 

X = Hi = H aWa > = H a U H a , 


and 

0 = Ho = H aAa , =H a n H a >, 
hence H a > = X \ H a as was claimed. 


29. V(X) is a Boolean algebra by Problem 27, and clearly the union U ie jH, 
of any set of subsets Hi, i £ I of X is a subset of X, which is the smallest 
set U with U n Hi = Hi for all i. In a similar fashion, n,; 6 /-77, : is the infimum 
of the sets Hi, i £ l. Thus, the completeness of V(X) as a Boolean algebra 
follows. Complete distributivity was proved in Problem 6. 


30. Let (A, +, •/ , 0, 1) be a complete and completely distributive Boolean al- 
gebra. Let us denote the smallest majorant and the greatest minorant of a 
subset B C A by VB and A B, respectively. It is clear that V{a, 6} = a + b 
and A{o, b} = a ■ b, and for two elements we shall use V and + and A and • 
interchangeably. 

We call an element x £ A an atom if there is no a 7^ 0,x with a ■ x = a. 
As in the solution to Problem 26, we set a A b if a ■ b = a. With this partial 
ordering an element x is an atom if there is no element between 0 and x; i.e., 
if 0 -< a A x implies a = x. 
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Let T = 4 {0, 1} be the set of all functions from A to {0, 1}, and for any 
element a of A set a 0 = a and a 1 = a'. For any / £ T consider the greatest 
minorant Xf of the elements M a b i.e., we set 

Xf = f\ o/M 

aeA 

This may be 0, but if it is not zero, then it is an atom. In fact, if ao ^ 0 
and ao A Xf, then do A a^ 0,0 ^, hence /(do) = 0) and then o,q A Xf A oo, so 
ao = Xf, which shows that Xf is, in fact, an atom. Let X be the set of all the 
atoms Xf. 

Assign to any element a € A the set 

H a = {xf e X : Xf A a}. 

We claim that a i-> H a is an isomorphism from ( A , +, •/ , 0, 1) onto V{X). 

By complete distributivity we have 

1 = A {a V a' : a £ A} = \J = V */, 

fEFaeA /£JF 

and so for every b £ A we get (recall that a - b = inf {a, 6} = a A b) 

b = b-l = b- (\/ x A = V b ' x f > 

feT feF 

and here on the right-hand side the nonzero elements b ■ Xf are exactly the 
atoms Xf A b. Thus, every element in the algebra is the least upper bound of 
the atoms below it. This shows that a i — > H„ is a 1-to-l mapping. Conversely, 
if C C X is a subset of the set of the atoms, and c = VC, then for an Xf we 
have 

' c = Xf ■ (V C) = \J{x f -x g : x g £ C}, 

and this is 0 if Xf £ C and is Xf if X f G C. Thus, a H a is a mapping onto 
V(X). It is also clear that Xf A a ■ b if and only if Xf A a and Xf A b, thus 
H a .b = H a n H b . Furthermore, Xf A a if and only if x / ^ a', so X\H a = H a > . 
Finally, Xf A a + b if and only if x f A a or x f A b (because if Xf ^ a,b then 
Xf A a',b', which implies Xf ^ (of ■ b')' = a + b), and so H a+b = H„ IJ H b . 
Since Hq = % and H\ = X, we are done. 

Naturally it is also true that the mapping a\-A H a preserves the greatest 
minorant and the smallest majorant as well. 

31. Let Hq be the smallest element of T-L (there is such, just apply the condition 
to H* = %). Then for this we have Hq C /(Hq). Let 


B={H£H : HCf(H)}. 
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This set is not empty (Ho £ H), and let F be the smallest element in H that 
contains all elements of B. We have H C F for all H £ B, hence H C f(H) C 
f(F) for all H £ B, and by taking union we can see that F C f(F). On 
applying / to both sides we get f(F) C /(/(F)), so /(F) is an element in B, 
and hence /(F) C F. Thus, /(F) = F, and F is a fixed point. 

* * * 


32. Suppose to the contrary that, e.g., there is a subfamily H* of sets in H. 
such that there is no smallest element in H including all the sets in W*. 

Let Aq G H* be arbitrary, and by transfinite recursion we select sets 

£ H*, £, < a as follows. If A^, / < rj have already been selected, and 
there is no smallest set in H that includes all £ < 77 , then terminate the 
construction, and set a = rj. If, however, there is a smallest set K v £ H 
including all the sets A^, £ < r/, then K n cannot include all the sets in H*, 
hence there is a set K* £ H* that is not included in K v . Now let A r/ be the set 
K n V3K*. It is clear that this process terminates (in fewer than |F * | + steps), a 
is a limit ordinal (otherwise T-L* would have a largest element), and 
is a strictly increasing sequence of sets in H. The way we defined a shows 
that if B is the set of all sets in H that include all T^, / < a as a subset, then 
there is no smallest set in B. If B is not empty, then we define a transfinite 
sequence of elements of B. Let Bo £ B be arbitrary, and if B^, £ < r/ 

have already been defined for some ordinal 77, then let B v be an element of B 
that is strictly included in all sets B^, £ < r] if there is one, and if there is no 
such set then we put /3 = 77 , and the process terminates. It is clear that this 
process has to terminate in fewer than \B\ + steps, and by the assumption on 
B, (3 is a limit ordinal. 

It is also clear that there cannot be any set H £ H that includes all A^, 
£ < a and is included in all B^, £ < /3, for such an H would belong to B, and 
then it would be the smallest element of B. Thus, for all sets H either there 
exists a smallest an < a such that A an % H, or there is a smallest 3n < (3 
such that H % Bp H . 

Now we define a mapping / : % — >• % as follows. If an is defined, then let 
f(H) = A au , otherwise set f(H) = Bg n . It is clear by the definition of the 
ordinals an and (3n that this / does not have a fixed point. Thus, if we can 
show that / preserves C, then the statement in the problem follows from the 
contradiction to the hypothesis in the problem. 

Let H C K be two elements of H. If an is defined, then an is also defined, 
and an < »/<-, hence we have f(H) = A QH C A OK = f(K). In a similar way, 
if an is not defined then % is not defined and /3k < Ph, so in this case 
f(H) = Bp H C Bp K = f(K). The only remaining case is when an is defined 
but (3k is not, in which case we have f(H) = A an c Bp K = f(B), because 
every is a subset of every B r] . This proves that / preserves C. 
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33. Follow the solution of Problem 24, and let H be an infinite subset of X . It 
is easy to prove that there is a family T of cardinality continuum of subsets 
of H such that if F x . F 2 6 F, then both Fi \ F 2 and F 2 \ Fi are infinite; e.g., 
this follows from Problem 4.41. It is now clear that if we take the images of 
the sets in T under the ring homomorphism H — >• H/l used in the solution of 
Problem 24, then these images are all different and satisfy the condition that 
for them b- a= b but 6^0. 

34. Just follow the proofs of Problems 24 and 33, and use that if X is a set 
of cardinality k, then there are 2 K subsets of X any two differing in at least k 
elements; see Problem 18.3. 



2 


Countability 


1. Let the sets be Ao,Ai, We can assume that neither of these is empty, 

and let Ai = {a^ . , . . .} be an enumeration of the elements of A*. Then 




is an enumeration of the union. 


2. It is enough to prove that the product of two countable sets is countable. 
Let the sets be 


A = {ao, a\, . . .} and B = {bo, b \, . . .}. 

Then the elements of the product can be enumerated as 

(a 0 , b 0 ), (a 0 , h), (ai,b 0 ), (a 0 , b 2 ), (aq, 6i), (a 2 , b 0 ), 


3. The set of k element sequences of a set A is nothing else than the A;- fold 
product of A with itself. Apply Problem 2. 

4. The set of finite sequences is the union of the sets of /c-element sequences 
for all k = 0, 1, . . .. Now the result follows from Problems 3 and 1. 

5. Identify each polynomial with the sequence of its coefficients (starting with 
the nonzero highest coefficient), and then apply the preceding problem. 

6. Recall that a complex number is called algebraic if it is the zero of a not 
identically zero polynomial with integer coefficients. Each nonzero polynomial 
has at most a finite number of zeros. Hence the set of all zeros of nonzero 
polynomials with integer coefficients is countable by Problems 5 and 1. 
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7. Suppose R is countable. Then (0, 1) is also countable. Let xq,X\,. . . be an 
enumeration of the elements of ( 0 , 1 ), and let a ;* = O.a^ a ! 2 l> ... be the decimal 
representation of x t (some reals have two decimal representations; in that case 
choose either one). Now let 6 * = 4 if ^ 4, and let b, = 6 if = 4. The 
number x = O. 61&2 • • • is in ( 0 , 1 ) and is different from any of the numbers 
xo,x\,..., which is a contradiction since in this last sequence we have listed 
all numbers in (0, 1). That x 7 ^ x, follows from the fact that the ith digits of 
these numbers differ (which in itself does not prove that x ^ Xi as is seen from 
0.1000 . . . = 0.099999 . . .), and x does not have 0 or 9 among its digits (if two 
different decimal expansions represent the same number, then one of them 
contains only 0’s and the other one contains only 9’s from a certain point on). 

8 . This follows from Problems 6 and 7. 

9. a) Enumerate the rationals as 0, 1/1, —1/1, 1/2, 2/1, —2/1, —1/2, 1/3, 
2/2, 3/1, -3/1, -2/2, -1/3, 1/4, 2/3, 3/2, ... . 

b) If S C A is a finite set, then let H$ be the set of mappings of S into B. If S 
has k elements, then clearly H$ is equivalent to B k , hence it is countable by 
Problem 2. Now the set in the problem is the union of all the 7/g’s for finite 
subsets S of A, and there are at most countably many such S’s (see Problem 
4). Hence the statement follows from Problem 1. 

c) If A = {oi }^ 0 is a convergent sequence consisting of natural numbers, 
then there is a j such that = a :j for all k > j . If j is the smallest index with 
this property, then associate with S the finite sequence S* = {ao, flq , . . . , a :) } . 
It is clear that S* uniquely determines S, hence the statement follows from 
Problem 4. 

10. For every a £ N if a £ Ai for some i then select such an A ia , and if a qL A t 
for some i then select such an Aj+. It is clear that {A ia , A,» : a £ N} is an 
appropriate subfamily. 

11. Let m be the supremum of all those real numbers r for which A n (— 00 , r) 
is countable (if there is no such r, then let m = — 00 ). We cannot have m = 00 , 
since then A, as the union of the countable sets ^4 fl (— 00 , k), k = 0,1,2,..., 
would itself be countable. It is also clear that An (— 00 , m) = U n An (— 00 , m — 
1 /n) is also countable. 

In a similar fashion, let M be the infimum of all those real numbers r for 
which An(r, 00 ) is countable. Then this M is bigger than — 00 , and An(M, 00 ) 
is countable. These imply that we cannot have m > M . But then any number 
a € (to, M ) has the desired property. 

12. By Problem 4 the set N has at most countably many subsets consisting 
of less than ( K + 1 ) elements, so it is enough to prove that the set T of those 
H € T-L that have at least (K + 1) elements is also countable. Let Bk + 1 be 
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the set of ( K + 1) element subsets of N. As we have just mentioned, Bk+ i 
is countable. But every element H e T includes a set B £ Bk+ i as a subset, 
and the condition on the family H £ H implies that no B £ Bk+ i can be 
contained in more than k such H. All these imply that T is countable (see 
Problem 1), and we are done. 

13. Every subinterval (a, b ) in question can be identified with the pair (a, b ) £ 
Q x Q. Hence the statement follows from Problems 2 and 9, a). 

14. Select a rational point from every interval. Thus, there are at most as 
many intervals as rational numbers. 

The argument is the same for R", since the points with rational coordi- 
nates are dense and form a countable set. 

15. Let A be a discrete set. Write a ball B Tr of radius r x around every point 
x £ A in such a way that B rx contains only the point x from A. Then the 
balls B rx / 2 are disjoint. Apply Problem 14. 

16. Let G C R be open. For x,y £ G let x ~ y if the interval [x. y] lies in 
G. It is easy to see that this is an equivalence relation, and the equivalence 
classes are open intervals. Since the different equivalence classes are disjoint, 
and since by Problem 14 there are at most countably many of them, we are 
done. 

17. Every open disk with rational center (a, b) and rational radius r can be 
identified with the triplet ( a,b,r ). Use now Problems 2 and 9, a). The argu- 
ment is the same for R". 

18. Let G C R 2 be an open set, and let 77 be the collection of all disks with 
rational center and rational radius that lie in G. We are going to show that 
these disks cover G (see also Problem 17). For P £ G let pp be the supremum 
of all radii p < 1 for which the disk B p (P) with center at P and of radius p 
is included in G, and select a rational number pp/ 3 < rp < 2pp/3. If S' is a 
point with rational coordinates that lies closer to P than pp/3, then the ball 
B rp (S) belongs to 77 (use the triangle inequality) and clearly covers P. 

19. Let 77 n be the set of those circles in 77 that have radius > 1/n. Since 
77 is uncountable (see Problem 7) and 77 = U n 77„, at least one of the sets 
77„, say 77„ 0 , is uncountable. Let A: be an integer, and let 77„ 0i fc be the set 
of those circles in 77„ 0 that touch the real line in a point of the interval 
(( k — l)/2n,k/2n\. Since U/t e z77 no ,k = 77„ 0 , at least one of the sets, say 
77 n 0 ,fco I s uncountable, hence this set contains infinitely many circles that lie 
on the same side of the real axis. But it is easy to see that if two circles of 
77„ 0 ,fc 0 lie on the same side of the real axis, then they intersect. 

An alternative way is to select for each x £ R a circle C x from 77 touching 
R at x and for each C x select a point with rational coordinates inside C x . Then 
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two of these selected points must be the same, and then the corresponding 
circles intersect. 

20. The answer is no: consider the family of circles C r , 1 < r < oo, where C r 
is the circle with center at the point (0, r) and of radius 2r — 1. 

21. Let H n be the set of touching points where two circles of radius bigger 
than 1/n touch each other. It is enough to prove that each H n is countable. 
Let us divide the plane into the squares 

Qj,k = {(ar, y) ■ jf2n <x<(j + l)/2 n, k/2n <y<(k + l)/2n} 

with k, l = 0, ±1, ±2, ... of side length l/2n, and let H n j t k = H n r\Qjx- Simple 
geometry shows that each II n ,j.k can contain at most one point where two 
circles of radius bigger than 1 /n touch each other from the outside. Associate 
with every other point P € H n] j z the region between the two circles of radius 
bigger than 1 /n that touch each from the inside at the point P. Then simple 
inspection shows that these regions are pairwise disjoint, so by Problem 14 
their number is countable. Thus, each Hnj.fc is countable, and we can conclude 
that H n = U j%=-ooH n ,j,k, as a countable union of countable sets, is countable. 

22. A letter T is a T-set in the sense of the next problem, hence the statement 
follows from the next problem. 

23. Let H be a set of disjoint T-sets on the plane, and let T-L n be the set of 
those elements in T-L that consist of segments that are longer than 1/n and 
for which each angle formed by the segments is also bigger than 2n/n. It is 
enough to show that each set H n is countable. Let us divide the plane into 
the squares 

Qj,k = {(Z, y) : j/2n <x<(j + l)/2n, k/2n < y < (k + l)/2n} 

with k,l = 0,±1,±2, ... of side length l/2n, and let 'H n ,j,k be the set of 
those T-sets in T-L n for which the common point (call it the vertex) of the 
segments lies in Qj.k- Simple geometry shows that each Qjj : can contain at 
most finitely many vertices of T-sets from H n (actually at most 5n), hence 
Hn = Uj°k=- 00 'Hnj,k, as a countable union of finite sets, is countable. 

24. Let X = and Y = {yi}^l 0 be a separate enumeration of all the x- 

and all ^-coordinates of the points in A, and put a point ( Xi,yk ) € A into B 
if k < i, otherwise put it into C. Now if a vertical line cuts A then it must 
be of the form x = aq 0 for some io, and on this line there are at most io + 1 
points from B (namely only those (xi 0 ,yk), k < io points that lie in A). In a 
similar manner, any horizontal line that intersects A is of the form y = y/ Co , 
and there are at most fco points of C on such a line. 
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25. First we verify the sufficiency of the condition, so let A x A = B U C be an 
appropriate decomposition. We have to show that then A must be countable. 
In fact, suppose to the contrary that A is uncountable. Take a countably 
infinite subset K c A. Then (.4 x K) n C is countable, since for each y £ K 
the number of (a;, y) with (x, y) £ C is finite. But for every x £ A there is a 
y £ K such that (x, y) £ C, because the number of those y for which (x, y) £ B 
is finite. Thus, {A x K) n C has to be uncountable. This contradiction shows 
that, indeed, A is countable. 

The necessity of the condition is easily established, namely if {^o, x \, . . .} 
is an enumeration of the points of A, then B = {(Xi,Xj) : j < <} and 
C = {(xi,Xj) : i < j\ is clearly an appropriate decomposition. 

26. The set S of numbers of the form b — c with b,c £ A is countable (see 
Problem 2), hence there are real numbers outside S. If a 0 S, then (a+A)nA = 
0 . 


27. Fix two different points R, S of A, and let Cr resp. Cs be the family of 
all circles with rational radius and with center at R resp. S. The assumption 
implies that any point of A lies on one of the circles in Cr and also on one of 
the circles in Cs , hence all points of A are among the points of intersection 
of the pairs of circles Cr £ C-r and Cs £ Cs- There are only countably many 
pairs (see Problems 2 and 9, a)) and each such pair has at most two common 
points, hence the number of points in A is countable. 

The answer to the last question is ‘YES’: there is such a set lying on the 
circle, namely select an angle a^O, and let A be the set of those points that 
are obtained by counterclockwise rotating the point (1,0) about the origin 
by angles na, n = 0,1,.... Using trigonometric identities it is easy to show 
that if both sin(a/2) and cos(a/2) are rational numbers, then the distances 
between points of A are rationals. That there is an 0 < a < -k/2 for which 
both sin(a/2) and cos(a/2) are rational numbers follows from the existence 
of Pythagorean triplets. The fact that by selecting a this way all the points of 
A are different (hence A is infinite) lies somewhat deeper, and it follows from 
the irrationality of a/n. 

An alternative way of constructing an infinite set not lying on a straight 
line but having all distances rational is to choose infinitely many different 
Pythagorean triples ( a n ,b n ,c n ), i.e., a n > b n > c n positive integers with 
a 2 n = b' 2 n + 4 and no common factors, and consider the points (0,1), (0,0), 
( b-n/c-n , 0), n = 0, 1, . . .. The only thing we have to check is the distance from 
(0, 1) to (b n /c n , 0), but it is + (& R /4f 2 = a n/ c ni a rational number. 

28. The sequence {a n } with a n = n(max, : < rl bn 1 ) does the job. 

29. The sequence {.sy, } with s n = 1 + max,< n .sy ' 1 does the job. [W. Sierpinski, 
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, III. 6/1] 
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30 . Take those sequences that contain only finitely many nonzero elements. 
Their number is countable (see Problem 9 ) , and since we can match any initial 
segment of any sequence with such a sequence, the property required in the 
problem follows. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965 , III. 6 / 2 ] 

31 . The answer is no: if {s^}j£L 0 , i = 0 , 1 , . . . are any sequences of natural 

numbers, then there is a sequence {s„} of natural numbers with the property 
that for some subsequence {sh k ^ }^L 0 , 0 < < i 2 < ^3 < ■ ■ ■ it is true that 

s n 7^ Sn k ^ for all n and k. In fact, if there are infinitely many i’s with 7^ 0 , 
then let so = 0 , and let Io be the set of all i’s for which Sq ' 1 ^ 0 . If, on the 
other hand, there are only finitely many i’s with Sq^ 7^ 0, then let .So = I . 
and let Iq be the set of all is for which = 0 . In either case let 'to be the 
smallest element of Io. 

Next we define si, Ji, and i\ . Choose a natural number ai bigger than 
s (*°) j£ £j lere gjg infinitely many i € Io with ^ ai, then let si — a\. and 
let Ii be the set of all i € Io for which s® ^ a\. If, however, there are only 
finitely many i’s with ^ oq, then let si = (i\ + 1, and let I\ be the set of 
all is for which = a\. Now let i\ be the smallest element of I\ larger than 
io- 

In defining S2, I 2 and i2, choose a natural number a2 bigger than and 
Sj • If there are infinitely many i € I\ with ,sj T ' 7^ 02, then let S2 = (12, and 
let I2 be the set of all i £ I\ for which s% 7^ 02. If, however, there are only 
finitely many i’s with 7^ a2, then let S2 = 02 + 1 and let I2 be the set of all 
i’s for which = (12, and let 12 be the smallest element of I2 that is larger 
than both io and i\. If we continue this process, then the construction shows 
that s n 7^ Srl k ] for all n and k. 

32 . We can inductively define the permutations tt\, 7r2, and 5T3. Let 7Ti(0) = 0 
and 7T2 (0) and ^3(0) be arbitrary two values for which r W2 ( q) +^3(0) = ^o - r o- 

Now suppose that 7ri(fc),7r2 (k), and 7T3 (k) have already been defined for 
k < n. If n is divisible by 3 , then let 7ri(n) be the smallest natural number 
that is not of the form tti (k) for some k < n. Note that for any s there is 
a unique t such that r s + r t = x n — r Wl ( 7 q, so we can select ^(n) = s and 
7r 3( n ) = t where s, t is such a pair that s is different from every 7T2 ( k) , k < n, 
and t is different from every 773 (fcj, k < n. 

If n is of the form 31 + 1 then do the same, just select first 7r2(n) to be the 
smallest natural number different from every ^(fc), k < n, and then select 
7Ti(n) and 773 (n) according to the above process, and similarly if n is of the 
form 31 + 2 , then select first 773(71) to be the smallest natural number different 
from every 773 (k), k < n, and then select 771 (n) and 772(71) according to the 
above process. It is clear that this procedure produces three permutations of 
N, and the equation x n = r Tl („) + r 7f2 („) + holds for all n. 
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33. Consider as {x n } the sequence 1, 0, 0,0,.. .. Suppose that for two permuta- 
tions 7ri and 7T2 we had x n = r 7Tl ( n ) +r 7r2 („) for all n. Let it be the permutation 
of the natural numbers for which r 7r („) = — r n for all n. Then since x n = 0 
for n = 1, 2, . . ., we have 7r2(n) = 7 r o 7ri(n) for all n = 1, 2, 3, . . ., and since 
both 7T2 and 7r o 7ri are permutations of N, it follows that we must also have 
7T2 (0) = 7r o 7Ti(0). But this means that r jri ( o) + r n 2 (o) = 0 ^ 1 = xo, which is 
a contradiction. 

34. First of all we prove that the number of elements in a finite Boolean algebra 
is a power of 2, and two finite Boolean algebras having the same number of 
elements are isomorphic. In fact, if (A, +, •/ , 0, 1} is a finite Boolean algebra, 
and S is the set of its atoms (i.e., the elements a £ A with the property that 
there is no b £ A such a ■ b ^ 0, a), then it is easy to see that every element 
is obtained by taking the sum of the elements in some subset C of S, and for 
different C”s we get different elements in the Boolean algebra. Thus in this 
case, A has 2” elements. If (A*,+*,-*,",0*,l*) is another Boolean algebra 
with 2" elements, then the set S* of its atoms is of cardinality n, and it is 
easy to see that any 1-to-l correspondence / : S — >• S* extends in a natural 
way to an isomorphism from {A, +, • / ,0, 1) to (A*, +*, •*," , 0*, 1*). 

Now let {A, +, •/ , 0, 1) and (A*,+*,-*,",0*,l*) be two countably infinite 
Boolean algebras, and let A = {ao, ai, . . .} and A* = {aj5, a*, . . .} be an enu- 
meration of the different elements in them. We use a back-and-forth argu- 
ment, and for simpler notation we shall write +,•/ instead of +*,■*,". Let 
Ao = {0, 1} and A ( * = {0*, 1*}, and by induction we define increasing subal- 
gebras A n and A* of some 2 fen elements as follows. Suppose that A n _i and 
A*_j have already been defined, and f n -i : A n _ i — >• A*_- l is an isomor- 
phism between them. If n is even, then let aj £ A \ A ra _i be the element with 
smallest index j, and let A n be the subalgebra generated by aj and A„_i. 
We claim that there is an element £ A* \ A*_ 1 such that the subalgebra 
A* generated by a* n and A*_ 1 is isomorphic to A ra , and what is more, the 
isomorphism f n -i can be extended to an isomorphism f n of A n onto A* . This 
will prove the statement in the problem. In fact, if n is odd then first select 
a* n £ A* \ A*_j to be the element with smallest index to, and let A* be the 
subalgebra generated by a* n and A*_ 1? and to this select in a similar fashion 
as above an a,j £ A \ A„_i so that the subalgebra generated by a :j and A n _i 
is isomorphic to A* , and an isomorphism f n can be obtained from an appro- 
priate extension of f n - 1 - Repeating this process it is clear that U n A n = A, 
U„A* = A*, and if we define /(a) = / n (a) with an n for which a £ A n , then 
this is a correct definition, and / establishes an isomorphism from A to A*. 

To simplify notation let us denote a 3 by a. Since a $ A n _ if s is an atom 
of A„_ i, then there are three possibilities: s ■ a - 0, s ■ a ^ 0, s and s ■ a = s. 
Let si, S 2 , . . . , Sk n _ i be the atoms of A n _i arranged in such an order that for 
1 < i < p we have Sj • a = 0, for p < i < q we have ■ a ^ 0, Si, and for 
q < i < k n - 1 we have ■ a = Si (some of these index sets may be empty, 
but we shall just discuss the general case). It is easy to see the atoms in A n , 
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which is the Boolean algebra generated by a and A n _ i, are the elements 


Si , . . . , Sy>, £j?+i * u, . . . Sq • n, ^p+i • & , • • • Sq • a , •> • • • > s / Sn _ 1 • 

In fact, if s is any of these elements, then consider the set B of all elements 
b £ A n for which s-b = 0, s and s ■ b' = 0, s. These elements form a subalgebra 
that contains a and all of the Sj’s, so B = A n . Thus, all these s’s are atoms 
in A n , and clearly the subalgebra generated by them contains A n _i as well 
as a, hence there cannot be any other atom in A n . 

Note that q > p, for otherwise we would have a £ A„_i . Let s* = f n -i{si) 
be the corresponding atoms of A*_ 1 . We claim that there is an element a* 0 
A*_j such that for 1 < i < p we have s* ■ a* = 0*, for p < i < q we have 
s* ■ a* ^ 0*, s*, and for q < i < fc n -i we have s* ■ a* = s*. In fact, since we 
assumed that the algebras are non-atomic, for every p < i < q there is an 
element b* € A* such that b* ■ s* ^ 0*, s*, and then 

a* = b* +1 ■ s* +1 4 1- ■ s* + .s*_i b s* kn i 

is appropriate. Thus, the atoms of the Boolean algebra generated by a* and 
A*_ x are 


s p+i ' 


Sq ■ a , s p+1 • a 


fn{si) = s* for 1 < i < p and q < i < k n - 1 , and if we define f n (si -a) = s* -a*, 
fn{si- a!) = s* - a*', then it is easy to see that this defines an isomorphism of 
A n onto A*, which is an extension of i. 


35. In proving that a) implies b), let us assume that A has uncountably many 
automorphisms ip £ $ and let B C A be an arbitrary finite subset. Then the 
restrictions of the automorphisms <p £ $ to B cannot all be different (recall 
that there are only countably many mappings from B into A; see Problem 9), 
hence there are two distinct automorphisms ipi and <p 2 that agree on B. But 
then the non-identity automorphism ip^ 1 ° pi leaves all elements of B fixed, 
and this proves property b). 

Now let us assume that b) holds. Without loss of generality, we can assume 
that the ground set A of the algebra is N. We set Nq = 0, po = identity, 
and inductively define the numbers N n and the automorphisms <p n as follows. 
Suppose that these are known for all indices not bigger than n. By assumption 
there is a non-identity automorphism p n+ \ that is the identity on the set 
[0, IV n ]. Let a n+ \ be an element with ip n+ \{a n+ \) ^ a n+ 1 , and let C n+ 1 be 
the set of the inverse images of a n+ i under the finitely many mappings p f r p o 
■ ■ ■ o , where e,; = 0 or 1 independently of each other, and ip € is p if e = 1 
and ip € is the identity automorphism if e = 0. We also set D n+ \ to be the set 
of all the images of the elements j < N n under the mappings p f r " o • • • o tp^ 1 
where again e* = 0 or 1 independently of each other. 

Let N n+ i be a number bigger than N n + 1, the elements of C n+ \ and 
D n . |_i, a n+ i and p n +i( a n+i)- We claim that if ei,e 2 , ... is any 0-1 sequence, 
then the automorphism 



Solutions 


Chapter 2 : Countability 


155 


VWa,- = (2.1) 

is well defined, and for different 0-1 sequences this defines a different automor- 
phism of A. This will prove a), for this way we get as many automorphisms 
as infinite 0-1 sequences, and the infinite 0-1 sequences form an uncountable 
set (see the solution of Problem 7 or apply Problems 7 and 3.11). 

Note that if B is an arbitrary finite subset of A, say B c [0, N m ], then for 
all n > m the automorphisms 


pA™ o - - - o pA^ 

agree on B. In fact, the image B' of B under 
<Pm ° ■ ■ ■ ° 

is part of D m+ 1 C D n+l , hence all the authomorphisms <p n +i, n> m are the 
identities on that image set B' . This proves that the right-hand side of (2.1) is 
well defined and is a 1-to-l homomorphism of A into itself. But it is actually 
a mapping of A onto A, and hence it is an automorphism. Indeed, if a £ A is 
given, then let n a be so large that for n> n a we have p> n (a) = a, and choose 
b in such a way that o ■ • • o pA^ ( b ) = a (such a b exists, for pA™ o • • • o pA^ 
is an automorphism). It is clear that the image of b under the mapping (2.1) 
is a. 

Thus, we have found that each is an automorphism of A, and it is 

left to show that for different 0-1 sequences we obtain different automorphisms 
this way. In fact, let ei,C 2 , • • • and e[,e 2 , ■ ■ ■ be two different 0-1 sequences, 
and let, say, ei = c\ , . . ., e n = e' n but e n+ i = 1 while e' n+1 = 0. If b n+ 1 
is the element in A such that ip^ 1 o ■■■ o p>Q , (b n+ \) = a n+ 1 , then, by the 
choice of the numbers a n+ 1 , N n+ 1 and of the automorphisms ipj with j > 
n + 1, we have ip eit<l2t ...(b n+ i) ^ a n +i, while ¥V, e ',. ..(&«+ 1 ) = a n +i, hence 
the two automorphisms and are different. [M. Makkai, see 

G.J. Szekely (editor), Contests in Higher Mathematics, Problem Books in 
Mathematics, Springer- Verlag, 1996, pp. 74-75.] 

36. The possible starting points of the rabbit are the lattice points (a, b), 
a,6sZ, and the possible jumps are the vectors (p. q), p, q £ Z (which means 
that if at a certain time the rabbit is in a position (n, m), then in the next 
minute it will be in (n + p, m + </))• Thus, the motion of the rabbit can be 
described by the quadruple (a, b, p. q ) , and the set of all such quadruples is 
a countable set (see Problem 2) . Let us enumerate all these possible motions 
into a sequence {(a*, bi,pi, ^)}'T 1 . If the motion of the rabbit is according to 
the quadruple (cq, bi,pi, qi), then after k hours from the start the rabbit will 
be in the position (aj + 60fcp, , b, : + (iOkcp). Thus, if we test with a trap at the 
itli hour the coordinate (a t + 60ip t . b, +60iqj), then we catch the rabbit. Since 
we can do that for every i, we will eventually catch it. 
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37. Let A = and let a* = O.aj ... be the decimal representa- 

tion for a* (either one if there are two such representations). Let II select y,j = 4 
if a^j 7^ 4, otherwise it selects y-j = 6. Then whatever numbers X\ . x%, ■ ■ ■ the 
player I selects, the number 0 -XiyiX 2 V 2 ■ ■ • does not coincide with any of the 
a.j's so it is not in A (see also the proof of Problem 7). 


38. I can force winning only if he lists only one digit infinitely many times. 
In fact, suppose that he lists both the digits a and b infinitely many times. 
Let A = and let a* = 0 .a^a^a^ ... be the decimal representation 

of a* (either one if there are two such representations). Then II can play in 
the following way: he makes sure that y 2 j = a if - ^ a, otherwise he puts 
y 2 j = b. It is easy to see that II can form such a permutation, and then II 
wins, for the number 0 .yiy 2 ■ ■ ■ does not coincide with any one of the ct,’s, so 
it is not in A. 

Thus, I can have a winning strategy only if he selects some finitely many 
digits x±, xi , . . . , x mo , and then on he always selects the same digit, say a (in 
other words, for i > mo he chooses Xi = a). In this case II can still form any 
permutations, and I wins only if all the (countably many) numbers 


E 


fa§ 






a 

9 


+ E 

i=l 


Xi — a 


where 1 < fa, , l mo < oo are arbitrary different integers, lie in A. Thus, I 
can force winning only if there are a digit 0 < a < 9 and finitely many digits 
xi, X 2 , ■ ■ ■ , x rniJ such that A contains all numbers of the form 


a 

9 


+ £ 

i= 1 


Xi — a 

TIP 


1 < fa, ■ -Am 0 , k 7^ if * 7^ 3- 


By letting here U tend to infinity for all /' = 1,2,..., mo we get that A 
must contain the number a/9 (recall that A is closed). 

On the other hand, it is obvious that if A contains a number of the form 
a/9, a = 0, 1, . . . , 9, and I chooses the sequence 


then he wins. 

Thus, the answer to the problem is that I has a winning strategy if and 
only if A contains one of the numbers 0, 1/9, 2/9, . . . ,8/9. 

39. This is a special case of Problem 8.48. 
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40. Suppose first that H has cardinality at most k, and without loss of general- 
ity we may assume H = k. It is clear that the representation H x H = BuC 
with B = {(£, rj) : £,r) < k, y < £} and C = {(£,??) : < k, £ < y} 

is such that B intersects every vertical line {(#, y) : x = £} in the set 
{(^, 77 ) : r/ < £}, which is of cardinality smaller than k, and similarly C 

intersects every horizontal line in less than k points. 

Conversely, suppose that H 2 = B U C, where B resp. C intersect every 
vertical resp. horizontal lines in less than k points, and suppose that to the 
contrary to what we have to prove, the cardinality of H is bigger than k. Take 
a subset K c H of cardinality k. Then ( H x K) n C is of cardinality at most 
k, since for each y € K the number of (x. y) G C is of cardinality smaller 
than k. But for every x € H there is a y € K such that (x, y) € C, since 
the number of those y for which (a;, y) G B is of cardinality smaller than k. 
Thus, (H x K) n C has to be at least of the cardinality of H, i.e., it has to 
be of cardinality bigger than k. This contradiction shows that, indeed, H is 
of cardinality at most k. 
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Equivalence 


1. By considering A x {0} and B x {1} instead of A and B, we may assume 
that A and B are disjoint. Let x <s> y if x or y can be reached from the other 
one by alternatively applying / and g finitely many times. Then this ~ is 
an equivalence relation ondU5. Every equivalence class is a finite, one-way 
infinite or two-way infinite path . . . Xj, Xj + 1 , . . ., where £ 7+1 = fi x j ) if x j £ A 
and Xj. |_i = g(xj) if Xj £ B. Let us call the equivalence class C of type I if it 
is a finite path (actually, a cycle) , of type II if it is a two-way infinite path, of 
type III if it is a one-way infinite path that starts in A, and of type IV if it 
is a one-way infinite path that starts in B. Note that if C is of class I, II, or 
III, then the restriction of / to C fl A maps C fl A onto C (~l B, and similarly, 
if C is of class IV, then the restriction of g to C fl B maps C fl B onto C fl A. 
Thus, if U is the union of all equivalence classes of type I, II, and III, and 
F : A -» B is defined as F(x) = f(x) if x £ U fl A and F(x) = g~ x {x) if 
x £ A\U, then this F is a 1-to-l mapping of A onto B. Thus, the selection 
Ai = U, A 2 = A\U, Bi = f[U], B 2 = B\Bi is a decomposition that satisfies 
the requirements. [G. Cantor, this proof is due to Gy. Konig ] 

2 . See the preceding problem. 

3. If / : A — > B is 1-to-l, and the range of / in B is B * , then let g(x) = f~ 1 (x) 
if x £ B*, and otherwise let g(x) = ao where ao is a fixed element of A. Then 
this g is a mapping from B onto A. 

Conversely, let g : B — >• A be a mapping of B onto A. The relation “x ~ y 
if g(x) = g(y)" is an equivalence relation on B. Let ftbea choice function on 
the set of equivalence classes, i.e., if C is an equivalence class, then h(C) is an 
element of C. It is clear that the map f(x) = h{g~ l [x\) is a 1-to-l mapping 
of A into B. 

4. A includes an infinite sequence ao,cn,... of different elements (just se- 
lect the elements ao, a\ . . . from A one after another). Now B U {ao, ai . . .} 
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is countable, so it is equivalent to {oo,ai...}. Let g : B U {ao, a \ . . .} — > 
{ao,ai . . .} be a 1-to-l correspondence. Clearly, the mapping h(x) = g(x') if 
x £ BU {a 0 , ai ■ ■ ■} and h(x ) = x otherwise is a 1-to-l mapping of B U A onto 
A. 

5. The set A \ B cannot be countable, for then A would also be countable. 
Thus, it is uncountable, and the previous problem shows that A = (A\B)UB 
is equivalent to A \ B. 

6. Use the previous problem and the facts that the set of real numbers is 
uncountable, while the set of rational numbers is countable. 

7. Recall that the Cantor set is precisely the set of those x £ [0, 1] that 
have a ternary expansion that does not contain the digit 1. Therefore, the 
correspondence 

(eo, ei, . . .) i—l 0.(2eo)(2ei) . . . , 

where the number on the right-hand side is given by its ternary expansion, 
establishes an equivalence between the set of infinite 0-1 sequences and the 
Cantor set. 

8. a) f(n, m) = 2"3 m . 

b) f(x) = 1/2 + 2(arctanx)/7r. 

c) In view of b), it is enough to give a 1-to-l mapping from (0,1) into the 
set of infinite 0-1 sequences. \i x £ (0,1), and its binary expansion is x = 
O.ou Cxi . . . (fix any one if x has two binary expansions), then the mapping 
x i—l (oq, 0 : 2 , • • •) is clearly appropriate. 

d) As in Problem 7, associate with an infinite 0-1 sequence eo, e i, ■ ■ ■ the 
number 0.(2eo)(2ei) ... in ternary form. (Warning: it would be wrong to as- 
sociate with it the number O.eoei ... in binary form, for then the sequences 
1, 0, 0, 0, . . . and 0, 1, 1, 1, . . . would have the same image.) 

e) With a sequence no, n±, . . . of natural numbers associate the 0-1 sequence, 
in which no + 1 zeros are followed by a single 1, then m + 1 zeros are followed 
by a 1, etc. 

f) Let S = [xo, X \ , . . .} be a sequence of real numbers, and let 

= ... 

be the binary representation of Xj, where = 0 except for a finite number 
of the k’s (thus, we put infinitely many zeros in front of the standard binary 
representation). Let also = 1 if Xj is positive, and otherwise = 0. 
Now associate with S the sequence 
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4 °> , a(°L a W t a™, a%a^,a^ . 


This is a 1-to-l mapping. 

The equivalence of the two sets in a)-f) immediately follows from the 
equivalence theorem. 


9. a) /(n) = ( k,m ), where the prime decomposition of n is of the form n = 
2 fe • 3 m • • • (here we allow k and to to be equal to 0). 

b) f(n) = (-1 ) k l/(m + 1), where n = 2 k • 3* • 5 m • • • 

c) If x is in the Cantor set, then it has a ternary representation x = O.aq tta • • 
where each aj is 0 or 2. Let f(x) = 0.(ai/2)(a2/2) . . ., where the number on 
the right is understood in binary form. 

d) With a 0-1 sequence a\, a-i-. ■ ■ ■ associate O.aqa^ ... in binary form. 

10. a) If (a, b) and (c, d) are bounded intervals, then let f(x) = c + (d — 
c)(x - a)/(b — a). If, say, a is finite, b = oo and (c, d) is finite, then let 
f(x) = c+2(d— c)(axctiin(x — a)) /n . The other cases can be similarly handled. 

b) Let g(n,m ) = (n + m) • (n + m + 1)/2 + n (this g is called the Godel pairing 
function). It is easy to see that g is a 1-to-l mapping of N x N onto N. In fact, 
we have g(n, m) = k if and only if n + to is the unique nonnegative integer a 
with a(a+ 1) < 2 k < (a + l)(a + 2), and then n is equal to k — a(a + 1) /2 and 
to is a — (k — a(a + 1) /2). 

c) Associate with any subset A C X its characteristic function: Xa(x) = 1 
if x € A and Xa(%) = 0 if x € X \ A. The mapping A i— i xa is a 1-to-l 
correspondence (bijection) between the elements of the power set V(X) and 

d) If ao, ai, ... is an infinite sequence of the numbers 0, 1, 2, then let us write 
in it instead of 1 the sequence 1,0, and instead of 2 the sequence 1,1. Then 
we get an infinite 0-1 sequence, and it is easy to see that every infinite 0-1 
sequence is obtained from a unique 0-1-2 sequence oo, cq, . . .. 

e) Let x £ [0, 1) and let x = 0.oia2 ... be its decimal expansion, where 
infinitely many of the cq’s is different from 9. Let us group consecutive 9’s in 
the expansion with the first digit after them that is different from 9, and all 
other digits form a single group, e.g., if x = 0.12979996659999793..., then 
the grouping is (indicating the groups by brackets) 

x = 0.(1) (2) (97) (9996) (6) (5) (99997) (93) 

and let us call the blocks in this grouping by x\,x % , . . ., i.e., 


x = 0 .(a;i)(a: 2 )(a; 3 ) . . . , 
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where the harmless brackets are added only to show the grouping. Now let 
/( x) = ( y,z ), where y = 0.(a;i)(a;3)(a:5) . . . and z = O.(x 2 )(x 4 )(xo) . . .. Note 
that this form of y and z is the one that we obtain after the aforedescribed 
grouping, and conversely, if y = 0.(yi)(j/ 2 )(y 3 ) . . . and 2 = 0.(zi)(z 2 )(z 3 ) . . . 
are given in grouped from, then so is x = 0-(yi)(zi)(y 2 )(z 2 ) . . ., this x belongs 
to [0, 1) and it is the unique number with f(x) = (y, z). [Gy. Konig ] 

11. a) Use the equivalence theorem and Problems 8, c) and d). 

b) In view of parts c) and f) of Problem 8, R is equivalent to the set of 
infinite real sequences (recall that in Problem 8 the given pairs of sets are 
actually equivalent, as is stated in the last part of the problem). Hence the 
claim follows from the equivalence theorem, for R” is the set of real sequences 
of length n. 

c) As it has just been said, this follows from the equivalence theorem if we 
use parts c) and f) of Problem 8. 

12. a) With a function f : BuC ^ A associate the pair 

b) With a g : C x B — > A associate / : C -» B A, where /(c)(6) = g((c, 6)). 

c) With a ( g , h ) € C A x c B associate f : C Ax B where /(c) = ( g(c ), h(c)). 

13. For a) consider the imbedding x — {x} of X into V(X). 

To verify b) we want to show that there is no mapping from X onto V(X) 
(see Problem 3). Let / : X — > V(X) be any mapping. We have to show that 
/ is not onto V(X). Let A = {a € X : a $ /(«)}• We claim that A does not 
have a preimage under /. In fact, suppose that is not the case, and /(ao) = A 
with some ao € X. Then there are two possibilities: 

1. ao € A, i.e., ao £ /(ao) which is not possible for then ao cannot be in 
A by the definition of A, 

2. ao 0 A, which is again not possible, for then ao £ f(a 0 ), so ao should 
belong to A. 

Thus, in either case we have arrived at a contradiction, which means that 
ao with the property /(oq) '= A does not exist. 
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1. Let % be a family of lines in the plane such that H has fewer elements 
than R. Consider the vertical lines x = r, r € R. Not all of them can belong 
to 77, say the line to '■ x = r'o is not in H. But then every element of H 
intersects the line lo in at most 1 point, so there are fewer than continuum 
many intersections on lo, hence some points of Iq are not covered by any line 
in H. 

2. See Problem 3.11, a). 

3. This follows from Problems 2 and 3.8, f). 

4. An x £ [0,1] is in the Cantor set if and only if it can be represented in base 
3 as x = 0 . 0 : 10:2 . . . with cq = 0 or a, = 2. Thus, the Cantor set is equivalent 
to the set of 0-2 sequences. Apply Problem 2. 

5. Let A = {xo,Xi , . . .} be an enumeration of the elements in the set so that 
we list each element exactly once. Clearly every subset X C A is uniquely 
determined by the function f(j) = 1 if Xj € X and f(j) = 0 if Xj 0 X. Such 
an / is nothing else than a 0-1 sequence, so we can apply Problem 2. 

6. It is sufficient to show the claim for R. But R has at most as many countable 
subsets as sequences, hence the claim follows from Problems 3 and 5. 

7. Let B be the set of all balls in R" with rational center and rational radius. 
Then B is countable (see Problem 2.17), and every open set is a union of a 
subset of B (Problem 2.18). Thus, by the preceding problem, there are at most 
continuum many of them. It is also clear that there are at least as many open 
sets as real numbers, so there are exactly continuum many open sets by the 
equivalence theorem. 
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The closed sets are the complements of the open ones, so their number is 
also continuum. 

8. Let {Bi : i < u)} be a countable base for the Hausdorff space X. The 
mapping x {i < u) : x £ B,} is an injective mapping of X into V(oj), a set 
of size c, hence |Aj < c. 

9. Let (X,T) be an infinite topological space with the Hausdorff separation 
property, i.e., any two points have disjoint neighborhoods. It is clear that 
then any finitely many points can be simultaneously separated by disjoint 
neighborhoods. 

The solution is based on the following observation: let xq , . . . , x n be differ- 
ent points in X such that with some neighborhoods Go, • • ■ , G n of them there 
is an infinite set A n that does not intersect any G, . Then there is a point 
x n+ i £ A n , a neighborhood G n+ 1 of it and an infinite subset A n+ \ c A n such 
that Xi £ G n+ 1 for all 0 < i < n and G n+ \ fl A n +i = 0. In fact, select any 
two points 2/1 , 2/2 € A n and two disjoint neighborhoods U 1 .U 2 for them. We 
can also achieve that Xi 0 U\, f7 2 for all 0 < * < n. Then either U\ fl A n is 
finite, or A n \ U 2 is infinite. In any case, one of A n \ U\ or A n \ U 2 is infinite. 
Suppose, e.g., that A n \ U\ is infinite. Then the x n +\ = y\ , G„+ 1 = U\ and 
A n+ i = A n \ Ui is an appropriate choice. 

Now starting from the empty set, construct the above points and neigh- 
borhoods for all n. Then clearly G n fl {a,'o, X\ ,•••} = { x n }, which shows that 
if J, J C N are two different subsets of N, then U ne /G„ 7^ U ne jG n .. Thus, all 
the open sets U„ e /G n , / C N are different, and so there are at least continuum 
many open sets in X by Problem 5. 

10. Without loss of generality, we may assume A = N and B = R. The set of 
functions / : N -7 R is the set of all sequences of real numbers. Now apply 
Problem 3. 

1 1 . Any continuous / : R. — > R is uniquely determined by its restriction to Q . 
Apply the preceding problem. 

12. It is enough to prove that R x R x • • • is of cardinality continuum. But this 
set is the same as N R, the set of infinite real sequences. Now apply Problem 
3. 

13. It is enough to show the claim for disjoint sets. Let the sets be A 7 , 7 G T, 
and let / 7 : A 7 -7 R be a 1-to-l mapping. Then the union U 7e rA 7 can be 
mapped into Rxfby the 1-to-l mapping F(a) = (/ 7 (a), 7) if a £ A 7 . Now 
apply the preceding problem, according to which R x T is of cardinality at 
most continuum. 


14. a) Apply Problem 12. 
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b) See Problem 3. 

c) A continuous curve 7 is 7 (t) = (71 (f) , 72 (t) ) , t £ (0,1), where 71,72 : 
(0,1) — > R are continuous functions. Apply Problems 11 and 12 (see also 
Problem 3.10, a)). 

d) Let / be a monotone real function, and let Sf be the set of its discontinuity 
points. Then Sf is countable (see Problem 5.6). Now let X c R be countable, 
and let Mx be the collection of all monotone functions / with Sf C X. Every 
/ € Mx is uniquely determined by its restriction to the set X U Q, and there 
are only continuum many functions / : X U Q — > R (see Problem 10). Thus, 
Mx is of cardinality at most continuum. 

By Problem 6 there are at most continuum many possibilities for X. Thus, 
by Problem 13 the union U xMx, which is the set of monotone functions, is of 
cardinality at most continuum. Since clearly there are at least as many mono- 
tone functions as real numbers, the set of monotone functions is of cardinality 
continuum by the equivalence theorem. 

e) See the preceding proof, but apply Problem 5.4 instead of 5.6 in the proof. 

f) See the solution to Problem d). 

g) This problem cannot be solved along the lines of the preceding three prob- 
lems. In fact, a lower semi-continuous function can have more than countably 
many discontinuity points (consider, e.g., the characteristic function of the 
complement of the Cantor set) . 

The key to the solution is the observation that a function / is lower semi- 
continuous if and only if all its level sets of the form {2; : f(x) > r} are 
open. Furthermore, each / is determined by its level sets {2; : f(x) > r} with 
rational r. Thus, there are at most as many lower semi-continuous functions 
as sequences of open subsets of R, and since there are continuum many open 
sets in R (see Problem 7), there are continuum many sequences of them (see 
Problem 3). 

h) Every permutation is a mapping from N into N, so there are at most 
continuum many of them in view of Problem 10. To show that there at least 
continuum many permutations, consider the transpositions 77 = ((2i)(2i + 1)) 
that interchange 2 i and (2 i + 1), and leave everything else fixed. For any 0-1 
sequence e := (eo,ei, . . .) consider the permutation 7r e that is the product of 
all those 7Tj’s for which €{ = 1. For different e’s we get different 7r e ’s hence, by 
Problem 2, there are at least continuum many permutations of N. 

i) An ordering of N is a subset of N x N, hence there are at most continuum 
many of them in view of Problems 2.2 and 5. Now every permutation 7r of N 
defines a well-ordering of N (set x -< y if n(x) < 7 r(j/)), so there are at least 
continuum many well-orderings by the previous problem. 

j) A closed additive subgroup is a closed set. Apply Problem 7 to deduce 
that there are at most continuum many closed additive subgroups. But their 
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number is exactly continuum by the equivalence theorem and by the fact that 
all the sets {nx}'^L_ 00 , ieR are closed additive subgroups of R. 

k) For x £ (0, 1) let f x £ C[0, 1] be the piecewise linear function on [0, 1] that 
vanishes outside (0, x) and for which f(x/ 2) =? 1 (thus, the curve of / starts 
from the origin, goes straight to the point (ar/2, 1), from then to the point 
(x, 0), and follows the real line from then on). Since each set {Xf x }\eRi x € 
(0, 1) is a closed subspace of C[ 0, 1] that are different for different x £ (0, 1), 
there are at least continuum many closed subspaces in C'[0. 1], To show that 
their number is exactly continuum, it is enough to prove that there are only 
continuum many closed sets in C[0, 1], and by the proof of Problem 7 this will 
be accomplished if we show a countable set B of open balls such that every 
open set is a union of some balls in B. Clearly as B we can choose the set of 
balls B r (P) = {g : \g — P\ < r} with rational radius r and with center at 
P where P is a polynomial with rational coefficients (cf. Problem 2.5 and the 
fact that Q ~ Z) . This construction works by the Weierstrass approximation 
theorem. 

l) First of all we should make the clarification that functions in L 2 [0,1] are 
considered the same if they agree almost everywhere. This makes L 2 [ 0, 1] into 
a set of power continuum. In fact, we know that L 2 [ 0, 1] is isomorphic with 
I 2 , the set of all real sequences (xq. x ,\ , . . .) with ]Tb x 2 < 00 , and by Problem 
3 there are at most continuum many such sequences. 

Every bounded linear transformation is uniquely determined by its restric- 
tion to a dense subset, hence, in view of Problem 10, it is enough to show a 
countable dense subset in I 2 . But that is easy, just take the set of all sequences 
(xo, xi , . . .) such that aq = 0 for alii > to with some m, and Xq, . . . , x m -i are 
rational numbers (see Problem 2.4). 

To show that there are at least continuum many bounded linear operators 
on I 2 , just take the constant multiples of the identity operator. 

15. Since R and R°° are equivalent, it is enough to show that R°° cannot be 
represented as the union of countably many sets none of which is equivalent 
to R. Let Ao, Ai , . . . be subsets of R°° not equivalent to R. Let Aj be the 
projection of Aj onto the jth coordinate axis, i.e., A* consists of those numbers 
a £ R for which there is an ( 2 : 0 , 21 , . . .) £ Aj with Xj = a. Since Aj is of power 
less than continuum, it follows that A* cannot be equal to R. Thus, for each 
j there is an (ij G R \ A* . But then the sequence ( 00 , a \, . . .) does not belong 
to any of the sets Ao, A\,..., but it belongs to R°°, which means that, as we 
have claimed, U n A n cannot be the whole R°°. [W. Sierpinski, Cardinal and 
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, , VI.7. Theorem 15] 

16. Consider the lines l„ := {(a;, y) : x = n}, n = 0,1,..., and their union H. 
If none of them intersects R 2 \ A in continuum many points then H D (R 2 \ A) 
is of cardinality less than continuum by Problem 15. But this is not possible, 
for each horizontal line intersects A in at most finitely many points, so each 
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such line has to intersect H n (R 2 \ A). [P. Erdos, Proc. Amer. Math. Soc., 
1(1950), 127-141] 

17. Since, according to Problem 15, countable union of subsets of R each of 
cardinality less than continuum is again of cardinality less than continuum, 
the proof of Problem 2.11 can be copied by replacing “uncountable” by “of 
power continuum” everywhere. [W. Sierpinski, Cardinal and Ordinal Num- 
bers, Polish Sci. Publ., Warszawa, 1965, , VI. 7/2] 

18. The statement follows from the solution of Problem 2.35. 

19. Let A be an infinite cr-algebra. We are going to show that there is an infinite 
family S of pairwise disjoint sets in A. Since the union of any countable subset 
of S is in A, and there are at least continuum many such unions/subsets (see 
Problem 5), it follows that the cardinality of A is at least continuum. 

Call a nonempty A £ A an atom if it cannot be written as the union 
of two nonempty disjoint sets in A. Two different atoms cannot have a 
nonempty intersection, thus if there are infinitely many atoms, then their 
collection can serve as S. If there are only finitely many atoms, then let them 
be Ao, Ai , . . . , A m . Since A is infinite, there must be an element B in A which 
is not a union of some of these atoms, and then considering B \ ( Ao U • • • U A m ) 
instead of B, we can even assume that B is nonempty and does not include as 
a subset any atom. Thus, B can be decomposed into nonempty disjoint sets 
as B = B\ U Ci. Here B\ has the same property as B, hence it can be written 
as Bi = B 2 U C 2 with disjoint and nonempty B 2 and C 2 . Do the same thing 
with B 2 , etc. The sets C\, C 2 , ■ ■ ■ will be nonempty and pairwise disjoint, so 
we can take as S their collection. 

20. See Problem 12.24. 

21. The set of Borel sets is the cr-algebra generated by the open intervals (open 
sets in R"). Thus, there are continuum many Borel sets by Problems 19, 20, 
and 7. 

A real function / is a Borel function if and only if all of its level sets 
{x : f(x) > r} are Borel sets. Furthermore, each / is determined by its level 
sets {x : f(x) > r} with rational r. Thus, there are at most as many Borel 
functions as sequences of Borel sets, so there are at most continuum many of 
them (see the solution to Problem 14, g)). 

22. Every Baire function is a Borel function. Use the preceding problem. 

23. See Problem 3.13. 

24. Let a ^ b be two elements in A, and to a subset Y c X assign the function 
fy which maps the elements in Y to a and the elements in X \ Y to b. For 
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different Y's these /y’s are different, so we have at least as many functions in 
X A as subsets of X. Apply now Problem 23. 

25. a) This is R R, apply Problem 24. 

b) Let / : [0, 1] — » [0, 1] be an arbitrary function. The mapping F(x) = 

x £ [0,1] can be extended to a 1-to-l correspondence between R 
and R 2 . Thus, there are at least as many 1-to-l correspondences as functions 
/ : [0, 1] — » [0, 1], and we can apply Problem 24. 

c) We use that if B is a basis of R considered as a linear space over Q (i.e., 
a Hamel basis), then B is of power continuum (see Problem 15.3). Now let 
Y C B be arbitrary, and consider the set By consisting of all numbers x in 
B\Y and all 2x with x £ Y. Clearly, this is again a basis, and we have as 
many such bases as possible choices of Y, i.e., more than continuum many 
(see Problem 23). 

For more on Hamel bases, see Chapter 15. In particular, Problem 15.4 says 
that there are 2 C Hamel bases. 

d) Let C be the Cantor set, and X c C. The characteristic function \x is 
Riemann integrable. Since C is of power continuum (Problem 4), we get more 
than continuum many such functions by taking all subsets of X (Problem 23) . 

e) Every subset of the Cantor set is Jordan measurable. Since C is of power 
continuum (Problem 4), we can apply Problem 23. 

f) Let B be a basis of R considered as a linear space over Q (i.e., a Hamel 
basis). Then B is of power continuum (see Problem 15.3). Now every X c B 
generates an additive subgroup of R, and these subgroups are different for 
different W’s. Apply Problem 23. 

g) Let x £ (0, 1) be a number and f x (t) be the piecewise linear function that 
vanishes outside (0, x) and takes the value 1 at t = x/2 (see the solution to 
Problem 14, k)). It is easy to see that these functions are linearly independent, 
and any subset Y c {f x : x £ (0, 1)} generates a linear subspace Cy which 
are different for different T’s. Thus, there are at least as many such subspaces 
as subsets of {f x : x £ (0, 1)}, and since this set is of power continuum, we 
can apply Problem 23. 

h) Consider the set T = {f x '■ x £ (0, 1)} from the preceding solution. This 
is a linearly independent subset of L 2 [ 0, 1], and any mapping F : T — > R can 
be uniquely extended to a linear functional on the (linear) subspace generated 
by T, and then (non-uniquely) to a linear functional on L 2 [ 0, 1]. Since there 
are more than continuum many such F”s (Problem 24), we are done. 

26. a) This set is of bigger cardinality than continuum. To prove that it is 
enough to show that there is a closed set E of cardinality continuum which 
does not contain a rational point. In fact, then for any subset X C E its 
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characteristic function \x is continuous at every rational point, and there are 
more than continuum many such characteristic functions by Problem 23. 

To show the existence of E, let {rj}'*L 0 be an enumeration of the rational 
numbers. Do now the Cantor construction with the following modification: 
choose a closed interval I of length 1 that does not contain ro, then choose 
two disjoint closed subintervals Jo and Ji of I of length <1/2 such that neither 
of them contains ri, then choose disjoint closed subintervals Zoo, Joi C Jo, and 
Jio,Jn C Ji of length < 1/2 2 such that neither of them contains a: 2 , etc. Let 
J n be the union of all intervals at level n (e.g., J 2 = Joo U Joi U J 10 U In), 
and set E = (~l n J n . This is a closed set and clearly E fl Q = 0. Since every 
0-1 sequence e = (eo, ei, • • .) defines a point x e = n ra J eoei ... €n , and these points 
are different for different 0-1 sequences, E has continuum many points by 
Problem 2. 

b) This set is of power continuum. This follows from Problem 14, part f). 

c) This set is of cardinality bigger than continuum. In fact, let B be a basis of 
R considered as a linear space over Q (i.e„ a Hamel basis). Then B is of power 
continuum (see 15.3). But (see also the solution to Problem 15. 13, (a))) every 
mapping / : B — > R can be extended to a linear functional (with scalar space 
Q) on R, and clearly every linear functional satisfies the Cauchy equation. 
Finally use Problem 24 to deduce that there are more than continuum many 
/’s- 

27. It is enough to prove the result for a particular A of cardinality continuum. 
Let A = N {0, 1} be the set of infinite 0-1 sequences, and let A rn be the set of 
0-1 sequences of length m. Any mapping of g : A rn — > N generates a mapping 
f g :A—>N defined as 

fg(( e 0, #!,•••)) = S((e0) <T, • • • , e m -i))- 

Now there are countably many ways to map A m into N (see Problem 2.9, 
b)), so if T is the set of all f g s with all possible g : A rn — > N and all 
possible m = 1,2,..., then T is countable. This set T of functions satisfies the 
requirements in the problem. Indeed, assume that we are given finitely many 
different 0-1 sequences e* = 0 < i < n, and let /(e,) = a; g N 

be given. Let m be so large that all the initial sequences e"' 1 = {cijjpl q 1 , 
0 < i < n are different. Let g : A rn — > N be an arbitrary mapping for which 
= cij is satisfied for all i = 0,1,..., n. Then for f g G T we have 
fg( e i) = a ii as required. 

28. Let A be of power continuum, and for every a € A let T a be a separable 

topological space. Let be a countable dense set in T a - Consider the 

functions fk from the preceding problem and the corresponding elements Jq c 
in the product space with Fk(a) = £^/( a ) ^ or a ■ This is a countable set 
in the product space, and using the definition of product topology and the 
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definition of the functions fy it is easy to see that is dense in the 

product space. 

29. First solution. For every x £ (1/10, 1) let 

A x = {[10a:], [10 2 x], . . . , [10 fe :r], . . .} 

where [•] denotes the integral part. Note that if x £ (1/10, 1) then x = O.a . . . 
with a. ^ 0, hence the sequence [10a:], [10 2 x], . . . consists of positive integers 
and it contains for every k = 0, 1, 2, . . . exactly one number from the range 
10 fc < z < 10 fc+1 (i.e., its decimal form consists of exactly k + 1 digits). If x 
and y are different elements of (1/10, 1), then their decimal expansions differ, 
say the mth decimal digit in x and y are different. Then [10 fe x] ^ [10 A 'y] for 
k>m, hence the two sets A x and A y have only finitely common elements. 

Second solution. Let V be the set of prime numbers, and for an infinite 
subset S = {po,pi , . . .} of V arranged in increasing order assign 

As = {Po,PoPi,PoPiP2,---}- 

The prime factorization for integers is unique, hence if S' C V is another 
infinite subset of V different from S, then Ag and As> have only finitely 
many common terms. Since the number of different U’s is continuum (see 
Problems 5 and 2.4), we are done. 

Third solution. It is sufficient to show the result for Q rather than for N, 
i.e., that there are continuum many sets A 7 C Q such that if 71 7^ 72, then 
T 7l n A 72 is a finite set. Now choose for every 7 e R a rational sequence A y = 
{rj^}£T 0 converging to 7. These T 7 sets clearly satisfy the requirements, for 
two sequences converging to different limits can have only finitely many terms 
in common. 

Fourth solution. Instead of N work with the set of lattice points N x N on 
the plane, and for m € R let A m be the set of points (x,y) € N x N that 
are of distance < 1 from the line y = rnx. It is clear that A rn is infinite (it 
has a point on every vertical line x = k, k = 0, 1, 2, . . .) and for any two lines 
y = rnx and y = m'x there can be only a finite number of lattice points lying 
of distance < 1 from both, i.e., A m n A m < is finite. 

[G. Fichtenholz and L. Kantorovich, Studia Math., 5(1934), 69-98] 

30. See Problem 2.12. 

31. Since R can be mapped onto (1,2) by a monotone increasing function, 
it is enough to construct the sequences in question for x £ (1,2). But the 
sequences {s!^} with s ^ = [10 n x] (where [•] denotes integral part) clearly 
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satisfy the requirements (cf. the first solution to Problem 29). [W. Sierpinski, 
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, , IV. 14/8] 

32. Let H be an almost disjoint family of cardinality continuum of infinite 

subsets of N. For any H G H let ho < < . . . be the listing of different 

elements of H, and let = 2 h «- . It is clear that the family {{s^ }/L 0 }//e-H 
satisfies the requirements. 

An alternative way is to consider the first solution to Problem 29. 

33. Let ao, Ui, . . . , Ufc be any sequence of length k of natural numbers. The 
assumption implies that there is at most one {s^}^L 0 with a/ = a n for all 
n = 0, 1, ... k. Thus, there are at most as many sequences {a/}/L 0 , 7 G T 
as ( k + l)-element sequences of the natural numbers, so T is countable by 
Problem 2.3. 

34. Let H be an almost disjoint family of cardinality continuum of infinite 

subsets of N, and for each H G H we set H* = A n , where A n is the set 
{k : 2 2 ” < k < 2 2 " +1 }. It is clear that the family {H* : H G H} is almost 
disjoint, and since each H* includes as its subset infinitely many A n ’ s, the 
upper density of every H* is 1 (note that 2 2 /2 2 — > 0 as n — »• 00). 

35. We shall show the k = 3 case; the general case can be verified along 

similar lines. Since N and N x N are equivalent, it is enough to show a family 
of cardinality continuum of subsets of N x N such that the intersection of any 
2 members of the family is infinite, but the intersection of any 3 members is 
finite. For x G (1,2) set 

A x = {([10”x], fc), (k, [10"a;]) : 10" < k < 10 n+1 } . 

Note that if ( u , v) G A x then there is an n with 10" < u, v < 10" +1 , and 

one of u or v must be equal to [10 n x]. It is clear that if x,y G (1,2), then 
A x n A y contains all pairs ([10"x], [10"y]), n = 1 , 2 ,.... On the other hand, if 
x,y,z G (1,2) are all different, and n is sufficiently large, then the numbers 
[10"x], [10"y], and [10"^] are all different, so A x nA y nA z cannot contain any 
pair (u,v) with 10" <u,v< 10" +1 . This proves that A x n A y n A z is finite. 

36. One of 0, 1, 2 , . . . must be contained in uncountably many members of H, 

say oo is in every H G Ho where Ho is an uncountable subfamily. Let Hq g Ho 
be any set in Ho, and let a]], . . . be the listing of different elements of H 0 

(one of them is 00). Since every H G Ho intersects Hq in an infinite set, there 
must be an a\ 7^ ao among a]] that is contained in uncountably many 
H G Ho, and the set of all such H be Hi. Choose Hi G Hi arbitrarily. By 
the assumption the set Ho 0 Hi is infinite, and let aj be the listing 

of different elements of Ho 0 Hi (one-one of them is ao and ai). Then there 
must be an a 2 ^ ao,ai among a/, a] , . . . that is contained in uncountably 
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many H € Hi, and the set of all such H be H 2 , etc. We can continue this 
process indefinitely, and it is clear that the intersection Hi fl H% fl ■ ■ ■ contains 
all elements 00, ai, 

37. This immediately follows from Problem 43. 

38. Let f(H) be a countable subset of H for every H £ H. By condition, the 
mapping H 1-4 f(H) is an injection of H into the set of countable subsets 
of R, which is a set of power continuum (see Problem 6). Thus, there are at 
most continuum many sets in H. 

39. See the solution to Problem 18.2. 


40. It is again enough to use Q instead of N (see the second solution to 
Problem 29), and then we can set for 7 e (0, 1) A 7 = (0,7) fl Q. 

41. Consider the preceding solution, but set A 1 = [(0, 7) U (1 + 7, 2)] fl Q. 


42. Instead of N we work again with Q (see the second solution to Problem 
29). For every x € R let A x be a rational sequence converging to x, and let 
B x — Q \ A x . It is clear that these sets satisfy the requirements. 


43. Since (0, 1) is equivalent with R, it is enough to give A x for x G (0, 1). Let 
[y] denote the integral part of y, and for x £ (0, 1) let A rn (x) be the set of all 
those integers 2 2 ” 1 < k < 2 2 + for which the [mx]th binary digit (counted 
from the right) is 1, and set 

A x = U ™ =1 A m (x). 


It xi, ... ,x n are different numbers, then there is an mo such that for m > 
mo the numbers [maq], . . . , [mx n \ are all different. For each such m a set of 
the form A m {x i) ei fl • • • A m (x n ) €n consists of those numbers 2 2 " 1 < k < 2 2 
for which n different binary digits are prescribed (the [maq] th binary digit is 
e, for i = 1, 2 , . . . , n), hence the number of elements in such a set is 


2 s 


i+i 


— 2 2 ’ 


2 n 


Thus, if m > mo + 1 and 2 2m+1 < N < 2 2m+2 , then the number of elements 
of the set A x \ fl • • • A*» in the interval [0, N ] is 


N - 2 2m+1 + 0(2 m ) 2 2m+1 - 2 2 ' 

2 " + 2 " 


+ 0 ( 2 2m ) 


and this divided by N tends to l/2 n as N — > 00. 


44. Let f(x, x) = 0, and for x ^ y let f(x, y) = l+m.m(A x r\B y ) where A x , B y 
are the sets from Problem 42. Since B y r\A y = 0, the equality f(x, y) = f(y, z) 
can occur only for x = y = z. 
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1. Let A \ and A 2 be the set of those points a G A for which (a, a + S a ) CiA = 0 
and ( a — 6 a ,a) (~l A = 0, respectively. Notice that if ai,a 2 € Ai, then the 
intervals (ai,ai + S ai ) and ( 02,02 + S a2 ) are disjoint. Hence A\ is countable 
by Problem 2.14. In a similar manner, A 2 is also countable. 

2. Let A c R be uncountable. By Problem 1 there is an a € A such that 
(a, o + 5) (~l A is nonempty for all S > 0. Now let oq 6 A be a point with 
a < ao < a + 1, then a\ £ A a point with a < a± < min(ao,a + 1/2), etc.. 
Clearly the sequence {a n } selected this way converges to a. 

3. For R this follows from the preceding problem. For R ra apply, e.g., Problem 
12 to an open cover U aGy tG Q of the discrete set A, where each G a contains only 
the point a from A. Since this includes a countable subcover the countability 
of A follows. 

See also (the solution of) Problem 2.14. 

4. Let / be right continuous, and let 

osc x = limsup \f(yi) - f(y 2 )! 

yi,V2^x 

be the oscillation of / at x. f is continuous at x if and only if osc x = 0. Thus, 
if A m = [x : osc x > 1/m}, then U m A m is the set of discontinuity points 
of /, and it is enough to prove that each set A m is countable. Because of 
the right continuity of /, for every x € R there is a <5 xvm > 0 such that for 
y € (x,x + S X!m ) we have \f(y) — f(x)\ < l/2m. It follows that in (x,x + 5 x , m ) 
there cannot be any point from A m . Thus, the countability of A m follows from 
Problem 1. 

5. Follow the preceding solution, and let A+ be the set of those points in 
A m where / is continuous from the right, and in a similar manner let A“ be 
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the set of those points in A m where / is continuous from the left. Now the 
preceding solution gives that both A+ and A“ are countable, hence the result 
follows. 


6. Let / be a monotone real function. Then / has a limit f(x — 0) from the 
left and a limit f(x + 0) from the right at every point x G R, and an x 
is a discontinuity point x if and only if f(x + 0) > f(x — 0). Let us assign 
the interval ( f(x — 0), f(x + 0)) to every discontinuity point x of /. These 
intervals are disjoint: if xi < X 2 are distinct points and X\ < a: 3 < X 2 , then 
by monotonicity we have f(x 1 +0) < f(x 3) < f(x 2 — 0), so (f(x 1 — 0), f(xi + 
0)) n (/(&2 — 0), f(x 2 + 0)) = 0. Now the result follows from Problem 2.14. 


7. Let / be a real function that has right and left derivatives, which we denote 

by f+(x) and f'_ (x), at every point x. Let ro, r\ be an enumeration of the 

rational numbers, and for r m < r n let A n>m = {x : f + (x) > r n , f'_ (x) < r TO }. 
It is enough to show that each A n/m is countable. In fact, then U niTO A„ m is 
also countable, and this is the set of those points in which the right derivative 
is bigger than the left derivative. In a similar manner it follows that the set 
where the left derivative is bigger than the right derivative is countable, and 
these two statements prove the claim. 

Let A nrnk be the set of those points x £ A n>m for which it is true that if 
x <y < x+l/k then 

r n — r m 


and if x — 1/k < y < x, then 


f(y) ~ f(x) 

y-x 


“/+(*) 


f{y) - fix) 

y-x 


/-(*) < : 


Since U kA n , m ,k = A it is enough to show that each A nmj fc is countable. 

From the preceding inequalities and the definition of the set A„ iTO it is clear 
that if x £ An <m ,k 0 < h < 1/k, then the expression (/( x + h) — f(x))/h 
is bigger than r n — ( r n — r m )/ 2 = (r„ + r m )/ 2, while ( f(x ) — f(x — h))/h is 
smaller than r m + ( r n — r m ) /2 = [r n + r m ) /2. On applying this to the point x 
and x — h we can see (use that f(x) — f(x — h) = f((x — h) + h) — f(x — h))) 
that it is not possible to simultaneously have x, (x — h) G A n rn j.. But this 
means that for any x £ A rltrn k the interval (x — 1/k, x) does not contain any 
point of A n m fc , and we can apply Problem 1 to deduce the countability of 
An,m,k. 


8. Use the preceding problem and the fact that a convex function has left and 
right derivatives at every point. 

9. Let / be a real function and let A be the set of maximum values of /. Thus, 
a £ A if there is a point x„ £ R, and a positive S a such that f(x a ) = a, and 
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there is no larger value of / in the interval (x a — 6 a . x a + S a ). Let A n be the 
set of those a G A for which S„ > 1/n. It is obvious from the definitions that 
if a,b G A n are different points, then the distance between x a and Xf, is at 
least 1/n. Thus A n is a discrete set, and hence it is countable (see Problem 
3). Since A = U A n , the set A is also countable. 

10. If a is a strict maximum point of /, then there is a S a > 0 such that for 
every y G (a — S a ,a+S a ), y/ a the inequality f(y) < f(a) holds. If A n is the 
set of all such a’s for which S a > 1 /n, then clearly for a,b G A n we must have 
\a — 6| > 1/n. Hence A n is countable by Problem 3, and so is U n A n , the set 
of strict maximum points of /. 

11. If / is continuous and non-constant, then, by the intermediate value the- 
orem, its image covers a whole interval. Thus, in this case not every point in 
the image can be a minimum or maximum value by Problem 9. 

12. Let {Bj, j = 0, 1, . . .} be the collection of open balls in R n of rational 

center and rational radii (cf. Problem 2.17). Represent each G 7 , 7 G T as a 
union some of the Bj ’ s as in Problem 2.18: G 7 = Bj, where zL, is a 

subset of the natural numbers. Then 

U = U B A 

- yer jeu 7er /i 7 

hence if for each j € U 7e rZi 7 we select a jj G T such that j € A 7j , then 
clearly 

[jG,= (J G 7 „ 

jer jeu 7€ r^ 7 

so the subfamily Gj., j G U 7£ rZl 7 covers whatever is covered by the family 

g 7 , 7 e r. 

13. There are two kinds of semi-open intervals, namely those of the form [a, b ) 
and of the form (a, b\. Let G 7 , 7 g R be the set of those intervals in {G 7 } 7£ r 
that are of the first kind, and let G 7 , 7 G T 2 be the set of those intervals 
in {G 7 } 7£ r that are of the second kind. It is clearly enough to prove the 
claim separately for the families G 7 , 7 G A and G 7 , 7 G A and for the sets 
Ei = U 7£ _Ti G 7 and E% = U 7£ j-' 2 G 7 , respectively. Thus, we may assume that 
all the intervals G 7 are of the first kind. 

Let Int(/ 7 ) be the interior of G 7 . On applying the previous problem (to 
R), we can see that the union of these interiors can be covered by countably 
many of them, thus we only have to show that the same is true of the set 
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It is clear that for every x £ F there is a S x > 0 such that (x. x + S x ) is part of 
the interior of a G 7 , hence in (x, x + 5 X ) there is no point from F. By Problem 
1 F is countable, and so if we select for each of its points a G 7 that covers it, 
then we get a countable subcover of F. 

14. This problem can be reduced to the preceding one. In fact, every nonde- 
generated interval can be written as a union of two semi-open intervals. Thus, 
we write G 7 = G 7j i U G 7i 2 with sets G 7i i and G 7i 2 of semi-open intervals. 
Now apply Problem 13 to each family G 7 j i, 7 G T and G 7) 2, 7 £ r with E as 
their union, and then unite the so obtained two countable subcovers. 

15. Let Y be the set of those y for which f~ 1 (y) D H is uncountable. We have 
to show that Y is of measure zero, and to this end it is enough to show that 
if for M - 1,2, .. . we denote by Ym is the set of those points y for which 
f~ 1 (y) fl (H n [— M, M ]) is uncountable, then Ym is of measure zero. 

Let us pick for each y £ Y M a point t y £ / _1 (y) fl (Hf\ [-M, M]) such that 
t y is a limit point of the set f~ 1 (y) fl (H fl [— M, M]). By Problem 2 such a 
t y exists. Since / is constant on / _1 (y) fl (H n [— M, M ]), the differentiability 
of / at t y implies that f'(t y ) = 0. If Tm denotes the set of all these ty s, then 

Y m = f[T M ]. 

Let e > 0. For every x £ Tm there is a 1 > S x > 0 such that if 0 < h < S x 
then 

I f(x) ~ f(x ± h) I < ^ 
h | - 

The intervals I x = (x — S x , x + S x ), x £ Tm cover Tm, so, by Problem 12, we 
can select a countable subcover U = U?l 0 I Xi . Then U is open, Ym C f[U], 
hence, as e > 0 is arbitrary, it is enough to prove that the measure of f[U] is 
at most 4 (M + l)e. Since U is the union of an increasing sequence of compact 
sets, it is sufficient to show that if K c U is compact, then the measure 
of f[K\ is at most 4(M + l)e. But for a compact K there is an N such that 
K C U iLoI Xi 5 an< l without loss of generality we may assume that in this union 
each point is covered at most twice (in fact, if three intervals intersect in a 
point then one of them is included in the union of the other two). By the 
definition of the numbers S Xi , every point of the set f[I Xi ] is of distance at 
most ed Xi from f(xi), hence f[I Xi ] is of measure at most 2 eS Xi . But then f[U] 
is of measure at most 2 and since every point of U^L 0 I Xi is covered 
at most twice, the sum 0 2 S Xi is at most twice the measure of U, i.e., at 

most 2 • 2 (M + 1). This shows that f[K] has measure at most 4 (M + l)e as 
claimed. 

16. Let G 7 , 7 £ r be a family of almost closed rectangles, and let G 7 , 7 £ r n 
be the subfamily that consists of those elements in G 7 , 7 £ r that have side 
lengths bigger than 1 /n. It is enough to verify the problem for each subfamily 
G 7 , 7 £ r , n , for then we can unite for n = 1,2 ,... the so obtained countable 
subcovers of U 7£ r„G 7 to get a countable subcover of U 7e rG 7 . 



Solutions 


Chapter 5 : Sets of reals and real functions 


177 


Call a rectangle semi-closed if it is obtained from an open rectangle by 
adding (without the endpoints) one of the sides of that rectangle, and accord- 
ingly we can speak of left-, right-, down- and up semi-closed rectangles. Every 
almost closed rectangle G 7 is the union of four semi-closed rectangles. Thus, 
if we can prove the countable subcover property for semi-closed rectangles of 
the same type (e.g., for left semi-closed rectangles), then the claim follows by 
uniting these four countable subcovers. 

Thus, in what follows we can assume that each G 7 , 7 6 f is a left semi- 
closed rectangle with sidelengths bigger than 1/n. 

The set which is covered by the interiors of the left semi-open rectangles 
G 7 , 7 £ T can be covered by countably many of them (see Problem 12), hence 
it is enough to show that the same is true of the set 

F = ^U G 7j\^U Int (G 7 )j. 

This will follow if we can prove that the set F lies on countably many vertical 
lines. In fact, if l is a vertical line, then every G 7 intersects l in an open 
interval. Thus, we can apply the Lindelof property (Problem 12 for R) to l 
and the family l fl G 7 , 7 £ r n of open intervals to conclude that l fl F can 
be covered by countably many G 7 . Since this is true for every vertical line, 
eventually we get a countable subcover of F. 

The points of F are covered by the left-hand sides of some rectangles G 7 , 
and let F k , k = 1,2,... be the set of those points x in F that are covered by 
the left-hand side of a rectangle G 7 with vertices of distance > 1/k from x. 
Again it is enough to show that each set F k lies on countably many vertical 
lines. Let L be the set of those vertical lines that intersect F k , and for every 
l £ L select from l fl F k a point 2,7 . From the definition of F k it follows that if 
we place a small disk Di of radius 1/4 kn and of center at 27 to every point 27, 
l £ L, then these disks are disjoint. In fact, if, say, Dj fl D s ^ 0 and l lies to 
the left of s, then x s is covered by the rectangle G 7 that contains 27 on its left 
side and has vertices of distance > 1/k from 2 7, hence x s could not be in F. 
Now by Problem 2.14 there are countably many D/ s, so there are countably 
many 27’ s, and this is what we had to show. 

The same result is not true for closed rectangles. In fact, if we cover each 
point on the line y = x by the vertex of a closed rectangle with sides paral- 
lel with the coordinate axes, then from this cover one cannot omit a single 
rectangle to remain a cover of the whole line y = x. 

17. If the claim was not true, then for every a £ A there would be a ball B a 
that intersects A only in a countable set. The set {B a : a € A} is an open 
cover of A, hence by Problem 12 there is a countable subcover A c U/l 0 B Oi . 
But since AC\B a . is countable for all i, this would mean that A can have only 
countably many points. 
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18. Let A** C A be the set of accumulation points of A lying in A. The set 
A \ A** must be countable, for otherwise it would contain by Problem 17 an 
accumulation point of itself, and that would belong to A**, a contradiction. 
The set Pi of those a £ A** for which there is a S > 0 such that AC\(a—8,a) is 
countable clearly has the property that Pi fl (a, a — S) = 0, hence, by Problem 
1, it is countable. In a similar fashion countable is the set B 2 of those a £ A** 
for which there is a S > 0 such that A n (a. a + 5) is countable. These show 
that A* = A** \ (Bi U B 2 ) has the property that A \ A* is countable. 

If a,b £ A*, then A fl (a, b) is uncountable, therefore, by what we have 
just proven, it contains an element of (A fl (a, b))* = A* fl (a, b), hence A* is 
densely ordered. 

19. It is clear that the set X of accumulation points of any set A is closed. 
We have to show that if it is not empty, then it is dense in itself, i.e., every 
neighborhood U of any point x in X contains a point in X different from 
x. This follows from the previous problem, for ( U \ {a:}) fl X is uncountable, 
hence one of its points is an accumulation point of this set by Problem 17. 

20. Let E be closed, and let X be the set of its accumulation points. Then 
X c E and X is perfect by Problem 19. Thus, it is enough to show that E\X 
is countable. If this was not the case, then, by Problem 17, the set E\X would 
have an accumulation point x in E \ X. But that is not possible, for then x 
would be an accumulation point of E, and so it would have to belong to X. 

21. Let E c R” be nonempty and perfect. Choose two disjoint nonempty 
closed subsets Po and Pi of E in the following way: select two points Po and 
Pi in E and two disjoint closed balls Bo and Pi around them of diameter 
< 1/2, and set Po = PnPo and Pi = PflPi. Then choose disjoint nonempty 
closed subsets P 0 o,Poi C Po and E 10 ,E n C Pi in the following way: select 
two points Poo and Poi in Pq that lie inside Pq and two disjoint closed balls 
Poo and Poi around them of diameter < 1/2 2 in such a way that both of them 
lie in Po, and set Poo = P D Poo and Poi = P fl Poi (and the choice of Pio 
and Pn is similarly done relative to Pi and Pi). Continue this process. The 
perfectness of the set P guarantees that this process does not terminate. Let J n 
be the union of all subsets at level n (e.g., J 2 = Poo U Poi UPioUPn), and set 
P* = C„J„. This is a closed subset of P. Every 0-1 sequence e = {eo, ei, • • •} 
defines a point {x e } = fi„P eoei ... en , and these points are different for different 
0-1 sequences: if e' = {e'},/l 0 is another sequence and we select to in such a 
way that eo = Cq, • • ■> e m - 1 = e m-i but e TO ^ e' m , say e m = 0 and e' m = 1, 
then x e resp. x e i lie in the disjoint sets P eoei ... en _ 1 o resp. P eoei ... en l i. Thus, 
P* has continuum many points by Problem 4.3, and so P has at least that 
many points. But R n is of cardinality continuum (Problem 4.14, a)), and we 
are done because of the equivalence theorem. 


22. Apply Problems 21 and 20. 
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23. That d is a metric is easily established. It is also easy to see that if 
{<4 n) }S^ n = 0, 1, . . . is a sequence of elements of R°°, then this sequence 
converges to an {a :/ }j*L 0 G R°° if and only if for each j we have 

lim a ^ = a,-, 

OO 3 J 

i.e., the metric describes the topology of pointwise convergence (recall that 
R°° is the set of mappings / : N — > R, therefore the statement is that if 
/, fn € R°°, n = 0, 1, . . ., then d(f n , /) — > 0 as n — > oo if and only if for all 
j the limit f n (j ) — i f(j) holds as n — »• oo, which is pointwise convergence). 
This, and the completeness of R, easily imply the completeness of R°°. 

Finally, there is a countable dense subset of R°°, namely the set of se- 
quences of rational numbers that contain only finitely many nonzero terms 
(cf. Problem 2.4). 

24. Let H be a countable dense subset of R°° and let G be the set of open 
balls of rational radius and with center in H. Exactly as in Problem 2.17, this 
set is countable, and exactly as in Problem 2.18, any open subset of R°° is a 
union of countably many open balls from Q . This is enough for the Lindelof 
property (cf. Problem 12) to hold in R°°, i.e., any open cover of any subset of 
R°° includes a countable subcover (see the solution to Problem 12). Now the 
notion of accumulation point (see Problem 17) can be carried over to R°°, 
and using this exactly as in the solutions of Problems 17-20 we get that any 
closed set in R°° is the union of a perfect and a countable set. 

25. This follows from the preceding problem, since a nonempty perfect set 
is of cardinality continuum (recall also Problem 4.14, b), according to which 
R°° is of power continuum). 

26. First we prove the claim for open sets in R". For R” this is clear, and 
if O C R”, O R n is an open set, then for x = (xo,xi, . . . ,x n _i) G O, 
consider the point / x G R°° for which / x (m) = x m for m < n, / x (m) = 0 
for m > n, and / x (n) = l/dist(x, OO) (the reciprocal of the distance from x 
to the boundary of O). It is easy to see that the set Fq = {/ x : x G 0} is 
a closed subset of R 00 , and / x x is a continuous and one-to-one mapping 
from Fq onto of O. 

Next we use that the family of Borel sets in R n is the smallest family 
of sets containing the open sets and closed under countable intersection and 
countable disjoint union (see Problem 1.13 or 12.25). Therefore, it is sufficient 
to show that the property of being the continuous and one-to-one image of 
a closed subset of R 00 is preserved under countable intersection and disjoint 
countable union. 

Let A = n jAj, and suppose that each Aj C R n is a continuous and 
one-to-one image of a closed subset of R°°. Let N = U?fi 0 iVj be a disjoint 
decomposition of N into some infinite sets IVj. Then jV) R is homeomorphic 
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to R°°, and let fj : Fj —t Aj be a continuous and one-to-one mapping of a 
closed subset Fj of R onto Aj. The set 

F* = |g( e R°° : 9\]\[. € F i; i = 0, 1, . . . j 

is a closed subset of R°° , and 

F={g£F* : = f k (g\ Nk ) for all i,k = 0,1, ■■ ■} 

is a closed subset of F*, and hence of R°°. It is clear that g /o (^g | ^ j is a 

continuous one-to-one mapping of F onto P\j Aj . 

Next let A = U°T 0 Aj, Aj n Ak = 0 for j ^ k be a countable disjoint union, 
and suppose that each Aj C R ra is a continuous one-to-one image of a closed 
subset Fj of R°°. We may assume that g(0) = j for all g £ Fj (clearly, for fixed 
j the set of points g £ R°° with g(0) = j is isomorphic and homeomorphic 
to R"). But then the set F = IJ j Fj is closed in R°° (note that the distance 
between different Fj' s is at least 1/2), and if we define / : F -4 U jAj by 
/(«) = j) (u) for u £ Fj, then we get a continuous one-to-one mapping of F 
onto U jAj. 

27. This is an immediate consequence of Problems 25 and 26. 

28. Suppose to the contrary that no Aj is dense in any interval. Then for 
every interval I and every i there is a closed subinterval J C I such that 
J (~l Aj = 0. Now starting with Jo = [a, b] inductively select nondegenerated 
closed intervals Ji, J 2 . . . such that J n +i C J n and J n +i H A n = 0. Then 
fl n J n is nonempty, and if x £ C\ n J n , then x 0 U n A n , which contradicts the 
assumption. This contradiction proves the claim. 

29. See the proof of the more general result in Problem 31. 

30. The proof of Problem 28 shows that if A = U°fi 0 .4;, then there are a ball 
B and an i such Aj is dense in B. But then this Aj is not nowhere dense. 

31. Let B* C A be a closed ball. Suppose to the contrary that for any ball 
B C B* and for any i there is a ball B’ c B such that B’ fl Aj is of power less 
than continuum. Choose two disjoint closed balls Bo C B* and B\ C B* (say 
two smaller balls from the B ’ above for i = 0) of (positive) diameter <1/2 
such that (Bo U B/ fl Aq is of power smaller than continuum. Then choose 
disjoint closed balls Bo 0 ,B (n c B 0 and B w , B u c Bi of radius < 1/2 2 so 
that the set (Boo U B 01 U B 01 U Bn) fl A\ is of power smaller than continuum. 
Continue this process. As in the solution of Problem 21, for every sequence 

e ={e 0 ,ei,--.}e N {0, 1} 
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of zeros and ones the intersection 

n iw,. 

n= 0 

contains a single point x e , and different sequences generate different points. 
Thus, the set 

X = {x e : eG N {0, 1}} 
is of power continuum and for any n we have 

XC U B (0U ... <n . 

ej=0,l j=0,l,...,n 

But by the construction this latter set intersects A n in a set of power smaller 
than continuum, hence A n fl X is of power smaller than continuum. Since 
U n A„ includes X (recall that X c B* c A), it follows that X = U“ =0 (Xni), 
i.e., a set of power continuum is represented as countable union of sets each 
of power less than continuum. But this contradicts Problem 4.15, and this 
contradiction proves the claim. 

32. Instead of x G R we shall index our sets by infinite 0-1 sequences (their 
number is equally continuum; see Problem 4.3). For an infinite 0-1 sequence 
e = {ej}?2. 0 , let A e be the set of real numbers that have decimal expansion of 
the form 

• • • o . o • ■ • o 0004eo/3o4ei/3i4e 2 /32 • • • , 

where o stand for any digits and /% = 2 or 3. Since for each {ej}?2. 0 we can 
select the /3,’s in continuum many ways (see Problem 4.3), it is clear that this 
A f is of cardinality continuum in every interval. 

33. Consider the sets A x , x G R from the preceding problem. If we set f(u) = x 
if u G A x , then this / takes any real value x continuum many times in every 
interval I (namely in the points of the set I fl A x ). 

We can also get a concrete / as follows. We define f(x) using the decimal 
expansion x = • • • .X\X% ■ ■ ■ of x (if x has two such representations, then fix 
the one that has infinitely many zero digits). We shall only consider the digits 
after the decimal point. Let /( 0) = 0, and if in the expansion of x there are 
infinitely many blocks of length > 2 consisting of the digit 5 or if there is no 
such block at all, then also let f(x) = 0. Otherwise let l > 2 be the length of 
the longest block of consecutive fives, m the number of 0’s following the last 
one of the longest block of fives, /?i , , • • • the digits in the expansion of x 

after these zeros, and set 


If I is any interval, 


/(*) = (-l)*10 m • 0./? 3 /?6/3 9 . . . . 
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a = (— l) s . . . a_i.aia2 . . . 

is its middle point, k > 1 is a number such that 10 -fc < |/|/10, and if y = 
(— l) p 10 9 • O.yij/2 ■ ■ ■ (p = 0, 1, q > 1) is any nonzero real number, then let 

p+2k q 

x = (-l) s . . . o_i.aia 2 • ■ • a k 4 555^~55 000^00 4p 1 y 1 Ap 2 y 2 Ap 3 y 3 A 


where /?* = 2 or 3 independently of each other. It is clear that there are 
continuum many such numbers (the d/s can be selected in continuum many 
ways by Problem 4.3), each of them lies in the interval I and each satisfies 
f{x) = y- 

34. Let / : [0, 1] — i [0, 1] x [0, 1] be the mapping from the next problem. Then 

/ is of the form /(f) = ( g(t ), with some continuous g, h : [0, 1] — > [0, 1], 

and it is clear that, e.g., g takes every value y € [0, 1] continuum many times 
(since all the points ( y,u ), u G [0, 1] are in the range of /). 

35. Recall that each point x in the Cantor set C has a triadic representation 
x = 0.aia2 . . . where each a, is 0 or 2. It is also easy to see that if y € C is 
another point with similar representation y = 0./?i/?2 • • •, and \x — y\ < 3~ n , 
then the first n digits in the expansions of x and y are the same, i.e., a, = // for 
all 1 < i < n (a warning is appropriate here: for x, y £ R. two numbers can be 
close without having many common digits, e.g., if we use decimal expansion 
and x = 0.1000 • • • 00111 . . . and y = 0.0999 • • • 9900 . . . where • • • represent 
sufficiently many identical digits, then x and y can be arbitrary close without 
having a single common decimal digit). In fact, just take into account that 
ol\ = Pi exactly if x, y lie in the same subinterval of the Cantor construction 
at the first level, then a 2 = fh exactly if x, y lie in the same subinterval of the 
Cantor construction at the second level, etc. Thus, if for x G C we set 

g(x) = 0.(ai/2)(a 3 /2)(a 5 /2) .... h(x) = 0.(o 2 /2)(a 4 /2)(a 6 /2) 

where the numbers represent binary expansions, then we get that both g and 
h are continuous functions on C. It is also clear that f(x) = (g(x). h(x)) 
maps C onto [0, 1] x [0, 1]. In fact, if P = (O.7172 . . . , 0.<5 i ^2 ■ ■ ■') is any point 
in [0,1] x [0,1] (with binary expansion for the coordinates), then with x = 
0.(27i)(2$i)(27 2 )(2£ 2 ) • • • we have f(x) = P. 

Extend now both g and h to the contiguous intervals of C linearly, i.e., if 
(a, b) is a subinterval of [0, 1]\C, then let g(t) = (g(b)—g(a))(t—a)/(b—a)+g(a) 
for t e (a, b). It is easy to see that these extended functions are continuous 
on [0, 1]. This way we get a continuous extension of /, and this / has all the 
desired properties. 

36. Let f(t) = ( g(t),h(t )) be the function from the preceding problem. We 
claim that the functions 
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fo(t) = g(t), h(t) = g(h(t)), hit) = gihihit ))), . . . 

are appropriate. To this end it is sufficient to verify that for every n and 
arbitrary real numbers xq, x\, . . . , x n from [0, 1] there is a t n £ [0, 1] such that 
fiit n ) = x i for all 0 < i < n. In fact, then if xo, %i . ... is an arbitrary infinite 
sequence, then we can select a convergent subsequence of the aforementioned 
sequence to,ti> - ■ • converging to some number t £ [0, 1], and then it is clear 
that we have for all i the equality fi(t) = x t . 

We show the existence of t n by induction. For * = 0 it clearly exists, 
and let us suppose that we know the existence of t n -\ for all sequences 

2 0 ,2i, z n Then, by this induction hypothesis, there is a t^ l _ 1 £ [0,1] 

with the property that 


git* n - 1 ) = x u gihit*^)) = x 2 , • • • 


gihih-'-ihit*^))---)) = x n , 


where the last function is composed of g and n — 1 copies of h. By the property 
of the function /, there is a t n such that git n ) = Xq and h(t n ) = . Thus, 

for this t n we get 


g{t n ) = x 0 , gihit n )) = xi, ■ ■ ■ giHh ■ ■ ■ hi t n ) ■ ■ •)) = x n , 


where the last function is composed of g and n copies of h, and so the induction 
step has been verified. 


* 


* * 


37. Set e = 1/m with m = 1,2,.... If v = v m is the corresponding number in 
the definition of convergence, then there is a countable ordinal r larger than 
any of the countably many countable ordinals v m . It follows that if A is the 
limit, then for £ > r we have = A, and this proves the claim. 

38. Assume the sequence to be increasing. The statement is a consequence 
of Problem 1, for there is no point of the set A = {a^}^< Q in the interval 
(a 7 ,a 7+ i) for any o 7 £ A. 

39. Consider a as an ordered set. Since it is countable, it is similar to a subset 

of Qn[0, 1] (see Problems 6.26 and 6.28), thus there is a mapping / : a — > [0, 1] 
that is monotone. If for £ < a we set = /(fy, then is a strictly 

increasing sequence, and it is easy to see that if A = supr <Q aj, then this 
sequence converges to A. 




6 


Ordered sets 


1. Let {A,-<) be an infinite ordered set, and let B = {ao,oi,...} be any 
sequence in A consisting of different elements. We are going to show that in 
B there is a monotone subsequence. Consider the set C of all elements aj £ B 
for which there is no a^, k > j with a 3 -< a/-. The elements in C form a 
decreasing sequence; therefore, if C is infinite, then we are done. If C is finite, 
then there is an N such that a :j $ C for j > N. This means that for every 
dj with j > N there is an index k > j such that <ij ~< ak ■ But then starting 
from ojv we can select larger and larger elements, and we obtain an infinite 
increasing sequence in B. 

2. See the solution to Problem 3.10, a). 

3. Consider the set {—1/n, 1/n, 1 — 1/n : n = 2,3,...}. 

4. Let [x] resp. {a:} denote the integral resp. fractional part of x, and set x -< y 
if {x} < {y} or if {x} = {y} and [x] < [y\ . It is clear that in this ordering 
x — 1 is the predecessor, and x + 1 is the successor of x. 

5. The necessity is obvious. Now suppose that {A, -<) is such that for every 
a £ A there are only finitely many elements b € A with b -< a. To an a £ A 
associate the number n a of those b € A with b ~< a. By the assumption the 
mapping a i-> n a is a mapping from A into N, and it is immediate that it is a 
monotone mapping. Let B be the set of all n a ’s. Since A is infinite, B is also 
infinite (note that a monotone mapping is 1-to-l). If n a £ N, and m < n a , 
then there is an element c £ A with rn = n c . In fact, the set {b : b -< a} 
is finite and has n a elements, so if we select as c the (m + l)st element of 
{b : b ~< a}, then for this n c = m as we claimed. Thus, the mapping a n a 
is a similarity mapping from A onto N. 

6. The answer is that ( A , -<) is similar to N or to the set of the negative 
integers, Z \N. The sufficiency of this condition is clear, so now suppose that 
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(^4., -<) has the property that every infinite subset is similar to the whole set. 
By Problem 1 in (A. -<) there is a monotone infinite sequence S. Thus, S is 
either similar to N or to the set of the negative integers Z\N. The assumption 
is that S is similar to A, thus A must be similar to either N or to Z \ N, as 
we claimed. 

7. The necessity of the condition is clear, so let us suppose that {A, -<) has no 
smallest or largest element, and every interval {c : a -< c -< b}, a, b € A is 
finite. This implies that every element has a predecessor as well as a successor. 
Thus, starting from any element of A and successively taking predecessors and 
successors, we can define a two-way infinite sequence {ajjjl^^ in A with the 
property that aj -< a/- if j < k. Now if A had any additional element a, then 
that would have to be either bigger than all aj or smaller than all aj, and in 
both cases we would have infinitely many elements between ao and a, which 
is not possible. Thus, A = { aj}jZ _ oc , and the proof is over. 

8. It is clear that every set similar to Z, N or Z \ N has this property, and we 
show that this condition is also necessary. If A does not have a smallest and 
largest element, then by the previous problem it is similar to Z. If A has a 
smallest element, then it cannot have a largest element, for then there would 
be only finitely many elements of A between them. Now as in the previous 
proof, starting from the smallest element we can form an infinite increasing 
sequence oo -< a\ -< • • • by taking successors one after the other, and it is also 
clear that there cannot be any additional element a of A, for then this a would 
have to be larger than any aj, and there would be infinitely many elements 
between ao and a. Thus, in this case {A, -<) is similar to N. In an analogous 
manner if A has a largest element, then it is similar to Z \ N. 

9. The set Q has the continuum many different initial segments {rgQ : r < 
x}, x £ R. 


10. See Problem 90. 


11. Let B m be the set B m = {m — 1/k : k = 1, 2, 3, . . .}, which is similar to 
N, and for n = 1,2,... consider the set 


An = 



(J{0, 1 , . . . , n — 1}. 


It is clear that these are nonsimilar for different n's (in fact, in A n there are 
exactly n elements a with the property that the set {b € A n : a < b} is finite, 
and this property is preserved under similarity mapping). But it is also clear 
that A n is similar to the initial segment {a € A rn : a < — 1 /(n +1)} of A rn . 
[W. Sierpihski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XII. 9/1] 
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12. This follows from Problem 3.1. [S. Banach, Fund. Math., 39(1952), 236- 
239.] 

13. Let / : A B be a similarity mapping from A onto an initial segment 
of B and g : B — >• A be a similarity mapping from B onto an end segment 
of A. If / or g is an onto mapping, then we are done, so let us assume that 
they are not. Consider the set A! of all elements a' € A such that there is an 
a' < a £ A for which it is true that a < g(f(a)). It is clear that then this 
a also belongs to A ' , A! is an initial segment of A, and it is not empty, for 
any element outside of the range of g (which is the same as preceding every 
element in the range) is in A! . Let B' be the image of A! under the mapping 
/. Then B' is an initial segment of B, and we claim that g maps B\B' onto 
A \ A'. With this the proof will be over, for then the mapping h(x) = f(x) if 
x £ A! and h(x) = g~ l (x) if x £ A \ A! is clearly a similarity mapping. 

Let b £ B \ B' . Then for every a' £ A! there is an a £ A' such that 
a! < a < g(f(a)) < g(b), thus g(b) 0 A', and so g maps B\B' into A \ A! . If 
d £ A \ A', then g(f(d)) < d, furthermore f(d) £ B \ B'. Since g is mapping 
B \B' onto an end segment of A \ A', there is an element b £ B \ B' with 
g(b) = d. Since d was an arbitrary element of A \ A' , this proves that g is 
mapping from B\B' onto A \ A' , and we are done. [A. Lindenbaum, see W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XII. 9. Theorem 2] 

14. Let / : A — »• B be a monotone mapping onto an initial segment of B, 
g : A ^ B a monotone mapping onto an end segment B, and h : B — >• A a 
monotone mapping of B onto an interval of A. We distinguish three cases. 
Case I: there is a b £ B such that H / o h(b). Let 

B\ = {c £ B : c A b for some b £ B with H/o h(b)}. 

B\ is an initial segment of B, and we claim that foh maps Bi into By . In fact, 
if c £ B\ and b £ B is as in the definition of B\, then / o h(c) A f o h(b), and 
here foh(b) A ( f°h)(foh(b )), so by the definition of f?i we have foh(c) £ B\. 
Let 

Ax = {a £ A : a < h(b) for some b £ Bi}. 

Then A\ is an initial segment of A, and / is mapping A- t onto B x . In fact, / 
maps A\ into B\, since if a < h(b) for some b £ B\, then /(a) A foh(b ) £ B i, 
so /(a) £ B\ . On the other hand, if c £ B t is arbitrary, and b is as in the 
definition of B\, then cAbAfo h(b) = f(h(b)). But / maps initial segments 
into initial segments, so there is an a e A\ such that c= f(a), which proves 
that / maps A\ onto Bi, and incidentally, that A\ and By are similar. It is 
left to show that A \ A\ and B \ By are also similar. It is also clear that h 
maps Bi onto an end segment of Ay . Thus, / maps A \ Ay into an initial 
segment of B \ Bi, and h maps B \ By into an initial segment of A \ A\. Now 
if g maps A \ Ay into B\B i, then it maps it into an end segment of it, so on 
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applying the preceding problem to the ordered sets A \ Ay and B \ By and to 
(the restrictions of) the mappings g. h we can conclude that T\ A] and B \ By 
are similar. If, however, g does not map A \ Ay into B \ By, then B\ Bi is 
in the range of the restriction of g onto A \ Ay, so g~ x is defined on B \ By 
and maps it into an end segment of A \ Ay. Now the similarity of A \ Ay and 
B\B\ follows again from the previous problem if we consider (the restrictions 
of) the mappings / and g~ x . 

Case II: there is a b £ B such that g o h(b) A b. This case can be verified 
along the same lines as Case I, and actually follows from it if we consider the 
reverse orderings. 

Case III: for every b £ B we have f o h(b) A b A g o h(b). Take any b £ B, 
and set 

B\ = {c £ B : c A 6}, Ay = {a £ A : a < h(b) for some b £ By}. 

By our assumption, Ay is mapped by / into By, and A \ Ay is mapped by g 
into B\By. Thus, Ay is similar to an initial segment of Bi under /, and By is 
similar to an end segment of Ai under h, so Ay and By are similar (Problem 
13). In a similar fashion, B\By is similar to an initial segment of ^4\ Ay under 
h and A \ Ay is similar to an end segment of B\ By under g, so A \ Ay and 
B\By are also similar. Since Ay and By are initial segments, this proves that 
A and B are similar. 

15. For every n let A * be the set (Qfl [n+1/3, n+2/3])U{n+l/4, n+1 — 1/4}, 
and let A° n = {n+l/3,n + 2/3}. For any 0-1 sequence e = (eo,ei, • • •) consider 
the set 

A e = U %L 0 A e ". 

Note that if e n = 1 then the set A f n (n, n + 1) contains a point followed by a 
countable densely ordered set with first and last elements which is followed by 
one more point. Since a similarity mapping maps successors into successors 
and densely ordered subset into densely ordered subsets, it is easy to see by 
induction that if there are two 0-1 sequences e and e' such that cq = Cq, . . ., 
e TO _i = e' m _y, then a similarity mapping / between the sets A t onto A f j must 
map the set A e n[0, m] into the set A e > n [0, to]. Thus, if in addition, say e m = 0 
but e' m = 1, then / cannot exist, for it would have to map the three-point set 
{to + 1/3, to + 2/3, to + 1 + 1/4}, which is an initial segment of A e fl (to, oo), 
onto an initial segment of A f j fl (to, oo), which is not possible, for in this latter 
set the point to + 1/4 is followed by the dense set Q fl [to + 1/3, m + 2/3]. 

Thus, the sets A e are not similar for different 0-1 sequences, and so we 
have found continuum many subsets of Q no two of which are similar. [W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XII. 6/1] 


16. See Problem 18. 
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17. By Problem 34 it is enough to show that if ( N N, -<) is the set of all 
sequences of natural numbers with the lexicographic ordering, then there are 
continuum many disjoint subsets of N N similar to ( N N, -<) (recall also that 
R and (0, 1) are similar). For a 0-1 sequence e = (eo, ei, • • •) let H e be the set 
of all those sequences s = (no,ni, . . .) from n N for which n, = e, (mod 2). 
For different e’s these sets are disjoint, and it is obvious that each H e is 
similar to n N. In fact, if [a:] denotes the integral part of x, then the mapping 
f(s) = ([no/2], [m/2], . . .) establishes a monotone correspondence between A e 
and N N. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XI. 10. Remark] 

18. The mapping x arctanx is monotone and maps A into a similar subset 
A' of the interval (— ■ 7 t/2,7t/ 2). Hence for every a £ R the set A' — a is a set 
similar to A, and all these sets are different. This shows that there are at least 
continuum many subsets of R similar to A. 

Next let / : A — > R be any similarity mapping from A onto a subset of R. / 
can be extended to a nondecreasing real function F : select any point oo £ A, 
and set F(x) = inf x < a , aeA f(a) if x < a 0 and F(x) = sup x > ai aeA f(a) if 
x > ao- Clearly, from different /’s we get different F’s, so there is at most 
as many subsets of R similar to A as nondecreasing functions F on R, and 
by Problem 4.14, d) there are at most continuum many such functions. [W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XII. 6/2] 

19. Consider the Cantor set C, list the bounded intervals in R\C as Ji, I 2 , ■ ■ ., 
and let P n C /„ be a set consisting of n points. Let P be the set that consists of 
the points of the sets P n , of the endpoints of the intervals I n and of the points 
0,1. For an arbitrary subset X C C \ P of cardinality continuum consider 
the set X U P. Since C is of cardinality continuum and P is countable, the 
set C\P is of cardinality continuum, therefore there are 2 C such subsets. It 
is enough to show that if X, Y C C \ P are different subsets of C \ P (of 
cardinality c) , then X U P and Y U P are not similar. Let us assume that / 
is a similarity mapping from X U P onto YAP. Note that for any n there is 
exactly one pair a, b € X U P such that there are exactly n points in X U P in 
between a and b but for any a' ,b' £ X U P with a' < a and b <b' both sets 
(a', b) (~l (X U P ) and (a, b') fl(XuP) are infinite. In fact, this pair must be the 
one for which a,b £ P and (a, b) = I n , and then the portion of P in between 
a and b is exactly P n . Since the same is true of Y U B, it follows that every 
point of P n is a fixed point of / and it also follows that the same is true of the 
endpoints of the intervals I n , i.e., every point of P is a fixed point of /. But 
the set of the endpoints of the intervals I n is dense in C, hence P is dense in 
XU P and Y U P. Now if a monotone mapping fixes a dense set then it must 
be the identity mapping (see, e.g., the proof of Problem 21), hence X = Y, 
and the proof is complete. [W. Sierpinski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XI. 10/5] 
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20. See the second part of Problem 22. 

21. First observe, that the assumption implies that there can be only countably 
many pairs oi, in A such that a-z is a successor of ai. In fact, any element 
from b can belong to at most two such sets {01,02}, and B is countable. 
Thus, if we add all such pairs to B, then B remains countable, and with 
this we achieve that for any two elements 01,02 £ A with ai -< 02 there are 
61, 62 € B with a\ Ab\ -<bz A az- 

By Problem 26 there is a similarity mapping / from B onto a subset C 
of Q fl (0,1). Now for a £ A define F(a) = sup 6 ^ a] beB f(b). This is well 
defined since C C R is bounded, and we claim that it is monotone. In fact, 
if ai -< 02, then there are 61, bz £ B with a\ F b\ -< bz F az and with them 
.F(ai) < f(bi) < f(bz) < F(az). Thus, F maps {A, F) onto a subset of R in 
a monotone fashion, and we are done. [W. Sierpihski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XI.10/5] 

22. The set A = R is similar to B = (0, 1), but their complements are not 
similar. 

If, however, A and B are two countable dense subsets of R, then their 
complements are similar. In fact, by Problem 27 A and B are similar, and 
let / : A — >• B be a similarity mapping between them. If we set F(x) = 
sup Q<x a( _ A /(oj, then F is a strictly increasing monotone real function the 
range of which contains all points of the dense set B. Hence F cannot have 
any point of discontinuity (jump), so F is a monotone mapping from R onto 
R. The restriction of F to R \ A is mapping from R \ A onto R \B, and so 
these sets are similar. 

23. Let us enumerate the open subintervals of R with rational endpoints into 
a sequence Iq, 1 1 , .. . (cf. Problem 2.13), and for an arbitrary member G of M 
set f(G) = X)/-cg Since every open subset of R is the union of some 
J/s, it follows that if G\ . Gz C M. and G\ C Gz, then there is an Ij with 
Ij C Gz but Ij % G\ . This shows that /(Gi) < f(Gz), and so / is a similarity 
mapping from M. into R. 

24. Let {r n }^ =1 be an enumeration of the rational numbers, and for x £ R 
let F x = {0} U {1/n : r n < x}. This is a closed set of measure zero, and it is 
clear that if x < y then F x C F y . 

25. This is a special case of Problem 90, since out of two initial segments one 
of them includes the other one. 

26. Let (A. -<) be any countable ordered set. We may assume A to be infinite, 
and let A = {ao, ai, . . .} be an enumeration of the elements in A, and also 
select an enumeration Q D (0, 1) = {ro, rq, . . .} of the rationals in (0, 1). Now 
let /(ao) = ro, and if /(a*) have already been selected for i < n, then let 
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f(a n ) = r m , where to is the smallest index for which it is true that we have 
f(aj) < r m for exactly those 0 < j < n for which a, -< a n holds. Since 
Q fl (0, 1) is densely ordered, there is such an to, so this definition is sound. 
It is clear from the definition that / is a monotone mapping from A onto a 
subset of Q fl (0, 1). 

27. Follow the preceding proof with the following modification (this is the 

so-called back-and-forth argument). For each n we select subsets A n c A and 
Qn C Q and an f n : A n — » Q n monotone mapping in such a way that A n +i 
and Qn+i are obtained by adding one element a' n+1 £ A and r' n+1 € Q to A n 
and Q n , respectively, and f n +i is the extension of f n by setting /n+i ifln +\ ) = 
r' n+1 . Start from A 0 = {oo}, Qo = {ro}, fo(ao) = r o as before, and if Ai,Qi, fa 
have already been defined for i < n, then for even n let a' n+1 be the element 
afc in A \ A n with smallest index k, and let f n +i ( a n+i) = r m , where to is the 
smallest index for which it is true that we have / n (a) < r m for exactly those 
a € A n for which a ~< a' n+l holds, and set r' n+l = r m . However, for odd n let 
r' n+1 be the element r*, in Q \ Q n with smallest index k, and let to be the 
smallest index for which it is true that we have a' -< a m for exactly those 
a'j € A n , 0 < j < n for which holds, and set a! n+1 = a m . By the 

density of the sets A and Q and by the fact that neither of them has a smallest 
or largest element, the selection of a' r l+1 , r' n+1 above is possible, and by the 
construction Ofc € A n and € Qk for n > 2k. Thus, = A, U n Q n = Q. 

Now if we set f(a n ) = f 2 n+\ (drifa then, in view of the fact that the functions 
/o, /i, . . . extend each other, it follows that / is a monotone mapping from A 
onto Q.[G. Cantor] 

28. If the set {A, -<) is countable and densely ordered and does not have a 
smallest and largest element, then by the preceding problem it is similar to 
Q. The same is true of Q fl (0, 1), hence ( A , -<) is similar to Q fl (0, 1). If in 
{A, -<) there is a smallest element ao but there is no largest element, then 
the set {A \ {ao}, — <) is densely ordered and is without a smallest and largest 
element, hence, as we have just seen, it is similar to Q fl (0,1). But then 
clearly {A, -<) is similar to Q fl [0,1). In a similar fashion, if {A,~<) has a 
largest element but no smallest one, then it is similar to Q fl (0, 1], and if it 
has both, then it is similar to Q fl [0,1]. 

29. Let B be the set of countable ordinals with the usual ordering on the ordi- 
nals, and let A = Q x B with the antilexicographic ordering. Any nonempty 
proper initial segment of {A, -<) is an initial segment of Q x C, where C C B 
is a countable set. Now apply Problem 28. 

30. Let {A, -<) be the set of the countable ordinals with the usual ordering on 
the ordinals. Any uncountable subset B of (A, -<) is well ordered. By Problem 
42 one of A or B is similar to an initial segment of the other one. But both 
A and B have countable proper initial segments, hence the initial segment in 



192 


Chapter 6 : Ordered sets 


Solutions 


question must be the whole set. Therefore, in either case we get that A and 
B are similar. 

31. It is clear that the elements follow one another in the order: 

( 0 , 0 ,...), 

( 1 , 0 , 0 ...), 

( 0 , 1 , 0 , 0 ...), ( 1 , 1 , 0 , 0 ...), 

( 0 , 0 , 1 , 0 , 0 ...), ( 1 , 0 , 1 , 0 , 0 ...), ( 0 , 1 , 1 , 0 , 0 ...), ( 1 , 1 , 1 , 0 , 0 ...), 


and this is the same how the numbers 0,1,2,... follow one another. [W. 
Sierpihski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XII. 2/7] 

32. Let (A. -<) be the lexicographically ordered set of infinite 0-1 sequences 
that contain only a finite number of l’s. By Problem 2.9, c), {A, is count- 
able, and it has a smallest element, namely the identically zero sequence. 
It is also clear that ( A , -<) has no largest element. Thus, by Problem 28 
it is enough to show that {A, ~<) is densely ordered. Let x = (xq, x \,. . .) 
and y = (yo,yi,.--) be two elements in A with a '-Ay. Then there is an 
n such that Xi = t/j for i = 0, 1, . . . , n — 1, but x n = 0 and y n = 1. Set 
z = (x$,x \, . . . , x n -i, 0, 1, 1, 1, . . . , 1, 1, 1, 0,0, . . .), where the last 1 appears so 
far out that there the numbers in the sequence x are already all zero. For this 

2 we clearly have x -< z -< y, which proves that {A, -<) is densely ordered. 
[W. Sierpihski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XII. 2/7] 

33. To a 0-1 sequence €<&%,... associate the number 0.(2eo)(2ei) ... in base 

3 in the Cantor set. It is easy to see that this establishes a monotone corre- 
spondence between the lexicographically ordered set of infinite 0-1 sequences 
and the Cantor set. 

34. To a sequence s = (no, ni, . . .) of natural numbers associate the number 

1 _ 2“”0-l _ 2“ "0 — Hi — 2 _ 2~no-ni-n 2 -3 

This is a monotone mapping: if s ~< s' in the lexicographic ordering, then 
f(s) < f(s'). It is also clear that f(s) e [0, 1). Furthermore, if y e [0, 1), then 
1 — y can be uniquely written in the form 

1 -y = 2~ m ° + 2“ mi • • • , with 1 < m 0 < rm < m 2 < • • • . (6.1) 

In fact, select the integer mo according to 2 _m ° < y < 2 _mo+1 , then 0 < 
y _ 2 -mo < 2~ m o : hence if mi is chosen according to 2 -mi < y—2~ m ° < 2 mi , 
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then mi > too- Continuing this process we get the representation (6.1). But 
then it is clear that for s = (mo — 1 , toi — too — 1, m2 — m\ — 1, . . .) we have 
f(s ) = y, thus / is a mapping onto [0, 1). 


35. Associate with a sequence s = (no,— ni,ri2,— TI3,. . .) the value of the 
continued fraction 

f(s ) = 1 - - 1 


no + 1 + 


T11+1+ — 


On the right we have an infinite continued fraction, hence f(s) is irrational and 
lies in (0,1). Conversely, the continued fraction expansion of every irrational 
number is of the preceding form, hence / is a mapping from A onto (0, 1)\Q- It 
is also clear that if in two sequences s and s' we have no <n' 0 , or no = n' 0 and 
m > n\ (sic!), or no = n' 0 , ni = n[ and n 2 < n 2 or no = n’ 0 , n\ = n^, n2 = n' 2 
and n3 > n' 3 (sic!) etc., then f(s) < f(s') (note that by increasing the bottom 
denominator at a /c-level continued fraction built up from positive numbers 
increases the fraction if k is even and decreases it if k is odd, simply because by 
increasing the denominator in a fraction of positive numbers we decrease the 
fraction). Thus, / is a similarity mapping from (A, -<) onto (0, 1) \Q. But this 
latter set is similar to the set of irrational numbers. Indeed, (0, 1) is similar to 
R, say under a mapping /, hence (0, 1) \ Q is similar to R \ /[Q] where /[ Q] 
is a countable dense subset of R. Now just apply the second part of Problem 
22 to deduce that R \ Q and R\ /[ Q] are similar. [F. Hausdorff, Grundziige 
der Mengenlehren, Leipzig, 1914; Set Theory, Second edition, Chelsea, New 
York, 1962] 


36. In a well-ordered set there cannot be a decreasing infinite sequence, for 
then in the subset formed from the elements of the sequence there is no small- 
est element. 

Conversely, if the set ( A , -<) is not well ordered, then there is a nonempty 
subset B c A which does not have a smallest element, i.e., for any b € B there 
is a smaller element in B. But then we can select elements bo,bi,. . . from B 
such that each one is smaller than the previous one, and this 60, &i, • • • is then 
an infinite monotone decreasing subsequence of {A, -<). 


37. Apply the previous problem along with Problem 5.2. 


38. Apply the preceding problem and Problem 23. If U consists of closed sets, 
then consider complements with respect to R. 


39. If we had /(a) -< a for some a, then by monotonicity /(/(a)) A /(a), 
/(/(/( a ))) A /(/(a)), etc., i.e., a, /(a), /(/(a)), . . . would be a monotone de- 
creasing sequence, which is not possible in view of Problem 36. 

40. If {A, -<) and (B. <) are two well-ordered sets and /1 and /2 are similarity 
mappings from ( A , -<) onto (B, <), then o fi and /b 1 0 /2 are mappings 
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of ( A , -<) into itself. Hence by the preceding problem for every a we have 
a ^ / 2” 1 ° fi (a) and a ■< ff 1 o / 2 (a), which, when applying / 2 resp. /1 to 
both sides, yields / 2 (a) < /i(a) and /i(a) < / 2 (a), he., /i(«) = / 2 (a), and 
this shows that /1 and / 2 are identical. 

41. This is a consequence of Problem 39, for if the well-ordered set ( A , -<) was 
similar via a mapping / to a subset of a proper initial segment S' of it, and 
a £ S is a point outside S, then /(a) belongs to S, hence it is smaller than a, 
and by Problem 39 this is not possible. 

42. Let ( A , -<) and (B. <} be two well-ordered sets. Let A! be the set of all 
aSi such that the initial segment A a := {a £ A : a -< a} is similar to an 
initial segment C a of B. By the previous problem, this C a is uniquely defined 
by a. If for some a £ A we have C a = B, then we are done, so let us assume 
that this is not the case. Then B\C a has a smallest element that we denote 
by /(a). It is easy to see that C a = Bf ( a ) := {b £ B : b < f(a)}. 

In a similar manner let B' be the set of all b £ B for which the initial 
segment B b is similar to an initial segment D b of A. This D b is again uniquely 
determined by b, and we can assume again that D b 7 ^ A for any b £ B' . It is 
clear that for b £ B' we must have D b = A a for some a £ A ' , and f(a) = b. 
Thus, / maps A' onto B' . Since a similarity mapping maps an initial segment 
into an initial segment, it follows that both A! and B' are initial segments of 
A and B, respectively. 

Let f a be the similarity mapping from A a onto -B/( a ) (cf. Problem 40). 
Then for c-< a the restriction of f a maps A c into Bf a ^, hence, by the unicity 
of the B c , we must have f a (c) = f(c). But this means that /(c) = f a (c) < 
/(o), i.e., / is monotone. 

Thus, we have obtained so far that / : A' — > B' is a similarity mapping 
and so the claim follows if we can show that A! = A. If this is not the case, 
then the set A \ A' is not empty, and so it has a smallest element, say a'. As 
above, we get again that A' = A a >, hence A a > is similar (via /) to an initial 
segment (B') of B. But then we would have a' £ A ! , which is not the case, 
and so this contradiction proves that, in fact, A! = A. 

43. If (A, -<) and (B, <) are the two well-ordered sets, then by the previous 
problem, one of them is similar to an initial segment of the other one. Suppose, 
for example, that (B, <) is similar to an initial segment S of (A, -<). But we 
must have S = A, for otherwise ( A , -<), being similar to a subset of (B, <), 
would be similar to a subset of its proper initial segment S, which is not 
possible by Problem 41. Thus S = A, which means that the two sets are 
similar. 

44. Let (A, -<) be an ordered set, and let < be a well-ordering of A. Let B be 
the set of those elements b £ A which satisfy the property that b A a implies 



Solutions 


Chapter 6 : Ordered sets 


195 


b < a for every a £ A. Since on B the two ordering -< and < coincide, and < 
is a well-ordering, it follows that (B,a) is well ordered. 

In order to show that B is cofinal, let a £ A be arbitrary, and let b be the 
smallest element with respect to < of the nonempty set {a : a A a}. Then 
a A b, so if b A a we also have a A a, hence, by the choice of 6, we get that 
b <a. Since this is true for any a £ A, this b belongs to B, and since we also 
have a A 6, the proof is over. 

To see that the order type of (B, -<) can be made to be at most |£?|, just 
take the well-ordering of A above so that the order type of ( A , <) is |A|. The 
order type of ( B,A ) is the same as the order type of (B, <), and it is at most 
the order type of (A, <), i.e., at most |A|. 

45. Assume that (A, a) is an ordered set with the property in the problem. 

If A has a largest element a and A \ {a} is the union of countably many well 
ordered sets, then obviously so is A as well. Assume, therefore, that A has no 
largest element, and let Bbea well-ordered, cofinal subset of A (see Problem 
44). For every b £ B, let A b consist of those elements x of A for which this 
b is the least element y £ B with x A y. Then A = U{A ,) : b £ B} is a 
partition and if b A b' then x A x' holds whenever x £ A b , x' £ A b (i.e., 
(A, a) is the ordered union of the ordered set {(A b , a) : b £ B}). As A b is 
a subset of the initial segment determined by b, it is the union of countably 
many well-ordered sets: A b = Aq U A b U • • •. If we set A,; = U {A b : b £ B}, 
then on the one hand, A = A 0 U A\ U • • •, and on the other hand, A,, as the 
well-ordered union of well-ordered sets, is well ordered for every i = 0, 1, 

46. Suppose first that A does not have a largest element. Let ao be the smallest 
element of A and for a £ A let a + be the successor of a in A. By Problem 
26 there is a monotone mapping h : A — » Q n (0, 1). The mapping /(a) = 
sup ()<a h(b + ) (a ^ ao), /(ao) = 0 is monotone from A into Q D [0, 1) with the 
property that if a £ A, a ^ ao does not have a predecessor, then sup(, <a f(b) = 
/(a) (i.e., / is continuous in the order topologies). In particular, the union 
of the intervals [/(a), /(a + )), a £ A is [0,6), where 6 = sup ae ^/(a). Choose 
for each a £ A a monotone mapping g„ of {a} x [0, 1) onto [/(a)/6, /(a + )/6), 
and for (a, x) £ Ax [0,1) define g(a,x ) = g a {x). This is clearly a monotone 
mapping of A x [0, 1) onto [0, 1). 

If A has a largest element a max , then the only change in the above argument 
we have to make is to define both 6 and /(a+ ax ) to be 1. 

47. Let B be the set of countable ordinals with the usual ordering among 
ordinals, and let A be the ordered union of (0, 1) with the set [0, l)xfi (the 
latter with antilexicographic ordering). Every initial segment of (A, -<) is an 
initial segment of (0, 1) U [0, 1) x C with some countable set C C B, and this 
latter set is similar to (—1,0) U [0,1) by Problem 46. Thus, the nonempty 
proper initial segments of (A, -<) are similar to nonempty initial segments of 
(—1, 1), and hence they are similar either to (0, 1) or to (0, 1]. However, (A, a) 
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is not similar to a subset of R, for it includes an uncountable well-ordered 
subset: {0} x B (see Problem 37). 

In the second part of the proof we show the unicity. Let {A, -<) be an 
ordered set not similar to a subset of R, but for which all proper initial 
segments are similar to (0,1) or (0,1]. If {A, -<) had a largest element, then 
the proper initial segment determined by that element would be similar to 
either (0, 1) or (0, 1]; therefore, the set ( A , ~<) would be similar to either (0, 1] 
or (0, 1] U {2}, which is not possible. Thus, there is no largest element. Select 
a cofinal well-ordered set B = {6^}^ <Q ,, -< for £ < r) < a in (Ah) 

as in Problem 44. Then B does not have a largest element, and for each 
£ < a the interval = {a € A : b^ A a ~< frj+i} is similar to either 
[0, 1) or to [0, 1]. But actually, the latter is not possible, for then the proper 
initial segment {a : a A frf+i} would have a largest element which has a 
predecessor, therefore it would not be similar to either (0, 1) or to (0, 1]. In a 
similar fashion, the interval J = {a : a -< bo} is similar to (0, 1). Now ( A , -<) 
is the ordered union of the intervals J, /^, £ < a, just the same type that we 
gave in the beginning of the proof. The proof will be completed by showing 
that a = u>i, i.e., (B, -<) is similar to the set of countable ordinals, a cannot 
be countable, for then the just constructed ordered union would be similar 
to (0,1) (see Problem 46). But a > ui\ + 1 is not possible, either, for then 
the proper initial segment {a € A : a ~< b Ul } would include an uncountable 
well-ordered set ({&£}{<u>i)> and hence it could not be similar to either (0,1) 
or (0, 1] (see Problem 37). Thus, a = u\, and the proof is over. 


48. One direction is clear. Now suppose that there is a monotone mapping 
/ : {A, -<) — ^ ( A , -<) with f{x) ^ x, say x -< f(x). Define g : A — > A as 


g(y) 


y if y Ax, 

f ly) if xAy. 


It is clear that g is monotone, and its range omits x. 


49. Assume that x ~<y. x and y divide A \ {x. y} into three parts; let them be 
in the order of -K the sets X, Y, Z. Thus, A = X U {#} UbU {y} U Z. Suppose 
to the contrary, that y is not a fixed point of A \ {a;}. Then, by the previous 
problem, there is an order-preserving mapping f : A \ [x\ — > A \ {x, y}. 

We now consider three cases, and in each case we construct an order- 
preserving mapping g from A into either A \ {x} or A \ {y}, so x or y is not 
a fixed point for the set {A, -<), and this contradiction proves the claim. 

If f n (y ) € Z for some n > 1, then let 



z if z ~< y, 
f n (z) if y -< z. 


This g maps A into A \ {y\. 

If for some n we have f n (y) € X, then set 
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[ f n (z ) if z<x, 
g(z) = < f n (y) if z = x, 

[ z if x<z. 

This g maps A into A \ {x}. 

If, finally, for every n = 1,2,..., f n (y) £ Y is true, then let 

( \ _ j z if z -< f n (y) for every n, 

~ \ f(z) if f n (y) A z for some n. 

This g maps A into A \ {y}. 

50. Assume to the contrary that Xq, x±, . . . are different fixed points in ( A , -<). 
By the previous problem x n is a fixed point of A n = A \ { 2 : 0 , . . . , x n _i}, so 
(see Problem 48) for i < j the set (A,. -<) cannot be mapped by a monotone 
mapping into ( Aj , -<). But this contradicts Problem 60. and this contradiction 
proves the claim. 

51. Let A = {1 — l/j}j^=i U {1, 2, . . . , n}. A monotone mapping / : A -> A 
cannot map any of {1,2,..., n} into the set {1 — 1/ j}JL x . Thus, / maps 
{1, 2, . . . , n} into itself, and hence onto itself, and so the points 1,2 ,n are 
all fixed points. 

52. If (A, — <) does not have a subset similar to Q, then we can apply the 
reasoning from the Problem 50 referring to Laver’s theorem rather than to 
Problem 60. 

53. See Problem 1.20. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XI. 2] 

54. It is clear that -< is irreflexive. It is transitive, since if x -< y and y -< z, 
then there are sets E,F £ M with x £ E, y 0 E, y e F, z 0 F. Since one 
of E and F includes the other one, we must have E c F, hence x £ F but 
z £ F, and so really we have x ~< z. Finally, we show that -< is trichotomous. 
Suppose to the contrary that x ^ y are not comparable with respect to 
Then for every E £ A4 either both of them belong to E, or both of them 
belong to its complement. Now let M be the union of all those sets E e M 
that omit x. If F £ M. contains x, then it contains all sets in M. that omit x, 
so M c F. On the other hand, clearly all sets in M. that omit x are subsets 
of M. Hence M is comparable with respect to inclusion with every set in AT 
hence, by the maximality of A4 , we have M £ A4. Since x is not in M, we get 
that, y £ M. But then M U {x} is also comparable with every member of AT 
and as such, it would have to belong to AT which is not possible, for then it 
would have to contain y, which is not the case. This contradiction proves that 
any two elements are comparable. 
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Thus, -< is an ordering on X. It easily follows from what we have done 
above that the initial segments in (X, ~<) are the sets E € M. In fact, if y G E 
and x -< y, then we must have x £ E, so E is an initial segment. Conversely, 
if S is an initial segment of (X, -<), then, since any two initial segments are 
comparable via inclusion, S is comparable with any member of AT Hence by 
the maximality of A4 it has to belong to AT 

55. Let ( A , <) be an ordered set, and let A4 be the set of its initials segments. It 
is clear that the relation -< defined in the preceding problem and < coincide on 
A, thus it is left to show that A4 is a maximal family with respect to inclusion. 
Let M c Abe any set that is comparable with every member of A4, and let 
S be the union of all initial segments of (A, <) that are inluded in M. Then S 
is an initial segment such that S C M, and we claim that it is actually equal 
to M, and this will prove that M e AT If we had S ^ M, then we could 
select an element m € M\S. Consider now the initial segment {a : a < to}. 
Since this cannot be equal to M (otherwise to would belong to S), there is 
a b < m such that b £ M. But then the initial segment {a : a < m} is 
incomparable with M, since it contains b but omits to. This contradiction 
shows that actually we have S = M. 

56. Take as (A* , -<*) the product of ( A , -<) with itself with the lexicographic 
ordering. Let A* = B U C be an arbitrary decomposition. If there is a bo G A 
such that all (bo, a ) with a £ A belong to B, then these elements form a subset 
of A* similar to (^4, — <)- If, however, no such bo exists, then for every b € A 
there is an a = at, such that (6, at,) € C. But then the elements ( b , at,), b € A 
form a subset similar to (A, -<). 

57. Let {A, -<) be an infinite ordered set. By Problem 1 it includes an infinite 
monotone sequence. If (A, -<) includes an infinite decreasing sequence, then let 
us choose a well-ordered set ( B , <) of cardinality bigger than the cardinality 
of A. By Problem 36 the set (A, -<) cannot be similar to a subset of (B. <), 
and it is also clear that (B, <} cannot be similar to a subset of (A, -<) because 
it is of bigger cardinality than the latter. 

If (A, -<) includes an infinite decreasing sequence, then just reverse the 
order on B. 

58. According to the previous proof, one of N and Z \ N is suitable. 

59. For / = 1,2 , . . . , n consider the sets 

Ai = { — i, -i + 1, . . . - 1} U {-1 + 1/n, 1 - l/n}~ =1 U {1, 2, . . . n + 1 - *}. 

No (A,;, <) is similar to a subset of any other (Aj, <). Indeed, if 1 < j < i < n, 
then a monotone mapping / : At — > Aj should map the first i elements of At 
into the first j elements of Aj, which is not possible. For j < i work similarly 
with the n + 1 — i largest elements. 
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60. If ( Ai , — <i) , for some i = 1,2,... includes a densely ordered subset, then 
(Ao,-<o) is similar to a subset of ( , -<*) by Problems 26-28. If, however, 
neither of (Aj,-<j), i = 1,2,..., includes a densely ordered subset, then we 
can apply Laver’s theorem to them. 

61. Let ( A , -<) be a countable set, and for a, b € A set a ~ b if there are 
only finitely many elements between a and b. This is clearly an equivalence 
relation. By Problem 8 an infinite equivalence class C is similar to either Z, N, 
or Z\N. In each case we can omit an element c from C and the remaining set 
will be still similar to C , and this similarity relation can be extended (defining 
as the identity elsewhere) to a similarity from (A \ {c}, -<) to ( A , -<). 

Thus, if there is an infinite equivalence class, then we are done. If all 
equivalence classes are finite, then between any two equivalence classes there 
must be at least one other equivalence class; in other words if a, b belong to 
different equivalence classes, then there is an a -< c -< b that is not equivalent 
to either a or b (otherwise a and b were equivalent since their classes are 
finite). Thus, if we select one-one element from the equivalence classes, then 
the set S so obtained is densely ordered. Omit now any element s € S from 
S. The remaining set is still densely ordered, and so by Problems 26 and 28 
(A, -<) is similar to a subset of (.S' \ { ,s } , -<), and the proof is over. [B. Dushnik 
and E. W. Miller, Bull. Amer. Math. Soc., 46(1940), 322] 

62. See Problem 88. 

63. If the set is {A, -<), and it is well ordered, then we can just move the first 
element of the set to be last element. Then the set ( A , -<') so obtained is not 
similar to the original one. In fact, this is clear if (A, -<) does not have a largest 
element. If, however, it has a largest element, then the number of elements 
that are followed by finitely many elements is finite, say n (recall Problem 36, 
according to which if we start from the largest element in a well-ordered set 
and repeatedly take predecessors, then we get stuck in finitely many steps). 
But then in ( A , -<') there are (n + 1) elements with this property, and this 
proves that these two sets are not similar. 

Now let us suppose that (A, -<) is not well ordered. The union of well- 
ordered initial segments is clearly a well-ordered initial segment, so (A, -<) has 
a largest well-ordered initial segment S (which may be empty) . Then in A \ S 
there is no smallest element (otherwise we could add that smallest element to 
S). Now move any element s in A \ S to lie between S and A \ (S U {,s}). We 
claim that the set (A, -<’) so obtained is not similar to (A, -<). In fact, in a 
similarity mapping well-ordered initial segments are mapped into well-ordered 
initial segments, hence S would have to be mapped into S U { .s } , which is not 
possible as we have just seen it. [Z. Chajot, Fund. Math. 16(1930), 132-136; 
W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XIV.4/14] 

64. Just follow the preceding proof. 
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For removing one element the claim is not true: if we remove any element 
from N, the remaining set is still similar to N. 

65 . If ( A , -<) is an ordered set, then ( A , -<) x (Q, <} with the lexicographic 
ordering is densely ordered, and it clearly includes a subset (say the set of 
elements (a, 0 ) with a £ A) similar to (A, -<). 

66 . Let the ordered set be {A, ~<). Consider the set S of all the initial seg- 
ments of (^ 4 , -<) that do not have a largest element, and consider the inclu- 
sion ordering on S. To every a £ A we can associate the initial segment 
S a '■= {x ■ x < a}, and this mapping a i— > S a is clearly monotone. Thus, it is 
sufficient to show that (S, c) is continuously ordered and that {S a : a £ A} 
is a dense subset of it. Let S = Si U S2 be a disjoint decomposition of S in 
such a way that each initial segment in <Si is a subset of any initial segment 
in c?2, and let S be the union of all initial segments in <Si . S is again an initial 
segment of ( A , -<) without largest element, hence it belongs either to <Si or to 
<f>2. In the first case it is clear that S is the largest element in Si, and in the 
second case it is the smallest element in S2 ■ It is not possible that simultane- 
ously <Si has a largest element Si and S2 has a smallest element S2. In fact, 
then there would be a point a £ S2 \ Si, and since S2 does not have a largest 
element, there would also be another point b £ S2 with a <b. But then the 
initial segment Sb would lie strictly between Si and S2, which is not possible. 
This proves that (S, c) is continuously ordered. 

Now let Si C S2 be two initial segments in S, and let b £ S2 \ Si. Since 
S2 does not have a largest element, there is a point a £ S2 with b ~< a. 
Now the initial segment S a lies strictly between Si and S2 (b £ S a \ Si and 
a £ S2 \ S a ), which proves that {S 0 : a £ A} forms a dense subset of (S, c). 
[W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965 , XI. 9 . Theorem 1 ] 

67 . Let {A, <) and ( B , -<) be two continuously ordered sets such that some 
dense subsets A' c A and B’ c B are similar. Let / : A' — > B' be a similarity 
transformation between these two sets, and for any a £ A let 

Bi = {y £ B : y ~< f(x) for some x £ A', x < a}. 

Then Bi is a proper initial segment in B, hence either in Bi there is a largest 
element, or B \ Bi contains a smallest element. For any x < a there are 
elements from A ’ between x and a, hence no y can be a largest element in Bi 
(for if y £ Bi and y -< /( x) with x £ A' , x < a, then f(x) also belongs to Bi 
by what we have just said). Thus, B\Bi must contain a smallest element, 
which we denote by F(a). It is easy to prove that F is a monotone mapping 
from A into B and extends /. It is left to prove that it is a mapping onto B. 

Now do the same reversing the role of A and B and with the mapping 
/ -1 : B' — > A! . We get that / -1 has a monotone extension G : B A. Now 
GoF is a monotone mapping of A into itself that extends / -1 of, i.e., it fixes 
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the dense set A'. Hence G o F is the identity on A. In a similar fashion, F o G 
is the identity mapping on B, hence G is the inverse of F. As a consequence, 
{A, a) and (B, <) are similar. [W. Sierpihski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XI.9. Theorem 2] 

68. Let {B, a) be continuously ordered such that it contains at least two 
points. Selecting the terms in the sequence B ' = {ao, oi, • • •} one by one, we 
can easily construct a countable densely ordered subset B' of (A, a). Now 
repeat the procedure in the solution of Problem 67 with the role A = R and 
A' = Q. The mapping F constructed there will be a monotone mapping from 
R into (B, <) (now we cannot claim that it is onto, since we do not repeat 
the process starting from B). [W. Sierpihski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XI. 10/6] 

69. The nested property of the intervals implies that ao A ai A ■■ ■ and 
boh bih and each bj is bigger than any a*,. Now let S = (c £ A : c A 
a n for some n £ N}. Then either in S there is largest element a or in A \ S 
there is a smallest element a. In either case a is a common points of all the 
closed intervals A n . [W. Sierpihski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XI. 5/3] 

70. Let (B, <) be the set of the countable ordinals with the standard ordering 
on the ordinals and let (B*,<*) be an ordered set that is similar to the 
ordered set that we obtain when we reverse the ordering on B, and also for 
which B* C\B = $. We choose ( A , a) as the ordered union of the sets (in this 
order) B x [0, 1) and B* x [0, 1) (which are equipped with the lexicographic 
ordering). It is clear that {A, a) is not continuously ordered, since A = (B x 
[0,1)) U (B* x [0,1)), every element of B x [0,1) precedes every element of 
B* x [0, 1), but there is no largest element infix [0,1), nor a smallest element 
in B* x [0, 1). 

It is easy to see that every subset G ^ % of B x [0,1) has a greatest lower 
bound. In fact, if £ is the smallest ordinal with the property that there is an 
y £ [0,1) with (C,y) € C, and if x = inf{y : (£ ,y) £ C }, then clearly (C,x) 
is the greatest lower bound of C. Furthermore, every sequence 

{(Cru-'Cn) ; C n & B, X n £ [0, 1), 71 = 0, 1, . . .} 

has a smallest upper bound. In fact, since there is a countable ordinal bigger 
than every the sequence {(£„, a;„)}^L 0 is bounded from above infix [0, 1). 
But then the smallest upper bound is just the greatest lower bound of all the 
upper bounds. 

In a similar manner, every sequence in B* x [0, 1) has a smallest upper 
bound and a greatest lower bound, and it immediately follows that (A, -<) also 
has this property. Thus, if A„ = {c : a n A c A b n } is a sequence of closed 
intervals in A, and a is the smallest upper bound of the sequence {a n }/L 0 , then 
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a belongs to all the sets A n . [W. Sierpinski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XV. 1] 

71. Suppose that B and C are subsets of an ordered set, BuC is not scattered, 
but B is. Then BuC includes a densely ordered subset D. But D n B is not 
densely ordered, so there are two elements b, d in it such that there are no 
further elements from D n B between b and d. However, in a densely ordered 
set the elements lying in between two given elements form a densely ordered 
set, hence the elements from C that lie between b and d form a densely ordered 
set, and so C is not scattered. 

72. First suppose that the closure A of A C R is not countable. Then by 
Problem 2.11 there is a point a £ A such that each of the sets A n (— oo, a) 
and A n (a, oo) is uncountable. Since a £ A is the limit of points in A, the 
solution to Problem 2.11 also gives that we can actually select a from A. 

Thus, if A is such that its closure A is uncountable, then there is a point 
ao £ A such that the closure of both A n (— oo,do) and of A n (do,oo) are 
uncountable. Apply this separately to the sets A n (— oo, do) and A n (do, oo); 
we obtain points di,d2 £ A such that a\ < do < d2 and the closure of 
each of the sets A n (— oo, di), A n (di, do), A n (do, 02), and A D (d2, 00) is 
uncountable. Now apply the same reasoning separately to these sets, then we 
get d3,d4,d5,d6 £ A such that d3 < m < d4 < do < ns < d2 < a 6, etc. It 
is clear that this way we get a densely ordered subset of A, hence A is not 
scattered. 

Conversely, suppose that A is not scattered, i.e., it has a densely ordered 
subset, which we can continue to denote by A. Let do < 60 < b\ < di be 
points from A, then select points do < doo < 600 < &01 < a oi < b 0 and points 
61 < dio < b 10 < b\\ < an < di from A, then for each i, j = 0,1 with ay < bij 
select four points a,;,- < a^o < bij 0 < bij 1 < ayi < bij from A, and for each 
i,j = 0,1 with b^ < a,ij select four points bij < a^o < bijo < bij j < a %ji < 
dij from A, etc. This process can be continued indefinitely due to the dense 
ordering on A. Now if e = (eo,ei, . . .) is an arbitrary infinite 0-1 sequence, 
then consider the number 

x e = liminf n eie2 ... e „. 

If = (cqc) . . .) is a different sequence, for example, eo = e' 0 , . . . , e n = e' n but 
e n +i = 0 and e' n+1 = 1, then 

X e < b eo ...e n 0 < be’ 0 ...e’ n l < X*' ■ 

Thus, the numbers x e are all different. Since they all belong to the closure of 
A, we obtain that this closure is of cardinality continuum (see Problem 4.2), 
and this proves the sufficiency of the condition. 

73. The necessity of the condition is clear from the preceding problem: if 
eo,€i, . . . are given, then, since the closure A of A is countable, we can enu- 
merate its points in a sequence, and by covering the itli point with an open 
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interval Jj of length e, we get a cover of A. But this set is compact, so we can 
select a finite subcover UjL 0 Ij, and this proves the necessity. 

Conversely, suppose that A is not scattered, and consider points oo < bo < 
bi < oi, ao < ooo < boo < boi < aoi < bo, b\ < aio < 610 < bn < an < ai, 
etc. selected in the preceding proof. Let €j be smaller than all the distances 
between all the points (i au ...a jm , b ao ... ajm , where ao, - ■ ■ , aj m run through all 
possible choices of 0’s and l’s (in other words, t :) is smaller than the short- 
est distance between points at the (j + l)th level). We claim that then there 
is no natural number N such that A can be covered with some intervals 
Io, Ji, . . . , In of length /, = e,. In fact, suppose that Io ,I\, . . . are inter- 
vals with \Ij\ = e-j . In what follows [a, b] denotes the interval [a, b] if a < b 
and the interval [6, a] if b < a. By the choice of eo, if Io l~l [ao, bo] 7^ 0, then 
Io l~l [ai,&i] = 0, and conversely, if Io C [ai,6i] ^ 0, then I 0 (~l [ao,£>o] = 0- 
In other words, Io does not intersect one of the intervals [ao,6o] and [ai,6i], 
say Io does not intersect [a O0 , b ao } . In a similar fashion, I\ does not intersect 
one of the intervals [o a0i o, & ao ,o] and [a a0) i, 6 a0) i], say I\ does not intersect 
kooi^aoai]' Note that [a aoai ,b aoCtl ] is part of [a ao b ao ], so I 0 does not in- 
tersect this interval, either. We can continue this process and find that for 
each n there is a subinterval [a Q:o ... Qn , 6 ao ... ar J such that neither of /q , . . . I n 
intersects this interval. Since this process can be carried out indefinitely, there 
cannot be an N such that the intervals Iq, I\ , In cover A. 

74. Assume to the contrary that q i->- f q is an order-preserving injection of 
Q into {H(a),~<). Let do < a be the least ordinal that occurs as the largest 
ordinal where some f qo , f q / with qo < q' 0 differ. Now choose rational numbers 
Qo < Qi < Qi < Qo- Then all the functions f qo , f q ' Q , f qi , / g ' agree above do and 
some two at /3o, too. Hence for these two functions the largest difference would 
have to occur before do> but this contradicts the choice of do- [P- Komjath 
and S. Shelah] 

75. The product of {A, -<) and (B, <) is similar to the ordered union with 
respect to {B,<) of disjoint copies of {A, -<), hence this statement follows 
from the next problem. 

76. Suppose ( A , -<) is the ordered union of the scattered sets {Ah, -<(,) with 
respect to the scattered set ( B , <), and suppose that there is a densely ordered 
subset C C A of A. Consider the set 

Be = {b : a& £ C for some a{, £ Aj,}. 

This cannot have a densely ordered subset, so there are two elements 61, 62 € 
Be such that there are no further elements from Be between them. The 
elements a € C with ~< a ~< ai, 2 form a densely ordered set, but all such 

elements are from the sets Af n and A;, 2 , and by Problem 71, Af n U A(, 2 does 
not have a densely ordered subset. This contradiction proves that a densely 
ordered subset C cannot exist. 
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77. Let {A, -<) be any ordered set, and for x,y £ A let x ~ y if the interval 
determined by x and y is scattered (i.e., for example, for y -< x the interval 
{a £ A : y ~< a ~< x} is scattered). It easily follows from Problem 71 that 
this is an equivalence relation. It is also clear that every equivalence class is 
scattered, and if C and D are two different equivalence classes, then either all 
elements in C precede all elements in D or vice versa. Thus, there is a natural 
ordering -<* on the set A* of equivalence classes coming from the ordering -<. 
Furthermore, if C and D are two equivalence classes then there must be an 
equivalence class between them, for otherwise C U D would be scattered by 
Problem 71, and so it would be part of a single equivalence class. This means 
that the set of equivalence classes is a densely ordered set. But it is clear that 
{A, -<) is the ordered union of the equivalence classes (with the ordering -< 
restricted to them) with respect to the densely ordered set {A*,~<*), and this 
proves the claim. 

78. Let ( A , -<) be an ordered set. Follow the preceding proof, just replace 

“scattered” everywhere by “belongs to E" . The proof remains valid if we 
show that every equivalence class belongs to E . Let E be an equivalence 
class, a £ E, E + = {b £ E : a -< b} and E_ = {b € E : b ~< a}. 
It is sufficient to show that E± belong to E, for then E, as the ordered 
union of E-, {a}, E + , also belongs to E. If E + has a largest element b, then 
b ~ a, so the definition of ~ shows that E + £ E. Suppose now that E + 
has no largest element. Let be a well-ordered cofinal subset of E + 

(see Problem 44). Since any two a^,a^ (£, ( < a) are equivalent, the interval 
[a^, 0 £ + i) = {b £ A : a,£ Ab -< a^+i} belongs to E. But E + is a well-ordered 
union of the sets (a, ao)>[ao> ai)> • • -5 [«£> a^+i), a, hence it belongs to 

E. 

The proof that E_ belongs to E is similar if we use a reversely well-ordered 
coinitial subset of it. 

79. First of all, by Problem 76 every set in O is scattered, hence it is enough 
to prove that every scattered set is in O. 

It is clear that the family E = O satisfies the hypothesis in the preceding 
problem (prove by induction that O is closed for forming subsets, as well). 
Thus, if (T, -<) is scattered, then either it belongs to O, or it is similar to an 
ordered union of nonempty sets in O with respect to a densely ordered set. But 
the latter would mean that (T, -<:) includes a densely ordered set (just select 
one-one point from each summand), which is impossible. Hence {A, -<) £ O, 
as was claimed. [F. Hausdorff, Grundziige der Theorie der Geordnete Mengen, 
Math. Ann., 65(1908), 435-505] 

80. Let E be the family of ordered sets that can be embedded into one of the 
( H(ot ), -<:). By Problem 74 all these sets are scattered, hence it is left to show 
that every scattered set is in E . Note that E is closed for well-ordered and 
reversely well-ordered union. In fact, suppose that each {A^. <^), £ < 7 , can be 
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embedded into some ( H(a g), -<). Selecting an a bigger than all a^, £ < 7, we 
may assume a^ = a for all £, and then the ordered sum of the sets ( H(a ), <^), 
£ < 7, is similar to the product H(a) x 7 with the antilexicographic ordering. 
Thus, it is enough to prove that this product can be embedded into H(a + 7). 
But that is easy: map a pair (/, (3) with f £ H(a) and (3 < 7 into the function 
g £ H(a + 7) that agrees with / on the set a, and in the interval [a, a + 7) 
it is everywhere zero except at a + f3 where it is 1 (and this one is the last 
nonzero element of g). It is easy to see that this is an embedding of H(a) x 7 
into H(a + 7). 

The proof that T is closed for reversely well-ordered unions is the same, 
just use the value —1 instead of 1 as a last nonzero element in the embedding. 

Thus, the family T satisfies the hypothesis in Problem 78, and hence if 
(. A , <) is a scattered set, then either it belongs to T, or it is similar to an 
ordered union of nonempty sets in T with respect to a densely ordered set. 
This latter one is impossible (cf. the end of the solution to the preceding 
problem), hence (A, <) £ 3F as was claimed. [P. Komjath and S. Shelah] 

81. We are going to show that there is an ordered set (A. -<) with countable 
intervals and smallest element such that every ordered set with countable 
intervals and smallest element is similar to a subset of (A, -<). This will already 
solve the problem. In fact, let (A*, -<*) be the ordered set that we obtain by 
replacing every element a in A by an element a* from a disjoint set A* and 
let a* -<* b* be precisely if b -< a (in other words, we take the reverse ordering 
of (A, -<)). It is clear that every ordered set with countable intervals and 
a largest element is similar to a subset of (A*,-<*). Now let (A, -C) be the 
ordered union of (A*, -<*) and (A, -<), in which every element of A* precedes 
every element of A. We claim that every ordered set ( B , <) with countable 
intervals is similar to a subset of (A, <C). Choose an element bo £ B, and 
consider the sets B\ = {b £ B : b < b 0 } and B 2 = {b £ B : b 0 < b}. Then 
B 2 has a smallest element and countable intervals, so it is similar to a subset 
of (A, -<}. In a similar fashion, B\ is similar to a subset of (A*, -<*), and since 
the elements in B\ \ { 60 } precede the elements in B 2 , these two facts show 
that ( B , <) is similar to a subset of (A, <C). 

Thus, it is enough to construct (A, -<). Let u)\ be the set of countable 
ordinals with the standard ordering on the ordinals, and let (A, -<) be the 
product Wi x (Qfl [0, 1)) with the lexicographic ordering. Clearly (0, 0) is the 
smallest element in (A, ~<). If (£, r) £ A is any element, then, since there are 
only countably many smaller ordinals than £, we have that the set of those 
elements in A that are smaller than (£,r) is countable (cf. Problem 2.2). This 
shows that (A, -<) has countable intervals. 

Now let ( C , <) be any set with smallest element Co and countable intervals. 
If C has a largest element, then it is countable by the countable interval 
property, and on applying Problem 26 we can immediately see that then 
( C , <) is similar to a subset of {0} x (Q D [0, 1)). Thus, in what follows we are 
going to assume that C does not have a largest element. 



206 


Chapter 6 : Ordered sets 


Solutions 


By Hausdorff’s theorem (Problem 44) there is a well-ordered cofinal subset 
B of C. Let B = [b a : a < 7} be the increasing enumeration of B. Clearly 
we must have 7 < Decompose C as C =V3{C a : a < 7}, where x G C a: if 
and only if b a is the least element of B that is grater than x. Then each C a is 
a countable set and C is the ordered union of them. By Problem 26 (C a , <) 
can be monotonically embedded into {a} x (Q n [0,1)), and these together 
give a monotone embedding of (C, <) into 7 x (Q n [0, 1)), which is a subset 
of wi x (Q n [0, 1)). 


82. Let k be the largest exponent of 2 in the expansion of ni in base 2. Then in 
the expansion of any rq in the appropriate base bi (it is [i/2] + 2) the highest 
exponent of bi is at most k. Thus, if the coefficient of (fr,)- 7 in this expansion 
is c^\ then 




c (0 
c k- 1 ’ 


• > C 1 ) 


is an element of the set N fc+1 , which we order by the lexicographic ordering 
It is clear that if n 2 i-i > 0, then c/ 2 0 = c^ 2 * _1 \ and it is easy to see that 
c (2i+i) c (2l > . Thus, {c (2 0}j is a decreasing sequence in N fc+1 , and since the 

latter set is well ordered, it cannot be infinite, i.e., there must be an i with 

rq = 0. 

The proof of part (b) is identical. 


* * * 

83. Let {A, -<) be densely ordered. It is sufficient to show a coloring of A by 
red and blue in such a way that elements of either colors form a dense subset 
of A. Let {a a } a<K be an enumeration of the elements of A into a transfinite 
sequence of type k = \A\. The coloring is done by transfinite recursion on this 
enumeration: if {ap : 0. < a} is already colored, then let a a be red if in the 
ordered set {{ap : 0 < a}, -<) the element a a has both a successor and a 
predecessor and both of them are blue, otherwise let the color of a a be blue. 
We claim that this is an appropriate coloring. Let a ~<b be two elements in 
A and let us show that there is a red element in between them. Let a 7 ,ag, 
7 < <5 be the two elements with smallest index lying in between a and b, and 
then let a a be the element with smallest index a lying in between a 7 and a$. 
If either a 7 or a$ is red, then we are ready. Otherwise in {{cap : 8 < a }, -<) 
the element a a has a predecessor and a successor (these are a 7 and ag) and 
both are blue, hence a a is red. 

In a similar fashion, if either a 7 or ag is red, then necessarily a a is blue, 
hence there is a blue element in between a and b. [I. Juhasz] 

84. Let {A, <) be the ordered set, and set a ~ b if there are only finitely 
many elements in between a and b. This is clearly an equivalence relation, 
and every equivalence class C is either finite or similar to either Z, N, or 
Z \ N. Hence we can color alternately the elements of any equivalence class 
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C consisting of at least two elements by red and blue so that in between any 
two elements of the same color there is an element with a different color. 
Between equivalence classes let -<' be the natural ordering inherited from < 
(i.e., Ci -d C2 if for some — and then for all — ci G Ci and C2 € C2 we have 
ci < C2), and let B be the union of all the equivalence classes consisting of 
more than one point. This set is already colored. Color the set A \ B by the 
method of the preceding problem: if {a a } a<K is an enumeration of A\B, and 
if we have already colored the subset {03 : /3 < a}, then let the color of a a 
be red if it has a blue predecessor and successor in {<2.3 : /3 < a}, otherwise 
color it blue. We claim that this is a good coloring. 

Let a, b be two elements belonging to the equivalence classes C a and C, . 
If C a does not have a largest element or Cb does not have a smallest element, 
then there are points of both colors in between a and b. The same is true 
if there is an equivalence class of size > 2 in between C a and Cb ■ In the 
remaining case there are only one-element equivalence classes in between C a 
and Cb, and the elements of these form a densely ordered set. Hence, by the 
proof of the preceding problem, both colors occur among these elements, and 
we are done. [I. Juhasz] 

85 . Let ( A , -<) be an ordered set of the following structure: there is a largest 
element ao and a decreasing sequence . . . -< ai -< ao such that the interval 
{a G A : a n+ \ A a -< a n ) has order type oj n , and these intervals together 
with {ao} cover the whole set. Assume that B, C C A are different nonempty 
initial segments and / : B — »• C an isomorphism. There is an n < ui with 
a n G B n C. In A, and therefore also in B and C, a n is the largest element, 
which is the supremum of a subset of type u) n and this implies that f(a n ) = a n . 
But then / is an isomorphism between the parts of B and C consisting of the 
elements that are larger than a n , which is impossible, as they are distinct 
initial segments of the same well-ordered set. 

86 . Let A be the set of all limit ordinals smaller than uq, and for all a G A 
fix a strictly increasing sequence ao < oti < ■ ■ ■ of ordinals with supremum a. 
Let us also agree that in this proof a n ,(3 n , etc., mean the corresponding terms 
in the sequence associated with a, /?, etc. For a 7 ^ 0 let a -< fi if a n < fj n for 
the smallest natural number n for which a n 7 ^ (i n . This is clearly an ordering 
on A. We claim that this ordered set cannot be represented as a countable 
union of its well-ordered subsets, but every uncountable subset includes an 
uncountable well-ordered subset. 

Since A is stationary in uq, and a countable union of nonstationary subsets 
of uq is nonstationary, the fact that A cannot be represented as a countable 
union of its well ordered subsets follows if we show that no stationary subset 
X of A is well ordered under Let Y | = X, and suppose that we have 
already defined Y n _ 1, and it is stationary in uq. The mapping f n ( a) = a n is 
regressive on Y n ~\ , hence by Problem 20.16 there is a S < uq, such that the set 
of those a G Y n _ 1 for which f n (a) = 6 is a stationary set in uq. Let S rl be the 
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smallest such ordinal, and set Y n = {a £ Y n -i '■ a n = <5 n } ■ This completes 
the definition of the sequences Vo 3 F] 3 • • • and the ordinals <5o < Si < ■ ■ 
By definition, the set of those a £ Y n _ i for which a n < 6 n is nonstationary, 
so if we omit all these elements from X for all n, then the remaining set X' 
is still stationary. Let 6 be the supremum of the <5 n ’s. Then 5 is a countable 
ordinal, so there is a 7 £ X' bigger than S. Note that for a, (3 £ Y n we have 
a 0 = Ad = <5 0 , oil = . . . ,a n = (3 n = 5 n , and since sup n S n < 7, there 

is a smallest n = no, such that S no ^ j no . Thus, 7 £ Y n „ _ 1 , and since in 
forming X' we have omitted all elements a from Y ng _ 1 for which a no < S no , 
we must have 5 no < 7 „ 0 . All these imply that 7 is bigger than all elements of 
Y„ 0 with respect to 

What we have proved is that if X C A is stationary then there is an 
element 7 0 £ X such that there is a stationary subset X- t = Y no of X the 
elements of which are smaller than 7 0 with respect to Now repeat this 
process with X\ = Y no . Then we get a stationary set X 2 C X\ and an ordinal 
7 1 £ X\ such that 7 1 is strictly larger (with respect to -<) than any element 
in X\. Clearly 7 1 -< 7 0 , and if we continue this process indefinitely, then we 
obtain an infinite monotone decreasing sequence . . . -< 7 1 A 7 0 in X, so X is 
not well ordered. 

Next we show that every uncountable subset X of A has an uncountable 
well-ordered subset. Consider the sets 

H m = {(ao, Oii, ■ ■ ■ , a m ) : a £ X}. 

All these sets cannot be countable, for then there was a countable ordinal v 
with the property that a n < v for all a £ X and all n, but then this would 
imply by the definition of the sequences {a n } that all ordinals in X would be 
at most v, and this is not the case. Thus, there is an m = too such that the set 
H mo is uncountable. For every s = (so,si , s mo ) £ H mo choose an o s £ X 

TOo + l 

with (cC)o = So, • • •, (a s )mo = s mo- The H mo is part of uq x uj\ x • • • x uq 
and this latter set is well ordered with respect to lexicographic ordering, hence 
H mo is also well ordered with respect to lexicographic ordering. But this then 
means that the elements {cC} se ir mo are also well ordered with respect to the 
ordering so we have found an uncountable well-ordered subset of X . 

87. We shall construct the sets A and B so that they will be dense in R. The 
key to the construction of A and B is the observation that any monotone 
mapping of d or 5 into R can be extended to a (strictly) monotone real 
function (see the solution to Problem 18 and observe that if the domain of / 
is a dense set and / is strictly increasing on its domain, then the extension of 
/ will be strictly increasing) and that the number of increasing real functions 
is continuum (see Problem 4.14, d)). Thus, let f a , a < c be an enumeration 
of the strictly increasing real functions. By transfinite recursion we define 
increasing sets A a , B a of cardinality at most (|a| +Hq) as follows. Set Aq = Q. 
Bo — Q- Suppose we already know A 1 and B 7 for 7 < a. If a is a limit ordinal, 
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then let A a and B a be the union of these A 7 and B 7 sets, respectively. If a is 
a successor ordinal, say a = /3 + 1, then consider the functions /|, £ < a and 
the set 

Since Ap and Bp are of cardinality at most |a| + Ko, this H a is also of car- 
dinality at most |a| + Ko- Thus, there is a number ap £ R \ H a , and let 
A a = Ap U {ap} and B a = Bp U {bp}, where bp is any number outside the set 
Bpu(u s<a fe[A a ]y 

Finally, set A = U a<c T Q and B = U a<c B a . It is clear that if / : A — > R 
is monotone, then / is the restriction of some /j, £ < c to A, and then for 
a > £ we have 

/M = feta*) # B- 

thus, / can map only a subset of A of cardinality smaller than continuum into 
B. 

88. We shall construct a set X of cardinality continuum with the desired prop- 
erty. Similarly as in the preceding proof we use that any monotone mapping 
of X into itself can be extended to a nondecreasing real function (see Problem 
18), and the number of nondecreasing real functions is of power continuum 
(see Problem 4.14, d)). We can actually discard all those nondecreasing func- 
tions that have a range of cardinality smaller than continuum, since they 
cannot establish a monotone mapping of X into itself. Thus, let f a , a < c be 
an enumeration of those nondecreasing real functions that assume continuum 
many different values, and that are not the identity. By transfinite recursion 
we define disjoint sets X a , Y a of cardinality at most |a| as follows. Set Xq = 0, 
Yo = 0. Suppose we already know X., and Y y for 7 < a. If a is a limit ordinal, 
then let X a and Y a be the union of these X, and Y 7 sets, respectively. If 
a is a successor ordinal, say a = 0 + 1, then consider the function fp. The 
range of it is of power continuum, thus there is an xp 0 Xp U Yp such that 
fp(xp) 0 Xp (note that there are c values satisfying the second property, and 
all but < c of them satisfy the first one, as well). Set X a = Xp U {xp} and 
Y a = Yp U {fp{xp)}. 

Finally, set X = U a<c X a . It is clear that if / : X — » R is monotone and 
not the identity function, then / is the restriction to X of some f a , a < c, 
and then f(x a ) = f a {x a ) £ Y a+ 1 C R \ X thus / is not mapping X into X. 

89. Exactly as in the proof of Problems 57 and 58, either k with the usual 
ordering on the ordinals, or k with the reverse ordering is suitable (according 
to whether the ordered set includes an infinite decreasing sequence or not). 

90. It is enough to show an ordered set (B, -<) of cardinality bigger than k and 
a dense subset A c B in it of cardinality n. In fact, then every element b € B 
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determines the initial segment Sb = {a £ A : a ~< b} of {A, -<), hence ( A , -<) 
has more than k initial segments (note that for bi 7^ 62 the initial segments 
S’bj and Sb 2 are different by the density of A in B). 

Let p be the smallest cardinal for which k p > k. We have p < k (see Prob- 
lem 10.16). Let ( B , -<) be the set p k of mappings / : p — > k with lexicographic 
ordering and let A C B be the set of mappings / : p — >• k for which only less 
than p elements are mapped into a nonzero element. The cardinality of B is 
k p > k, while the cardinality of A is at most '}Z a<p = YL a<P k = Kp = k, 
and it is clearly at least k, so \A\ = k. Finally, it is easy to prove that A is 
dense in B, and we are done. 

91. For finite k the statement is clear, and for an infinite one consider the 
ordered set from the previous problem and the initial segments discussed 
there. 

92. Let {H a } a<v be a family of subsets of a set X of cardinality tt well 
ordered with respect to inclusion: H a C Hp if a < (3 < v. Then for every 
a < v, except perhaps for the ordinal immediately preceding v, there is an 
element x a £ H a+ i\H a , and it is clear that for a < fi the elements x a and xp 
are different (x a £ Hp, but xp Hp). Thus, the mapping a 1-4 x a is a 1-to-l 
mapping of v into X (if v has a largest element p then a 1-to-l mapping of 
v \ {/x} into X), hence v is of cardinality at most k. 

93. Suppose to the contrary that a family {f a : « < k + } of more than k 

elements of Kj k are well ordered: f a -< /-, for a < 7 < k + , where -< denotes the 
lexicographic ordering. The sequence {f a ( 0) : a < k + } is a weakly (i.e., not 
strictly) increasing sequence of ordinals smaller than k, so it stabilizes from 
some point onward: fp(0) = <?(0) for all k + > £ > ^0 with some 3(0) < k and 
£0 < k + (recall that k 2 = k, therefore there must be a value 7 < k and a 
set A c k + of cardinality kA such that 0) = 7 for all (el, but then the 
weak monotonicity gives for the smallest element £0 of A that /t( 0) = 7 for all 
£ > £0). Restricting to these functions, the sequence (/ Q (l) : ^0 < a < k + } is 
a weakly increasing sequence of ordinals smaller than n, so again /^( 1) = g(l) 
for k + > £ > with some g(l) < n and < k + . Proceeding by induction, we 
get the values g(a ) < k and < k + for all a < k such that f^(a) = g(a) for 
£ > £ a (note also that the supremum of at most k ordinals each smaller than 
k + is smaller than k + , so we never get stuck). But then £* = sup{£ a : a < k} 
is an ordinal smaller than k + and the functions {/^ : ^ < k + } are all 

equal to g, which is absurd. This contradiction proves the claim. 

94. Let A C T. By transfinite recursion we define an element g : k — > {0, 1} 

of T which will be the least upper bound of the elements in A. Let g(0) = 1 
if there is an element f £ A with /( 0) = 1, otherwise let <7(0) = 0. If </(£) 
has already been defined for £ < rj, and there is an element f £ A such that 
/(0 = g(£) for all £ < rj and /(r?) = 1, then let g(rj) = 1, otherwise set 
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g[rj) = 0. It is easy to see that the g we obtain this way is an upper bound 
for the set A, and it is smaller than any other upper bound. 

The proof of the existence of a greatest lower bound follows the same lines 
or apply that the greatest lower bound is the smallest upper bound of all the 
lower bounds. 

By Problem 44, part b) follows from part c), which in turn is a direct 
consequence of the preceding problem. 

95. Let the ordered set be ( A , a). Without loss of generality, we may assume 
that A = k, and then for a,b £ A let f a (b) = 1 if b A a and let f a ( b) = 0 
otherwise. This f a belongs to K {0, 1}, and all we have to show is that the 
mapping a i-A /„ is monotone. But that is clear: if a A a', and if for a 6 we 
have fa/ (6) = 0, then we also have f a ( b) = 0, hence f a must precede f a > in the 
lexicographic ordering. [W. Sierpinski, Pontificia Acad. Sc., 4(1940), 207-208, 
N. Cuesta, Revista Mat. Hisp.-Amer., 4(1947), 130-131] 

96. Let (A, a) be an ordered set of cardinality k, A = {a a } a<K an enumeration 
of the elements of A into a transfinite sequence of length k, and let < K be the 
lexicographic ordering on J ~ K . For a. < n set 

, , x _ f 1 if 7 < a and a 7 A a a , 

JotyY) - 1 0 otherwise. 

It is clear that f a £ T K . We claim that a a f a is an embedding of (A, a) 
into J~ K ■ It is clear that this mapping is one-to-one. 

Let /3 < a, and set K = {7 < (3 : a 7 A ap}, L = {7 < f3 : a 7 A a a }. 
If K = L then (3 £ K implies <23 A a a , and it is clear that fp < K f a , hence 
U <« fa- 

If K ^ L, then let 7 be the first difference between K and L. If 7 £ K \ L, 
then a a A a 7 A ap and because of f a ( 7) = 0, ^(7) = 1, we have f a < K fp. 
On the other hand, if 7 e L\K, then ap A a 7 A a a , and because of fp (7) = 0, 
fa (7) = 1, we have fp < K /«. 

Thus, in all cases a a A ap f a < K fp, hence a t-> /„ is a monotone 
embedding. 

97. For every £ < k let (A|, A$) be an ordered set similar to (A, a), and let 

(. B , <) be the lexicographically ordered product of them (i.e., B = A^, 

and the ordering < on B is the lexicographic one). Let B = U ^ <K B^ be any 
decomposition. If for each a £ A$ there is an fo. a € Bq such that /o, a (0) = a, 
then these /o, a ’s form a subset of Bo similar to (A, a), and we are done. 
Suppose therefore that this is not the case, and let ao be an element of Ao 
such that for no / £ Bq is it true that /( 0) = oo- Thus, all the elements f £ B 
with /( 0) = ao belong to U^>o B^. We continue this process. Suppose that the 
elements a 7 have already been selected for all 7 < a where a < k is an ordinal, 
and they have the property that there is no / £ B~ f with /(£) = for all 
£ < 7. Consider the set C a of elements f £ B such that /( 7) = a 7 for all 
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7 < a. Then C a C and if for each a € A a there is an f a<a e C a fi B a 

such that f a ,a( a ) = o, then these f a . a ’s form a subset of B a similar to {A, -<), 
and we are done. If this is not the case, then let a a be an element of A a such 
that for no / £ C a fl B a is it true that f(a ) = a a . Thus, then the elements 
/ e C a with f(a) = a a all belong to 

To finish the proof all we have to mention is that for some a < k the first 
possibility will happen. In fact, in the opposite case the elements a a would be 
defined for all a < k. Consider now the function / for which f(ot) = a a for 
all a < k, and the smallest a < k for which / € B a . Then, by the definition 
of the set C a , we have f £ C a , and therefore f(a) = a a is not possible, since 
feC a nB a . 
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1 . The nonempty initial segments of the set of rational numbers are densely 
ordered sets with or without largest element, so their order is 77 or 77 + 1 (see 
Problem 6.28 and its proof). 

2 . The order types in a)-c) are the order types of a densely ordered countable 
sets without smallest and largest element, so they are 77 (see Problem 6 . 27 ). 
d) is the order type of Q n (( 0 , 1 ) U { 2 , 3 } U ( 4 , 5 )), and this set is not densely 
ordered, e) is the order type of ( 0 , 1 ) U{ 1 }U( 1 , 2 ) = ( 0 , 2 ) so it is A by Problem 
6 . 2 . f) is the order type of (— oo, 0 )U( 0 , oo), and here there is no largest element 
in (—oo,0) and there is no smallest element in (0, oo), i.e., this set is not 
continuously ordered, thus the type in f) is not A. g) is the order type of the 
lexicographically ordered set R x R. But RxR=Rx (— oo, 0 ) U R x [ 0 , oo), 
and here there is no largest element in R x (— oo, 0 ) and there is no smallest 
element in R x [ 0 , oo), i.e., this set is not continuously ordered, thus the type 
in g) is not A. Finally, in h) in an ordered set of type 77 ■ A there are points 
such that there are only countably many points lying between them, but in a 
set of type A • r] there are continuum many points between any two points. 

3 . We shall just consider the nontrivial solutions. By Problem 1 if Oi + 62 = r ) , 
then 61 is either 77 or 77 + 1 , and similarly O2 is either 77 or 1 + 77. Thus, the 
solution is that 9\ is either 77 or 77 + 1 and 62 is either 77 or 1 + 77, except that 

01 = T] + 1 and ^2 = 1 + 77 cannot hold simultaneously. 

In a similar way, the equation 9\ + 92 = A holds if and only if 9\ = A + 1 , 

02 = A or if = A and 02 = 1 + A. 

4 . Since 


(1 + 77) • (77 + 1) = (1 + 77) • 77 + (1 + 77) = 77 + 1 + 77 = 77 

(see Problem 2 ), this is an appropriate representation, for 1 + 77 7^ 77 and 
V + 1 7 ^ t?. 
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5 . Since R = UT/q [i, i + 1), and this is an ordered union, one possibility is 
A = (1 + A) • (w* + w). 

6 . Let ( A , -<) have order type 9. If (A. -<) has smallest element a, and r is 
the type of {A \ {a.}, -<), then 0 = 1 + r is an appropriate representation. 
If, however, {A, -<) does not have a smallest element, then let a £ A be any 
element, and i% resp. 72 be the types of the sets {x £ A : x ~< a} and 
{x £ A : a A x}. Then 9 = t\ + 72 is an appropriate representation (note 
that ti 7^ t 2, for in the second set there is a smallest element (= a), but in the 
first one there is no smallest element). [W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965 , XII. 9 / 5 ] 

7 . uj + 1 is an example. In fact, if S\ and Sk are ordered sets and the product 
Si x S-2 has order type w + 1, then S-2 must have a largest element s, and 
one of Si or S2 must be infinite. If Si is infinite, then S2 can have only one 
element, since in a set of type u + 1 there is just one element that is preceded 
by infinitely many elements. For the same reason, if S2 is infinite, then Si 
can consist of at most one element (for otherwise there would be at least two 
elements that follow the infinite set Si x (S2 \ {•§})• 

8. The statement for 77 follows from the solution of Problem 3 . As for co, one 
can check easily that the only nontrivial solutions of the equation 9i + 9^ = u> 
are 9i = n, 9% = u> where n is a natural number. 

9 . If a product Si x S2 of ordered sets is of type uj, then one of the sets is 
infinite. If Si is infinite, then S2 can have only one element, for in a set of 
type u) no element is preceded by infinitely many elements. If, however, S2 is 
infinite, then for the same reason every element in it is preceded by at most 
finitely many elements, hence we can apply Problem 6.5 to deduce that the 
order type of S2 is ui. 

If a product Si x S2 of ordered sets is of type 77 + 1 , then Si and S2 are 
countable, and if Si has at least two elements, then it is densely ordered. If 
its type is 77, then Si x S2 has type 77. If its type is 1 + 77, then depending on 
if S2 has a smallest element or not, the type of Si x S2 is 1 + 77 or 77. Finally, 
if Si is of order type 1 + 77 + 1 and S2 is not densely ordered, then Si x S2 
is not densely ordered. However, if S2 is also densely ordered but not of type 
77+I, then the type of Si x S2 is 1 + 77, 77, or 1 + 77 + 1 depending on if S2 
is of type 1 + 77, 77, or 1 + 77 + 1 . Thus, the only remaining possibility is that 
either Si or S2 is of type 77 + 1. 

The order types I+77 and l+77+l can be similarly handled. [W. Sierpinski, 
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965 , XII. 10 / 5 ] 

10 . All infinite cardinals have this property (see Problem 10 . 3 ). 

11 . All infinite cardinals have this property (see Problem 10 . 3 ). 
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12. By Problems 6.31 and 6.32 the answer is 1 + r) if the ordering is lexico- 
graphic and it is u> if the ordering is antilexicographic. 

13. If the ordering is lexicographic, then the answer is still 1 + r), for we are 
speaking of the order type of a densely ordered countable set with smallest 
element. If the ordering is antilexicographic, then the answer is u)+u 2 +u i +- ■ •. 
In fact, first come the elements 

( 0 , 0 ,...), ( 1 , 0 , 0 ,...), ( 2 , 0 , 0 ,...),..., 


then come the elements 

( 0 , 1 , 0 , 0 ...), ( 1 , 1 , 0 , 0 ,...), ( 2 , 1 , 0 , 0 ,. ..),..., 
( 0 , 2 , 0 , 0 ...), ( 1 , 2 , 0 , 0 , . . .), ( 2 , 2 , 0 , 0 , ...),... , 


etc.. 

14. See Problem 6.34. 

15. We show by induction on n that the order type is (u n )*. It is easier to 
work with the set 


(-(/+•' 


: 1 < fci , . 

. . ,k n < u > 

l \fcl 

k n ) 


J 


We shall show that this is well ordered, and the order type is u n . The case 
n = 1 is obvious. Also, if we have the result for n then there is, in the interval 
(— i, — jpp), a subset of —A n+ 1 of type u n (choose = i + 1, Afc,..., k n+ 1 = 
i(i + 2)nj, j = 1,2,.. .) so (pending that —A n+ \ is well ordered) the order 
type of —A n+ 1 is at least oj n+1 . 

To get an upper bound for the type of —A n+ 1 we investigate the initial 
segments. For any — 4<0ifl< &].<■••< k n+ 1 < u and 



then k\ < ni, so by the induction hypothesis the initial segment of —A n+ 1 
determined by — i is the union of finitely many well-ordered sets of order type 
< u> n , therefore itself is a well-ordered set of order type < oj n+1 . Then, — A n+ i 
is well ordered of order type at most w” +1 . 

16. The order type in question is clearly a product, where the second factor 
is the order type of a densely ordered set without smallest or largest element, 
and the first factor is w. Thus, the answer is a j ■ rj. [W. Sierpihski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XII. 3/8] 
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17. Let r be an order type and let it be the type of (A, -<). Consider in A the 
set B of those elements 6 for which the initial segment {a : a A b} is well 
ordered. It is easy to see that B is an initial segment, it is well ordered, and 
A \ B cannot have a smallest element, for then it could be added to B. Thus, 
t = a + 0, where a is the order type of B and 0 is the order type of A \ B. 
[W. Sierpienski, Fund. Math., 35(1948), 1-12] 

18. This is the same as Problem 6.13. 

19. This is the same as Problem 6.14. 

20. Let (Ti, <i) and (A 2 , < 2 ) be ordered sets of type 0\ and 62, and let A* = 
{0,1,..., n— 1} x At the cross product of the ground sets with {0,1,..., n— 1}. 
Then A* with the antilexicographic ordering has order type n ■ 6 ,; , so if n ■ 9\ = 
n ■ 9 2, then there is a similarity mapping / : A\ — »• A 2 . For every a 6 Aj 

there is a unique c g I2 such that /((0,a)) £ {0, 1 ,n — 1} x {c}, and 

let us denote this c by F(a). If a <1 6 are two elements of A\, then (0,a) is 
smaller in the antilexicographic ordering on A* than (0,6), so F(a) < 2 F{b). 
But F(a) = F(b) is not possible, since there are at least n — 1 elements 
(namely (1, a ), . . . , (n — 1, a)) in A\ lying between (0, a) and (0, 6), and in any 

set {0, 1 ri —1} x {c} there are at most n — 2 elements between any two 

elements. Thus, F is a monotone mapping from A\ into A 2 . We show that it 
actually maps A t onto A 2 by which 0\ = 62 follows. 

Let c £ A2 be any element of A 2 . There is an a £ Ai such that for some 
0 < j < n we have f((j, a )) = (0, c). If here j = 0, then F(a ) = c, and we are 
done. If, however, j > 0, then the image of {0, 1, . . . , n— 1} x {a} under / does 
not contain (n — 1, c), and so there is an element a* £ A% such that a <1 a*, 
and with some 0 < i < n we have f(i, a*) = (n — 1, c). Then clearly /(( 0, a*)) 
must belong to {0, 1, ... ,n — 1} x {c}, i.e., F(a*) = c. [W. Sierpinski, Fund. 
Math., 35(1948), 1-12] 

21. For i = 1, . . . , n let (A,, -q) resp. (Bj, <,) be pairwise disjoint ordered sets 
of type 9\ resp. 62, and let (A, ~<) resp. (B. <) be their ordered unions. Then 
(A, -<) has type 0\ ■ n and (B, <) has type 02 • n, so if these order types are 
the same, then there is a similarity mapping / : A — »• B. We have to show 
that 6\ = 62 , i.e., one of the sets (A*, -<*) is similar to (Bj, <j). 

If /[Ai] = Bi, then we are done, so we may assume that f[Ai] c B\ (if 
B\ c f[Ai] then we consider / -1 and reverse the role of A, : and B,). Thus, 
(Ai,-<i) is similar to an initial segment of (£?i , <1), i.e., 02 = 0\ + p with 
some order type p. If B n C f[A n ], then (B n , < n ) is similar to an end segment 
of (A n , -< n ) (under / _1 ), hence 0\ = t + 02 with some order type r. Thus, in 
this case 9\ = 02 by Problem 18. 

If, however, B n % f[A n ], then f[A n ] c B n , and so (A„, -< n ) is similar to 
an end segment of ( B n , <„), i.e., 62 = r + 9\ with some order type r. Since 
/ maps an interval of (A, -<) into an interval of (B. <), and f[A 0 ] c B 0 and 
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f[A n ] C B n , in this case there must be a 0 < j < n with Bj C f[Aj\. Thus, 
/ -1 maps Bj into an interval of (Aj,-<j), which means that with some order 
types <Ti and we have 9\ = < 7 i + 02 + 02 - Now in this case 6 t = 62 follows 
from Problem 19. 

22. Clearly u>* = 2 • u* and u>* = 2 • u>* + 1. On the other hand, 77 cannot be 
written in either form 2 • r or 2 • r + 1. [W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XII. 3/18] 

23. Clearly 

uj - 2 -(- 1 = ( ui T 1) T (cj -(- 1) = ( to -)- 1) • 2 

so 0 = u) ■ 2 T 1 is suitable. On the other hand, u cannot be written in either 
form n • 2 + 1 or T 2 • 2 . 


24. Since 77 • 2 = 77 , any order type r • rj where r is an arbitrary order type 
satisfies 9-2 = 9. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XII.3/13] 

25. Since 2 ■ u> = u>, any order type oj ■ t where r is an arbitrary order type 
satisfies 2-9 = 9. 

26. Notice that if 9 and r are order types such that 2-9 = 9 and r • 2 = t, then 
2 • (0 - t) = (0 - t) ■ 2 = 9 ■ t, hence products of order types from the preceding 
two problems satisfy the requirements. E.g., uj ■ n ■ rj are all different and they 
are of the required property. 

27. The types n ■ r] where n = 0, 1, . . . are all different (in an ordered set of 
this type n is the largest number of consecutive elements) and they satisfy 
(n - rf) - (n ■ rj) = n ■ (r) ■ ri) - r] = n ■ (rj ■ rf) = n ■ r]. 


28. t = 9 ■ (u + u>*) clearly satisfies t + 9 = 9 + t = t. 

29. Let {A, -<) have order type 9, and order antilexicographically the product 
• • • x A x A. If the order type of this set is ri, which we can write as - 9 ■ 9, 
then clearly n • 9 = T\. 

Similarly, let 72 be the order type of the lexicographically ordered Ax Ax 
■ ■ -. Then 0 ■ 72 = T 2 - 

Now if we set r = 72-ti, then 9-T2 = 72 and t\-9 = t\ imply 9-t = t-9 = r. 
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XII. 9/3] 


30. The types u> 2 ■ k, k = 1, . . . are all different and form an arithmetic pro- 
gression. Furthermore 

(u> ■ k) ■ (u> ■ k) = cj ■ (k ■ u>) - k = u) ■ u> ■ k = to 2 ■ k, 
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so they are all squares. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XII.3/9] 

31. The types 0* = rj+i+l, 1 < i < n are appropriate, since if 9 = J2i<i< n $£$} 
is their sum in any order and (A, -<) is an ordered set of type 0, then the 
order can be recognized from (A, -<): 7r(l) + 1 is the length of the first (i.e., 
leftmost) maximal chain of consecutive elements in (A, -<), 7t(2) is the length of 
the next maximal chain of consecutive elements, etc. [W. Sierpinski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XII. 3/22] 

32. The types 0j = rj + i + 1. 1 < i < n, are appropriate, since if 0 = 
II i <,<n Q-k(i) is their product in any order and (A, -<) is an ordered set of 
type 9, then the order can be recognized from (A, -<}. In fact, take any other 
order with the same product 6 = rii<i<n 0<r(»)- Since 7r(l) + 1 and cr(l) + 1 
are both the length of the longest chain of consecutive elements in (A, -<), we 
have 7r(l) = u(l), say 7r(l) = cr(l) = &q. 

Now let B = (Q n (0, 1)) U {1,2, k\ — 1 } and {C\, <i) and (C 2 , < 2 ) 

be two ordered sets of type ]/[ 2<j<n ^r(i) an< l W 2 < l < n respectively. Then 
B x Ci and B x C 2 (with antilexicographic ordering) both have order types 
9, so there is a similarity mapping / : B x C\ — > B x C 2 between them. For 
any c\ G C\ there is a unique C 2 £ C 2 , that we are going to denote by -F(ci), 
such that 

/((2, Ci)) G {1, 2, . . . , £q + 1} x {c 2 }. 

Exactly as in the proof of Problem 20 it follows that this F is a monotone 
map from C\ onto C 2 , thus besides 7r(l) = cr(l) we also have X\ 2 < i<n On (i) = 
ri2<i<n 0 tj(i) * 

Now repeating this argument (or using induction) we can conclude that 
7T (i) = a(i) for all 1 < i < n, and the proof is over. [W. Sierpinski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XII. 3/35] 

33. See the next problem. 

34. First of all, the order types 9k, k = 1,2,... are all different. In fact, if 
(A, -<) is an ordered set of type 9k, then for a, b £ A let a ~ b if there are only 
finitely many elements between a and b. This is an equivalence relation, and 
k is the number of equivalence classes with the property that there are only 
finitely many equivalence classes that follow them (in the ordering given in 
(A A)). 

We claim that 

9 k ■ 9k = (u>* + u>) ■ u ■ 77 

and 

((w* + lj) ■ uj ■ rj) ■ 9k = {u>* + u}) ■ u> ■ i), 

and these imply that for all k and all n > 2 we have 0/ = (ui* + oj) ■ ui ■ rj. 
Since k + ui = w and 
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we obtain 


(co + co ■ rj+ k) ■ (co* + co) 

= ■■■+co + co-r) + k + co + co-ri + k+ -- - 

= 1 - co ■ (1 + rj) + co ■ (1 + 17 ) H 

= co ■ (1 + rj)(co* + co) = co ■ 77, 


and hence 

9k ' @k = ( CO * + CO ) • ( CO + CO ■ T] + k) • (cO* + CO ) • (cO + CO • T] + k) 

= (co* + co) ■ co ■ rj ■ (co + co ■ rj + k) 

= (co* + co) ■ CO ■ TJ. 

In a similar fashion, since rj ■ (co* + co) = T], we obtain 

(co* + co) ■ co ■ r] ■ 9k = (co* + co) ■ co ■ rj ■ (co* + co) ■ (co + co ■ rj + k) 

= (w* + co) ■ CO ■ T) ■ (co + CO ■ T) + k) 

= (co* + co) ■ co ■ rj. 

[A. C. Davis, cf. W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XII.3/10] 

35. Since rf 1 = r) and (1 + rf) n = 1 + rj, we have 1” + rf 1 = (1 + 77 )”. 

36. Both the irreflexivity and the transitivity are clear. Since co and co* are 
not comparable with respect to -<, the trichotomy is not true. 

37. If (A\, < 1 ) is similar to a proper initial segment of (A 2 , <2), then, in view 
of Problem 6.41, (A 2 , <2) cannot be similar to a subset of (A\ . < 1 ), hence 
61 -< 62 ■ Conversely, suppose that 0\ -< 62 ■ Since either (Ai,<i) or (A 2 ,< 2 ) 
is similar to an initial segment of the other one (Problem 6.42), the only 
possibility is that (A\, < 1 ) is similar to a proper initial segment of (A 2 , < 2 ). 

The trichotomy of -< among ordinals is an immediate consequence of Prob- 
lems 6.42 and 6.43. 

38. See Problem 6.26. 

39. For different 0-1 sequences {e*} the countable types 

(co* + co) + eo + (co* + co) + e% + ■ ■ 

are all different, so there are at least continuum many order types 6 with 
9 ~< rj. But Q has only continuum many subsets, so their number is then 
exactly continuum. 
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40. See Problem 6.57. [cf. W. Sierpinski, Cardinal and Ordinal Numbers, Pol- 
ish Sci. Publ., Warszawa, 1965, XII. 11/4] 

41. See Problem 6.58. 

42. The order types i + w* + a» + (n + 1 — i), 1 < i < n are appropriate; 
see Problem 6.59. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XII.11.4] 

43. See Problem 6.60. 

44. Since l + ta = w, the sufficiency of the condition is clear. Now suppose that 
1 + 6 = 0, and let {A, -<) be an ordered set of type 9. Then A has a smallest 
element ao (since it is of type 1 + 6), and A is similar to A \ {no}. Let / be 
a similarity mapping from A onto A \ {ao}. It is clear, that since /(ao) is the 
smallest element of A\{ao}, it is the successor of ao in A. In a similar fashion, 
f(f(a o)) is a successor of /(ao), /(/(/(ao))) is a successor of /(/(ao)), etc. 
All these mean that {ao, /(ao), /(/(ao)), ■ ■ .} is an initial segment of ( A , -<), 
and if r is the order type of A \ {ao, /(ao), /(/(ao)), . . .}, then it follows that 

6 = u> + T. 

45. The proof is similar to the preceding one. 

46. The sufficiency of the condition is clear since 77 + 77 = rj. 

Let {A, -<) be an ordered set of type 6. Then since r] + 9 = 6 + rj, {A, -<) 
has an initial segment A\ of type r\ and has an end segment A 2 of type 77 . 
If di n 7 I 2 / 0, then (A, -<) is of type r], and in this case 77 = 77 + 0 + 77 . If, 
however, A\ n A 2 = 0 and if r is the order type of A \ (A\ U A 2 ), then with 
this r we clearly have 6 = r] + t + rj. [W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XII. 3/23] 

47. The sufficiency is clear, since 1 + u> = w and u>* + 1 = u)*: thus, we only 
have to verify the necessity of the condition. 

Suppose ^ / 0, and 9 + A = A + 9. Let {A, -<), (Ai,+) be of type 9, 
and ( B , <), (£/ , < 1 ) of type A such that these sets are pairwise disjoint. Since 
X+9 = 9+ A, it follows that there is a similarity mapping / : BuA -+ A\\JB\ 
between these ordered unions. If we have A\ C f[B\, then A\ is similar to an 
initial segment of B, which implies that 9 = A or 9 = A + 1. At the same time, 
since then / maps A into Bi, we get that A is similar to an end segment of 
B\, and hence 0 = Aor(? = l + A. Thus, in this case 9 = A. 

Now let f[B] C Ai . If 9\ is the order type of A\ \ f[B], then we have 
9 = A+#i and also 9 = 9\ + \ (consider that (AiUBi)\/[S] = (Ai\/[S])uBi 
is similar to A). 

Thus, we have proved that if 9 ^ 0, then either 9 = A, or there is a 6\ / 0 
such that 9 = \ + 9\ and 9 = 9\ + A. Thus, the same argument can be applied 
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to Oi and we get that either 9\ = A, or there is a 9i 7 ^ 0 such that 9% = A + 62 
and 0i = 62 + A. Repeat the same process as long as it is possible. It follows 
that either there is an n such that 9 = A • n, or for all n the set ( A , -<) has an 
initial and an end segment of type A • n. Since R is continuously ordered, it 
follows that an initial segment S n of type A • n has to be an initial segment of 
S n +i, so the segments Si, S2, ■ ■ ■ , S n are strictly increasing, and their union 
is an initial segment S of (A, -<) of type A • ui. In a similar manner, there are 
end segments E n of ( A , -<) of type A • n for all n, and their union E is an 
end segment of (A, -<) of type A • u>*. Note also that it is not possible that 
S n fl E n ^ 0, for then E m \E n C S n for all m > n and S n would have intervals 
of type A • (m — n) for all m > n, and this is not the case. Thus, S D E = 0, 
and if r is the order type of A\ (SUE), then we have 6 = (A - u>) +r + (A - uj*), 
as was claimed. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XII.3/24] 

48. Since (r*)* = r and (t + a)* = a* + 9* , the sufficiency of the condition 
follows. 

Suppose now that 9 = 9*. Let (A, -<) be of type 9, -<* the reverse ordering 
on A, and let / : A — > A be a similarity mapping between (A, -<) and (A, -<*}. 

If there is an element a € A with /(a) = a, and Ai = {b £ A : b ~< a}, 
then A\ is mapped by / onto A\ (Ai U {a}), so with r equal to the order type 
of (Ai, -<) we have 9 = r + 1 + r*. 

Suppose now that there is no element a £ A with a = f(a), and consider 
the set Ai = {a £ A : a ~< f(a)}. This is an initial segment of Ai, for 
if a £ Ai and b -< a, then b ~< a -< f(a ) -< f(b), so b £ A\ is also true. 
Now / maps A\ into A \ A\. In fact, if a -< /(a), then /(a) /(/(a)), i.e., 

/(/(a)) -< /(a), and so /(a) £ A\ A\. The same reasoning gives that / maps 
Ai onto A \ A\. Thus, if r is the order type of Ai, then we have 9 = r + r*. 

* * * 


49. Let X be a set of cardinality n. Then every order type of cardinality k 
is the order type of X with some ordering -<£ X x X. Thus, there are at 
most as many order types of cardinality k as subsets of X x X, which is of 
cardinality 2 l x l 2 = 2 l x l = 2 K . 

On the other hand, let to = 2 and n = 77 , and for a transfinite sequence 
e = {ej}|< K of type n of the numbers 0 and 1 consider the order type 9 e = 
J2 ^< k Ev Let e and t' be two transfinite sequences and for each ^ let (Aj, -<^) 
and (A^, -<^) be ordered sets of type T e? and t € > , respectively, and let (A, -<), 
resp. (A', be their ordered union for £ < n. Then (A, -<) has order type 
9 e and (A', -<’) has order type 9 € >, respectively. Now if for some a < k we 
have e£ = for all ^ < q- and / : A — > A' is a similarity mapping between 
these sets, then / maps each Aj into A^. The proof of this is the same as the 



222 


Chapter 7 : Order types 


Solutions 


analogous statement in the proof of Problem 6.15 and can be easily carried 
out by transfinite induction on a. 

Thus, if in addition we have, say, e a = 0 and e' a = 1 , then / cannot 
exist, for / cannot map the two-element set A a onto an initial segment of the 
densely ordered set A' a . 

This proves that for different 0-1 transfinite sequences e we get different 
order types 9 e , and so there are exactly 2 K different order types of cardinality k. 
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XVII. 5. Theorem 1] 



8 


Ordinals 


1. (a) Let a; be an N-set and y £ x. Then y c x. If z £ y, then z £ x and 
^ < e y. Now every element of z is smaller with respect to < e than 2 , and 
hence than y, which gives that every such element must belong to y. This 
proves that y is transitive. That it is well ordered by € is a consequence of 
the fact that it is a subset of a well-ordered set. 

(b) It is clear that y is transitive and well ordered by £ (x is its largest 
element). If x £ z where z is an N-set, then x C 2, and hence y C z. 

(c) This is clear from the definitions. 

(d) If y £ Y and z £ y, then 2 < e y, hence by the initial segment 
property 2 £ Y. This shows that Y is transitive. That it is well ordered by 
£ is clear, since Y C x. Thus, Y is an N-set. If Y ^ x, then Y is a proper 
initial segment of x, hence it is the initial segment determined by an element 
p. Thus, y £Y <*=> y < e p <*=> y £ p, i.e., Y = p, which shows Y £ x. 

(e) Consider 2 = x fl y. This is an initial segment of both x and y (cf. 
(c)), hence by (d) it is an N-set and either 2 = x or 2 £ x and either z = y or 
2 £ y. Thus, for the conclusion we only have to show that it is impossible to 
have simultaneously 2 £ x and 2 £ y. Indeed, if that was true, then we had 
2 £ x fl y = 2, i.e., 2 was an element of the N-set x such that 2 £ 2, which is 
impossible by the irreflexivity of £ on x. 

(f) Irreflexivity of < follows exactly as in part (e); transitivity of < is due 
to the transitivity of N-sets, and trichotomy was proved in (e). Let B 7 ^ 0 be 
a set of N-sets. Pick any x £ B. Then either x fl B = 0, which means that 
B does not have a smaller element than x, i.e., x is its smallest element, or 
x fl B ^ 0, and then the smallest element (with respect to £) of x fl B is the 
smallest element of B (note that there is a smallest element in x fl B because 
x is well ordered). 

(g) If, say, y £ x, then y is a proper initial segment of x, hence it cannot 
be similar to x (see Problem 6.41). 

(h) We follow the ideas from the solution of Problem 6.42. Let {A, -<) be 
a well-ordered set, and let B be the collection of all N-sets that are similar to 
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a proper initial segment of {A, -<). For x € B let a x be the unique element of 
A such that the initial segment determined by a x is similar to x, and let g x be 
the appropriate similarity mapping. Then any y £ x is similar to the initial 
segment of {A, -<) determined by g x (y ), hence y £ B, i.e., B is transitive. 
The mapping x — >• a x is monotone, hence B is similar to a subset of A, in 
particular B is a set. G is a well order on B by (f), hence B is an N-set. The 
mapping f(x) = a x maps B monotonically onto an initial segment of A, hence 
either A = f[B], in which case (A, -<} ~ (B, e), or B is similar to a proper 
initial segment of A. But the latter would imply B £ B, which is impossible 
(see (f)). 

Unicity is a consequence of (g). 

2. Each ordinal is well ordered. Thus, ao > ol\ > • • • is not possible, for 
otherwise we would have an infinite decreasing sequence in a 0 ( see Problem 
6.36). 

3. This follows from the previous problem and from Problem 6.1. 

4. 1 + u = u> is clear, w + because in ui there is no largest element, but 
in w + 1 there is a largest element. 

2 • u> = u is true because 2 • u is the order type of the product 2 x u> ordered 
ant ilexicographic ally, so the order of the elements is 

(0,0) < (1,0) < (0,1) < (1,1) < (0,2) < ..., 

Finally, u) ■ 2 ^ co because in a set of type u> ■ 2 there are elements preceded by 
infinitely many elements, but in a set of type u> this is not possible. 

5. Since 

(u> + a) ■ (ui + b) = (ui + a) ■ w + (u> + a) ■ b, 

and a + u> = uj, it easily follows that (w + a) ■ (u; + b) = w 2 + u> ■ b + a if b > 1 
and (u) + a) ■ u> = u> 2 if b = 0. 

6. One can easily see that 

(a) uj + £ = bj £ = 0, 

(b) £ + w = oj 4=> £ is finite, 

(c) £ • u> = lo 4=4- £ is finite and not 0, 

(d) u ■ £ = uj 4=> £ = 1, 

(e) £ + £ = u> 4=4- £ < u, £ = u or £ = u>, £ = 0, 

(f) £ • £ = lo 4=4- 1<£<w, £ = wor£ = w, £ = !• 



Solutions 


Chapter 8 : Ordinals 


225 


7. The proper initial segments of uj 2 + 1 are uj 2 and the proper initial segments 
of uj 2 , which are of the form uj ■ n + rn with some n, to natural numbers. Thus, 
either £ = uj 2 + 1 , ( = 0, or £ = to 2 , in which case ( is 1 , or else £ = uj ■ n + m 
with some natural numbers n, to, in which case £ has to be to' 2 + 1. 

8. a )uj + k>k + uj since k + uj = uj, and this is a proper initial segment of 
uj T k. 

b) k-uj <uj-k since k-uj = uj, and this is a proper initial segment of uj ■ k. 

c ) uj + uj\ < Ui + uj since uj + uj-i = uji, and this is a proper initial segment 
of uj\ + uj. 

d ) If P(cj) = uj n ■ d n + a ;” -1 • a n _ ga|sv ■ ■ + uj ■ a ^ iOo , then on applying 
that do < uj implies 

uj ■ d\+ do < uj ■ d \+ uj = uj ■ {d\ + l) < uj 2 , 


which implies 

UJ 2 • d 2 + UJd i + do < UJ 2 • d 2 + UJ 2 = UJ 2 • (ct2 + 1) < uP , 

etc., we can see that P(uj) < uj n+1 . 

e) Similarly as in part d), P(uj) is larger than Q(uj) if and only if n > m, 
or n = to, and a* > a' for the smallest index i with a,; ^ a'j. 

9. If ai < 0:2, then a set of type oi + /3 is similar to a subset of type 02 + (3, 
so by Problem 7.37 we have a.\ + (3 < 02 + /3. 

The proof that (3 + a.\ < (3 + a 2 is similar. Finally, if a\ < 0.2, then a\ 
is an initial segment of a. 2 , hence a set of type (3 + a \ is similar to a proper 
initial segment of (3 + a 2, and so we have (3 + 0-1 < (3 + 02. 

The proofs of the claims for multiplication are the same. 

10. If 7 To = 7T (3, then o = 0 by the preceding problem. If o + 7 = d + 7 we 
do not need to have a = f 3, an example is 0 + cj = 1 + w. I11 a similar fashion, 
if 7 • a = 7 • f3 and 7 7^ 0, then a = (3 by the preceding problem. However, 
a ■ 7 = f3 ■ 7 does not imply o = i3, an example is 1 • uj = 2 • uj. 

If 7 > 0 finite, then a + 7 = (3 + 7 clearly implies a = f3, and a ■ 7 = (3 ■ 7 
also implies a = (3 by Problem 7.21. 

11. Suppose that 7 = <5 + 1 and, say, a < (3. Then a • 8 < f3 ■ S, hence by 
Problem 9 we have a ■ 6 + a < f3 ■ S + /3, so in this case a ■ 7 = (3 ■ 7 cannot 
hold. 

12. If a < (3, then from Problem 9 we get by induction on k that a k < (3 k . 
Thus, a k = f3 k implies a = (3. 

13. a ) It is clear that sup r;<i c(a + rj) < a + <f. However, if 7 < a + £, then 
either 7 < a or there is a 6 < £ such that 7 < a + S, hence this 7 cannot be 
an upper bound for the ordinals a + 77, r) < £. This proves part a). Since 
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sup(n + ui) = u> ^ lo + u> = (sup n) + u, 

n<oj n<oj 

the analogous statement for the reversed order is not true. 

b) It is again clear that sup^ < j(a • rft < a ■ ft If 7 < a ■ ft then there is a 
<5 < £ such that 7 < a ■ 6, so then 7 cannot be an upper bound of the ordinals 
a ' Vi V < £• Since 


sup(n • ui) = uj ^ lo ■ u> = (sup n ) • uj, 

n<io n<oj 

the analogous statement for the reversed order is not true. 

14. Since a is an initial segment of ft, we can write ft as an ordered union 
aLlC, and so if £ is the order type of C, then we have ft = a + £. The unicity 
of £ follows from the strict monotonicity of addition in the second argument 
(Problem 9). 

For the equation £ + a = ft neither the solvability nor the unicity can be 
guaranteed. In fact, £ + 1 = uj is not solvable, and £ + uj = uj has infinitely 
many solutions, namely £ < uj. 

15. Let C be the supremum of all ordinals r with the property a ■ r < ft. We 
claim that a ■ Q < ft. For the case when ( is a successor ordinal this is clear, 
for then ( has to agree with one of the r’s, and for limit ( the statement 
follows from Problem 13, a). Thus, by Problem 14 the equation ft = a ■ ( + £ 
is uniquely solvable for ft Here we cannot have a < ft for then we could write 
£ = a + a with some <r, and then a-(C + l)=a-C + Q: < cl! ‘C + ^ = /3 would 
hold, which is not possible by the choice of ft Thus, £ < a, and the existence 
of the representation has been proved. 

To show unicity, suppose that Cl < (2 and £1, £2 < ol. Then 


a- ■ Ci T ft < a ■ Ci + a = a • (Ci + 1) < ol ■ C 2 < a ■ ft + 6- 

Thus, if a • Ci + Ci a • C2 + C2; then we must have Ci = ( 2 , and then £1 = ft 
follows from Problem 14. 

16. If a ■ uj < ft, then ft = a ■ u> + 7 with some ordinal 7 (see Problem 14), and 
hence 

a + ft = (a + a-o;) + 7 = a( 1 +u)+'y = a- u + 'y = /3. 


17. Choose a large ordinal ft with a + ft = ft (see the preceding problem). 
Then the assumption implies that ft = ft + a, so a = 0 because of Problem 9. 

18. Let a be an ordinal and let ft be the supremum of all limit ordinals not 
bigger than a. Then ft is zero or a limit ordinal, and by Problem 14 we can 
write a = ft + 7. Here we cannot have lo < 7, for then 7 = u> + <5, and as 
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a = (/3 + uj) + S, the ordinal P + u> > p would be a larger limit ordinal < a. 
Thus, 7 < uj, and we are done. 

19. It is clear that if 7 < uj ■ P, then 7 +1 < oj ■ fJ, so uj ■ /3 is a limit ordinal 
for p > 1. Conversely, let a be a limit ordinal. By Problem 15 we can write 
a = uj ■ (3+n with some natural number n. Now here we must have n = 0, for 
otherwise a would be a successor ordinal (the successor of uj ■ p + (n — 1)). 

20. If a is a limit ordinal, then using the representation in the preceding 
problem and n ■ to = ui we get that n • a = n • uj ■ p = uj ■ 0 = a. Conversely, 
suppose that n ■ a = a for all n. Exactly as in the preceding solution we can 
write a = uj ■ p + m with some ordinal fi and some natural number n (see 
Problem 14). But then 2 • a = 2 • u ■ (3 + 2 m = uj ■ (3 + 2m, and this can be at 
most a only if m = 0 (see Problem 9). 

21. Write /3 in the form /3 = • 7 + rn with some ordinal 7 and natural number 

m (see Problem 15). If rn 7^ 0, then using that (a + n) ■ u> = a • u, it follows 
that 


{a + n) ■ P = (a + n) ■ oj ■ 7 + (a + n) H + (a + n) 

= a- tjj-'Y+a-m + n = a-p + n. 


If, however, m = 0, then the same computation shows that 


(a + n) ■ P = (a + n) • uj ■ 7 = a ■ uj ■ 7 = a ■ p. 


22. We write a in the form uj ■ p and use that n • w = u>if n > 1 to conclude 


k - 1 

(a • ri) k = a -(n ■ a) ■■■ (n ■ a) ■n = a k -n. 


23. Write a = 6 + k, where A: is a natural number and 6 is 0 or a limit ordinal 
(see Problem 18). We also write p as u> ■ 7 + m with some ordinal 7 and some 
natural number m (see Problem 15). Then n-p = n-(uj-'))+n-m = uj-j+nm, so 
if this is a, then k = mn. Conversely, if k = mn, n > 0, then a = n-(S+m/n). 
Thus, the answer to the problem is that n is a divisor of k. 

24. a) If a is infinite then 1 + a = a, but a + 1 > a, so a has to be finite, 
b) If a > 0 and a + uj = uj + a, then a is a limit ordinal, so it is of the 

form uj ■ p. But then a + uj = ui ■ (P + 1) and uj + a = u> ■ (1 + P), and exactly 
as in case a) here l + /3</3+lif/3is infinite, so by Problem 9 in this case 
uj + a < a + uj. Thus, the answer is that a = u> ■ n with some finite n (which 
is clearly sufficient). 
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c) a ■ co = u> ■ a if and only if a is a power of u) (see Problem 9.11). The 
sufficiency is obvious, the necessity immediately follows from the normal form 
of a (see Problem 9.16). 

d ) If a + (uj + 1 ) = (uj + 1 ) + ot and a is finite, then it must clearly be 
zero. If a is infinite, then a is a successor ordinal, actually the successor of a 
limit ordinal. Thus, a = uj ■ /3 + 1. But then a + (uj + 1) = uj ■ (/? + 1) + 1 while 
(uj + 1) + a = uj ■ (1 + f3) + 1, and from these we get uj ■ (/3 + 1) = uj ■ (1 + /3), 
which implies as in part b) that (3 is finite. Thus, the answer is that a is 0 or 
it is of the form u> ■ n + 1 with some natural number n > 1. 

e) Clearly, a = 0 and a = (uj + l) n = u n + u> n ~ l H — • + uj + 1 with n < u> 
are solutions, and we show that there are no other solutions. 

Suppose the contrary, and let a be the smallest solution not listed above. 
This a can be written as a = {uj + 1 ) • (3 + 7 with 7 < uj. If f3 = 0 and 
0 < 7 < uj, then the equation becomes uj + 7 = uj ■ 7 + 1, so in this case 7=1. 
If (3 = 0 and 7 = uj, then we have uo 2 + uj = u> 2 , an impossibility. Finally, if 
(3 > 0, then we get 

(uj + 1 ) • (f3 ■ uj + f3) + 7 = {uj + 1 ) • [(w + 1 ) • (3 + 7]. ( 8 . 1 ) 

Here we must have (3 ■ uj + (3 < (w + 1) • fj + 7, hence (see Problem 14) 
(w+ 1)-/3+7 = {3-oj+fJ+( with some (\ Writing this back into (8.1), Problem 14 
gives that we must have 7 = (a>+l)-£, which, in view of 7 < uj, is possible only 
If 7 = C = 0. Thus, in this case (3-(uj+ 1) = (uj+1)-(3. Here we must have (3 < a, 
for in the case (3 = a we would have a ■ (u + 1) > a = (uj + 1) • (3 = (uj + 1) • a, 
i.e., a would not be a solution. Therefore, this (3 < a. is again a solution, and 
by the minimality of a it must of the form (3 = (u> + l) n for some n < u. But 
then a = (uj + l) n+1 , which is a contradiction, and this contradiction proves 
that the only solutions are the ones listed above. 

25. The statement is true for n = 1: £ = w = 1-1 > and we proceed by 

induction. Thus, suppose the validity of X^<u> n £ = w 2,1-1 has been verified 
for some n. An ordinal u> n < £ < uj n+1 can be written in the form <f = uj n -m+rj 
with some natural number m and with rj < u> n . The latter implies that r] is 
less than a number w" _1 ■ k, k = 1,2 ,... from which we obtain rj + uj n < 
uj n ~ 1 • k + uj n = uj n , hence 

S m := ( w " ' tn + rj) = ^ uj n = uj 2n . 

r/<u n rj<a> n 

Now these sums follow each other in hi the order of rn; thus, 

£ « = X> = f> 2 'W’ +1 . 

m= 1 n=l 

This and the induction hypothesis gives 
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^£=^£ + £ £=CJ 2n - 1 +UJ 2n + 1 =LJ 2n+1 , 

?<w n + 1 £<u n u> n <£<w n + 1 

and this verifies the induction step. 

26. Suppose a = £ n + 7 ™, n = 1 , 2 ,... where the 7 „’s are different. We can 
assume that the numbers 7 „ are increasing (see Problem 3). But then Problem 
9 shows that {£ n }S£Li has to be a strictly decreasing sequence, and this is not 
possible (Problem 2). So there are only finitely many different 7 ’s in question. 

Since n + u> = co, the same is not true for the representation a = 7 + £. 

27. The proof is identical with the preceding one, and again n ■ u> = u>, 1 < 
n < u>, furnishes a counterexample for the representation a = 7 • £. 

28. The proof goes by induction on m, and suppose that the claim has already 
been verified for m — 1 factors. It is clear that if one of the factors in a finite 
product is a limit ordinal, then the product itself is a limit ordinal. Thus, in 
the representation in question all the factors must be successor ordinals. Now 
in a representation into m factors there can only be finitely many last factors 
by the preceding problem, and if in two representations the last factors are 
the same, then the product of the first m — 1 factors must also be the same by 
Problem 11. Now, by the induction hypothesis, the number of representations 
is finite. 

29. Suppose that £ 2 + u = £ 2 . Then £ 2 > £ 2 , so £ > £. Clearly, £ must be 
infinite (otherwise u) would be a square), and so £ 2 + u = £ 2 > (£ + l ) 2 > 
£ • (£ + 1) = £ 2 + £, which implies £ < ui. Thus, £ = u and £ > u + 1, but then 

C 2 > (w + l) 2 = w 2 + w + 1 > J 2 + u> = £ 2 + u, 

and hence the equation cannot hold. [W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XIV. 8/7] 

30. Note that 

(u> ■ n) 2 + u) 2 = (u 2 • n + uj 2 = u> 2 ■ (n + 1 ) = (u> ■ (n + l)) 2 , 

and here the ordinals u ■ n are all different. [W. Sierpinski, Cardinal and 
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV. 8 / 8 ] 

31. It is well known that the only finite solution is a = (3 = 0, so from now 
on we assume that both a and /3 are infinite. 

Write a = u ■ 7 + n and /? = w ■ 8 + m. Then 

a 2 -2 = (o;-7-a;-7 + a;-7-n + n)-2 = a;-7-a;-7-2 + a;-7-n + n 


and 
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thus, we must have m = n, for the ordinals before them on the right-hand 
sides are limit ordinals. Therefore, 

w ■ 7 • u) ■ 7 • 2 • 7 • n = u ■ 6 ■ w ■ S S ■ n, 

which implies (see Problem 10) 

j-(j-'y-2 + 'y-n = S- u}-5 + S-n. (8.2) 

It is clear that we must have <5 > 7. If 5 < 7 • 2, then 6 = 7 + r with some 
r < 7, and 


S-uj-5 + S-n<'y-2-uj-('y + T) + ('y + T)-n 
<'y-u)-j + , y-ui-T + 'y - (2 n) 

K'y-u-'y + 'y-w-T + 'i-u) 

< 7 • u ■ 7“f: ! 7 ■ u> ■ 7 = 7 • u) ■ 7 • 2, 

so in this case (8.2) cannot hold. Thus, we must have 5 > 7 • 2, and then 

5 ■ u) ■ | i-f- 5 • n > 7 • 2 • • 7 • 2 • 2 • 

which, compared with (8.2), yields n = 0. The same computation shows that 
S > 7 • 2 is not possible, either, so we must have 5 = 7-2. 

So far we have shown that if a 2 ■ 2 = /? 2 , then both a and (3 are limit 
ordinals and 0 = a ■ 2. It is easy to see that conversely, if a and 0 are limit 

ordinals and 0 = a ■ 2, then 0 2 = a ■ (2 • a) ■ 2 = a 2 ■ 2, so these pairs are all 

solutions. 

32. Since n ■ ui = uj for all positive integer n, we can set u> k ■ n = (u) ■ n) k for 

n= 1,2,.... 

33. Consider a = 2 and 0 = u + 1. Since 

(cu + l) n = UJ n + w" -1 + 1 - U) + 1, 


we have 

0 H 1 • 0 n = u> n + u> n 1 + • • • + w + 2 ra , (8-3) 

and this cannot be the nth power of a limit ordinal. If, however, 7 = u> ■ 6 + m 
is a successor ordinal, then 

7 " = (w • S) n + (u ■ 6) n ~ 1 • m + (u> ■ S) n ~ 2 ■ m + ••• + -(u • 5) • m + m, (8.4) 

so we would have to have m = 2", but then the ordinal in (8.4) is clearly 
bigger than the ordinal in (8.3). 

In a similar manner, 



Solutions Chapter 8 : Ordinals 231 

(3 n • Oi n = ui n • 2” T u) n i -I- 2 -(- • • • -(- uj -(- 1 , 

and if this is equal to the ordinal in (8.4), then we must have m = 1. If S > 2”, 
then 


(uj ■ S) n + (uj • S) n 1 + (uj ■ 6) n 2 H + ( u ; • < 5 ) + 1 

> u) n • 2 " + w n_1 + uj n ~ 2 H 1 - uj + 1 , 

and actually this inequality is also true for 5 = 2 n . In a similar fashion, if 
6 < 2” then we have the reverse inequality. Thus, /3 n ■ a n is not the nth power 
of uj-6 + m. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XIV.8/12] 

34. The sum in question is uj + uj, and since n + u = uj, the sum clearly does 
not change if we change the order of finitely many terms in it. 

35. Clearly, all the sums 1 + 2 + 3H (n — 1) + (n + l)-| \-w+n = w+w-ii 

are different. 


36. Consider the sum w 2 + w + a)f + uj +1 + 1 + • • •. If we move exactly 

k of the a/s in front of uj 2 , then the value of the sum is a; 2 + (n — k) u>, and 
these are n different ordinals for k = 0, 1, . . . , n — 1 (moving any u> after some 
of the l’s makes no effect). [W. Sierpinski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XIV. 8/4] 

37. It is clear that if the terms that follow uj in the sum are 2 n , . . . , 2 %k , then 

the value of the sum is uj + (2* 1 H 1- 2® fc ), and all numbers from 0 to 2" — 1 

have one and only one form of the type 2 n + • • • + 2 lk with ik <n — 1. [W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XIV.3/8] 

38. This is an immediate consequence of Problem 9.55(d), which implies 
g(n) < 0(^81)" with some constant C. 

A direct proof can run as follows. Let ai > «2 > • • ■ > a n be arbitrary 
ordinals, and let ujP ■ m be the largest ordinal in this form that is < o:\ (in 
other words, ■ a-i is the leading term in the normal form of a.\ (see Problem 
9.16). Take a permutation of the cq’s and take the sum o^i) + • • • + a n ( n y 
If in this sum a\ is the /cth term (i.e., if 7r(fc) = 1), then the sum does not 
change if we permute the preceding first k — 1 terms. In fact, if a ■ di is the 
largest multiple of that < a* (i.e., a* is the coefficient of a/ 3 in the normal 
expansion of a,), then 0 < a* < uj , and due to the fact that uf 1 + uj 13 = c/ 3 for 
7 < /3, we have 


Cbr(l) + h CVi-pc) — ^ di) + a k 

ir(i)<k 
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(cf. Problem 9.18). Therefore, out of the (n — 1)! permutations with n(k) = 1 
at most (n— \)\/(k— 1)! will give different sums, hence the number of different 
sums is at most 


g (n) =(n- 1 )! (aT^I)! < ^ ~ 1 ' )! ’ 

from which g(n)/n\ < e/n -iOasn-i oo, follows. 

39. Set a.i = w + i, i = 1, . . . , n. Easy computation shows that if i \, . . . , i n is 
any permutation of the numbers 1,2, ... ,n, then 

• • • ai n = ui n + w"- 1 • i n H 1- w • i2 + ii, 

and all these ordinals are different. [E. Spanier, see P. Erdos, Some remarks 
on set theory, Proc. Amer. Math. Soc., 23(1950), 127-141] 

40. Suppose that the least upper bound of any increasing transfinite subse- 
quence of A is in A or is equal to a, and let 0 € a\ A be an element outside A. 
If 0 = 7 + 1, then the interval {£ : 7 <£</? + l} = {0} is a neighborhood 
of 0 disjoint from A, and a small modification gives the same in case 0 = 0. 
If, however, 0 is a limit ordinal, then there is a 7 < 0 for which there is no 
element of A between 7 and 0 (otherwise we could construct an infinite trans- 
finite sequence the supremum of which would be 0, and hence 0 would have 
to belong to A). But then the interval {£ : 7 <£</?+l}isa neighborhood 
of 0 that is disjoint from A. Thus, the complement of A is open in the interval 
topology, so A is closed in that topology. 

Conversely, suppose that A c a is a closed subset of a in the interval 
topology, and let (07 j 7<<5 be an increasing sequence from A, with supremum 
0 < a. If 0 is a successor ordinal, then the sequence has a largest element 
that equals 0, and so 0 € A. If, however, 0 is a limit ordinal, then no matter 
how we choose 7 < 0, there is an a^, £ <5, such that 7 < aj < 7. Thus, any 
interval {£ : 7 < £ < a} that contains 0 contains an a^, so 0 is in the closure 
of A. But then 0 £ A since A was assumed to be closed, and this proves the 
equivalence of the two statements. 

The proof that A is closed in a in the interval topology if and only if the 
supremum of every subset B c A is in A, or is equal to a, is the same. 

41. The statement is an immediate consequence of the preceding problem and 
of the definition of continuity (namely that the inverse image of any open set 
is open). 

42. Let A be the closure of A. The statement is clear if A \ A is a finite set. 
So let A \ A be infinite, and enumerate A \ A into the increasing transfinite 
sequence {a^}^< 7 with 7 > uj. For each £ < 7 with £+ 1 < 7 there must be an 
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element a | of A lying in the interval (a^, a^+i), and these aj’s are different. 
Hence, |y| < |A|, which shows that |A| = |'y| + \A\ = |A|. 

43. The statement is clear if cr is a successor ordinal, since in that case {£} 

is an open neighborhood of a. If, cr is a limit ordinal, then the cofinality 
of cr is u, so there is a sequence {/3 n }^L 0 the supremum of which is a. For 
each (3 n there is a y n such that for 7 n < £ < W\ the ordinals lie in the 

neighborhood {q : /3 n < r] < a + 1} of a. Thus, if v is the supremum of 

the ordinals 7 „, n = 0,1,..., then v < uq, and for v < £ < ui\ we have 

cr = sup„ /3„ < < cr + 1 , i.e., aj = cr, as we claimed. 

44. As 

Z f (a,n) = IJ {Z f (P,n) : f((3,a) < n}, 

induction on a proves the claim. 

45. If a < uj\ is enumerated as a = { 7 n (a) '■ n < w}, then let g( 7 „(a), a) = n. 
Clearly, this has the property mentioned in Problem 44 for /. We know that 
Z g (a, m ) is always finite. Now for (3 = 7 m (a) < a let 

f{0,ot) = maxjrn, g(/3, a), |Z 9 (a,m)||. 

We claim that this satisfies the requirements. It is clear that every {/?:/?< 
a, f(/3, a) < n } is finite. To show the second property, assume to the contrary 
that ao < ol\ < • • • and for some n it is always the case that f(otk, oi^+i) < n. 
Then g(otk , &k+ 1) A u. hence on € Z g (a.j,n) for i < j < u>, and also this latter 
set has at most n elements, which is a contradiction if j > n. 

46. (a) For every a < uq fix an enumeration a = { 7 n («) : n < oj}- If 
a 0 < ai < • • • are the numbers selected by I then for the ith one, let II 
respond by the set 

Si = { 7 j(a k ) : j, k < ?:}. 

This is clearly a winning strategy for player II. 

(b) Let / : wi x wi 4 w be a function as in Problem 45. Our strategy a 
is the following. If cq_i = then let 

a(i,ai,cti) = {(3 < cti : /(/?, a*) < *}. 

If, however, aj_ 1 < a j, say /(aj_i,aj) = to, then set o(i, aj_i, a,) = 
Zf(ai,m). We show that = sup, a t , so this strategy is a win for II. 
This is clearly the case if a* = 1 = • • • for some i. Assume now the con- 
trary. Then there are Q :, 0 < < • • • such that a :] = Q, fc for ffc < j < ik.+i ■ 

Let t; < ai r , say n = /(£, o ir ). Let k > r be least number with the prop- 
erty n < f(a ik l . a lk ) (such a k exists by the selection of /), and set 
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m = f{oii k _ 1 ,ai k ) = f (a ik - i,a ik ). Then £ e Z f (a ik ,m) C a(k, a ifc _i, a ik ), 
and we are done. 

47 . (a) For every a < u) i fix an enumeration a + 1 = {7 n (a) : n < w}. 
Let {ao, ai,...} be the sequence of the ordinals selected by I. In her 2 '( 2 n + 
l)th step, let II choose 7 n (cq). Then II selects exactly the numbers below 
sup n ( a n + 1 ) and since I’s selections are also there, II wins. 

(b) Now a strategy is a function / : [uq] <u; — >• uq from the finite subsets of 
oj 1 into lu-i . Let I select first an a < uq, and then always 0 . Set A {J = qjj . There 
are two possibilities: either there are a To < uq and uncountably many a £ Aq 
such that with 7° := /({a}) we have 7° = to, or else 7° — > uq as a — > u>i 
(which means that for every 7 < u>\ there is a 9 < ui\ such that we have 
7° > 7 if a > 9 ). In the first case let Ai be the set of those a with 7® = tq, 
while in the second case set A\ = Aq and to = — 1 . Consider now the values 
7a = /({ a >7a>0}) f° r a € ^1, f° r which there are again two possibilities: 
either there are a 7 < wi and uncountably many a G A x such that 7^ = tj, 
or else 7^ — >• wi as a — >• wi, a e Ai. In the first case let A2 be the set of 
those a with 7^ = t\, while in the second case set A2 = A\ and T\ = — 1 . We 
proceed the same way with the values 7^ = f({a, 7°, 7^,0}), a G ^2, etc., 
indefinitely. 

Let 7 < u>i be bigger than all the values r n , n <u>. For this 7 for every n 
there is a 6 n such that if t„ = —1 (i.e., when 7” — > wi as a — >• wi, a G ^ 4 n ) and 
cc > 9 n , then 7^ > 7. Now if cc > 7 is bigger than all the 9 n , then the selected 
set {a, 0, 7® , 7^, 7^, . . .} is not an initial segment since a is, but 7 < a is not 
there (each 7^ is either Tj < 7 or bigger than 7). 

(c) If II can select finitely many ordinals at any step, then she can do the 
following. At some step she sees a set H consisting of, say, n ordinals. Then she 
pretends that she plays the game in part (a) with the slight modification that 
she never selects already selected ordinals. Then she is at step at least n /2 
and at most n + 1, and there are only finitely many ways/orders how the set 
H could have been created in that many steps by the two players in game (a). 
For each such order let II select her choice from game (a), and her response 
for H be the set of all these finitely many elements. Since the strategy in part 
(a) produces an initial segment, eventually the set of the selected ordinals will 
be the union of initial segments, hence itself is an initial segment. 

An alternative formalized strategy is as follows. For every a < uj 1 fix an 
enumeration a + 1 = {7 n (a) '■ n < w}, and if II sees H = (ao, . . . , a n - 1} 
then let her response be (n + 1 ) U {7 m (a,j : i,m < n}. Now if I or II chooses 
a in the fcth step and (3 = J rn (a) < a then II will choose ,6 in her max(fc, m)th 
step (at the latest) so eventually a will be filled up. 
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48. Without loss of generality, let K 0 = k, and for each n let be 

an increasing enumeration of the elements of K n . Now the strategy of the 
second player be that given K n ( n even) he keeps only the elements with 
a successor ordinal a, i.e., he selects 

K n + 1 = {£$*> : a < k is a successor ordinal}. 

Note that then the index of an element in K n+ 1 is decremented by at least 
one, i.e., if £ 6 K n fl K n+l is a common element, £ = and ^ = ^ n+1 \ then 
a > f3. Furthermore, no matter how the first player selects K n+ 2 in the next 
step, the index of an element is never incremented (see Problem 6.39). Now 
it is clear that (~l n K n is empty, for if ^ G n K n was for all n, then we would 
have £ = for some ordinals a- 2 n < k, and then these ordinals would form 
a strictly decreasing sequence, which is not possible by Problem 2. 
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Ordinal arithmetic 


1. First we show the claim for two ordinals a and 0 . We shall repeatedly use 
the fact that if a = 7 + 8, and a and 7 are divisible from the left by r, then 8 
is also divisible from the left by r (the fact that if 7 and 8 are divisible from 
the left by r, then a is also divisible from the left by r is clear). If fact, write 
a = t ■ oq, 7 = r • 71, and 8 = t ■ 81 + 82 with some 82 < r. Then 

r • aq = a = 7 + 8 = t ■ 71 + r • <5i + 82 = r • (71 + <5i) + £2, 

which, in view of the unicity of the representation in Problem 8.15, yields 
82 = 0 as we claimed. 

Now let /3 < a and let 8 be a common left divisor of these two ordinals. 
Based on Problem 8.15 we can carry out the Euclidean algorithm: we write 
a = /3 ■ 71 + ( 3 i, 0 \ < 0 . By what we have proven above, here Pi is divisible 
from the left by 5. Now write (3 = /?i ■ 72 + 02 , 02 < Pi, and again here 
02 is divisible from the left by <5. Continuing this process, we have to arrive 
to a 0n+ 1 which is zero (recall that there is no infinite decreasing sequence 
of ordinals), and then the process terminates. Then <5 is a left divisor of 0 n . 
Conversely, since 0 n -i = Pn ■ In, we get that 0 n is a left divisor of 0 n -i- 
Then, since 0 n -2 = Pn- 1 • 7 n + 0 n , we get that 0 n is a left divisor of 0 n -2, etc. 
Eventually we obtain that 0 n is a common left divisor of a and 0 . All these 
mean that 0„ is the greatest common left divisors of a and 0, and since any 
common left divisor 8 of a and 0 divides 0 n , the claim has been verified for 
two ordinals. 

After this, let A be an arbitrary set of nonzero ordinals. Let ao, aq be two 
ordinals from A, and let <5i be their greatest common left divisor. If <5-i divides 
every element of A, then we are done, <5i is the greatest common left divisor of 
the elements of A. If this is not the case, then there is an element in A, which 
we denote by a.2, which is not divisible from the left by A] . Thus, if <5 2 is the 
greatest common left divisor of and a: 2, then 82 < <b, and clearly it is the 
greatest common left divisor of the ordinals ao, oq, (*2- If this 82 divides every 
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element of A from the left, then we are done, otherwise let as be an element 
of A not divisible from the left by 6 2 , etc. Continuing this, the process has to 
terminate since {5*,} is a decreasing sequence of ordinals, and if it terminates 
with 8 n , then S n is the greatest common left divisor of the elements of A. 

2. See Problem 8.19. 

3. It is clear that (u + 2) • oj = {oj + 3) • oj = oj 2 , so the condition is sufficient. 
Conversely, suppose that a is not divisible by oj 2 from the left. Then it is of 
the form a = u> 2 ■ a\ + oj ■ k\ + fc 2 with k\ ^ 0 or fc 2 7^ 0 (see Problem 8.15). 
Thus, w ■ k\ + k /2 is divisible from the left by oj + 2 and by oj + 3, therefore 
k\ > 1. Since oj ■ k\ + fc 2 = (w + 2) • ( k\ — 1) + oj + fc 2 , it follows that oj + k 2 is 
divisible by uj+2, which is the case only if fc 2 = 2. In a similar fashion from the 
divisibility by (u> + 3) it would follow that = 3, and this is a contradiction. 
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XIV. 12/4] 

4. See Problem 7. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV. 12/6] 

5. See Problem 7. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV. 12/2] 

6. See Problem 8.27. If a is a successor ordinal then it has only finitely many 
left divisors by 8.28. [cf. W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XIV.ll. Theorem 2] 

7. We shall repeatedly use Problem 8.21. 

Suppose that a and 0 are right divisors of 7 > 1, say £0 • a = rjQ ■ fi. In 
this equation we can divide through with the greatest common left divisors 
of £0 & n d T]o, so we may assume that they do not have a common left divisor 
bigger than 1. Hence, if we write £0 = <*; • £1 + mo and r/o = u> ■ r/i + no, then 
one of mo or no is not zero. 

First we show that if £ 1 ^ 0 and 771 ^ 0, then £1 • a = 1)1 ■ (3 also holds, and 
here either £1 < £0 or r] 1 < rjo- In fact, if mo f 2 0 and a is a successor ordinal, 
then we must have no ^ 0 and fi must also be a successor ordinal. Hence by 
Problem 8.21 we have 


u> ■ £1 • a + rn 0 = £0 • ol = % • 0 = v ■ Vi • P + no, 

and this implies first m 0 = no , then u ) ■ £1 • a = oj ■ 771 • ( 3 , and then £1 • a = 771 • / 3 . 
If, however, mo f 2 0 and a is a limit ordinal, then either no = 0 or ft must be 
a limit ordinal, and in each case 


u ■ & ■ a = €0 ■ a = Vo ■ 0 = u ■ m ■ 0, 
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which gives again £1 • a. = rp ■ f3. The same argument works if no 7^ 0. Since 
£0 = uj ■ £1 + to 0 and r] 0 =uj-rji + n 0 , we get £1 < if ?Ti 0 0 and ry 1 < ry 0 if 
n 0 ± 0. 

Continuing this process we get ordinals £*,, r]k such that £*, • a. = % ■ /?, and 
either £*, < £fc_i or r]k < %-i, and this process terminates only if one of £*, or 
rjk is finite (in the italicized assertion above the assumption was that (1 ^ 0 
and 771 7^ 0). But there is no infinite decreasing sequence of ordinals, so the 
process must terminate, and we get to a first stage when one of £*. or rjk is 
finite; suppose, for example, that = m > 0. Thus, we have m ■ a = p ■ 0 
with some ordinal p. We write a = uj ■ a.\ + p and p = uj ■ pi + k. 

Thus, we have uj ■ on +pm = (uj ■ pi + k) ■ (3. First we consider the case when 
Pi ^ 0. If p = 0, then a = m ■ a = p ■ (3, so /3 is a right divisor of a. If 0, 
then (3 must be a successor ordinal, and so we have uj-oli +pm = uj ■ pi ■ (3 + k, 
which implies k = pm, p = uj-p\ + k = uj-p\+ pm = m ■ (uj ■ p\ + p), and 
hence to • a = to • (uj ■ pi + p) ■ [3, which, upon dividing by to from the left, 
yields again that /? is a right divisor of a. 

It has only left to consider the case when pi = 0. In this case to • a = k- j3, 
and we can divide again from the left by the greatest common divisor of to and 
k, so we may assume that to and k are relative primes. If we write (3 = uj-(3i+q, 
then the equation m ■ a = k ■ (3 takes the form uj ■ a 1 + pm = uj ■ (3 1 + qk, 
so pm = qk, and a 1 = /?i. Thus, in this case a = £ + p, (3 = £ + q, where 
£ = uj ■ a.i is a limit ordinal or 0. If p = 0, then we must have q = 0, i.e., 
(3 = a. If, however, p ^ 0, then q ^ 0, and pm = qk is a common multiple of p 
and q. Thus, if \p, q] denotes their least common multiple, then £ + [p, q\ also 
divides to • a = £ + pm from the right: to • a= (pm/\p, g]) • (£ + [p, g]). Thus, 

• a is divisible from the right by £ + [p, q] , say • a = 0k ■ (£ + [p, g]). Now 

£fc_ r a = uj-£k-ot+m k -i = uJ-0 k -(t,+ \p,q})+m k -i = (u-0k+m k -i)-(£+\p,q]), 

i.e., £fc_i • a is also divisible from the right by ^ + [/), g]. Now going back in 
a similar fashion on the sequence £ s , s = k, k 1 ..... 0 we can see that each 
£ s • a is divisible from the right by ^ + [p, g], and for s = 0 this gives that 7 is 
divisible from the right by £ + [p, g]. 

8. Let A be a set of positive ordinals and let a £ A be any element of A. a 
has finitely many right divisors (Problem 6), so there is a largest one 6 among 
them that divides all ordinals in A. By Problem 7 any common right divisor 
of the ordinals in A divides this S from the right. 

9. If a > 1 is any ordinal and n is an infinite cardinal bigger than the car- 
dinality of a, then a ■ k = k. Thus, if A is any set of ordinals and ft is an 
infinite cardinal bigger than all the elements in A, then this ft is a common 
right multiple of the ordinals in A. Thus, the ordinals in A have a smallest 
common right multiple a. Suppose that 7 > u is any common right multiple, 
and let us write 7 in the form 7 = <j • £ + r\ with r) < a. Then any element of 
A divides both 7 and a from the left, hence, by the beginning of the proof of 
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Problem 1, it also divides r). Since r) < a, this can only happen if ij = 0, so a 
divides 7 from the left. 

10. By Problem 7 the ordinals 2 and ui + 1 do not have a common left multiple 
(note that 2 does not divide w + 1 from the right). 

11. (i) 7“ • 7^ = 7“+ j3 is true for (3 = 0, and from here one can proceed by 

transfinite induction on (3. Thus, suppose that 7“ • = 7“+ 15 is true for all 

8 < (3. If (3 is a successor ordinal, say (3 = 8+1, then 

. y 3 = ~7§f ■ y S ■ y a+S • 7 = <y a + l5 + 1 = y a+ P . 

If, however, (3 is a limit ordinal, then we can apply Problem 8.13 to write 

7 a • 7^ = 7“ • sup 7^ = sup(7 a • 7 5 ) = sup7 a+5 = sup 7 e = 7 a+/3 , 

5</3 i5</9 5</3 0<a+/3 

where at the last but one equality we used the monotonicity of ordinal expo- 
nentiation to be proven in part (iii) below. 

(ii) (7“)^ = 7“' /3 is true for (3 = 0, and for general [3 one can use transfinite 
induction just as in case (i), during which one uses part (i), as well. 

(iii) The definition shows that if a < (3 then 7“ < 7^. Thus, if a < (3, 
then (cf. Problem 8.9) 7“ < y a+1 < 7^. 

(iv) Using (iii), the inequality a < 7“ can again be easily proven by 
transfinite induction. 

12. We prove by transfinite induction on a that 7 is well ordered and is 

of order type 7“ . Since $o,y = {0}, the statement is true for a = 0. Now 
suppose we know that $f 3 n is well ordered and its order type is 7^ for all 
[3 < a, and first let us consider the case when a = (3 + 1 is a successor ordinal. 
For £ < 7 let = {/ e <£ a 7 : f((3) = £}. This is clearly similar to P’e.-p 
and r I\y ri is the ordered union of the H^s with respect to £ < 7, thus in this 
case we get that the type of <& an equals the type of ^ a. n times 7, i.e., by the 
induction hypothesis the type is 7^ • 7 = = 7“. 

For (3 < a we can think an / : (3 — >• 7 to be extended to an / : a — > 7 by 
setting /(0 = 0 for £ £ a \ (3. In this sense if a is a limit ordinal, then <?V 7 
is the increasing union of the family {^/3 )7 }/j< a , each being an initial 
segment of f F Q 7 , which also implies that each proper initial segment of ^ a ,7 
is a subset of one of the 'f > ; 3 rn (3 < 7 (this is where we use the finiteness 
of the supports of the functions in P’a.p)- Thus, by the induction hypothesis 
$ 01,13 is well ordered, and its order type is the supremum of the order types 
of $p,-y, (3 < a, i.e., it is sup i3<a = 7“, and this is what we had to prove. 
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XIV. 15] 

13. a) Since n“ = u>, we have n+ = (n u, ) ul = u) w , the equality n u = 

follows by taking the supremum of both sides for k = 1 , 2 ,.... 
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b) Since 

(yj + n) m = u> m + u> m ~ 1 ■ n+ ■ ■ ■ + u> ■ n+ n, 

we have u> m < ( u) + n) m < u m+1 . Now taking here supremum for m = 1, 2, . . . 
we obtain (u; + n) u = 

14. 1“ = 1, and if a = u> • (3, then 2“ = (2“) /3 = a/ and similarly 3 a = uA 
Whence 1 + A 3 = uA 

15. a) 2“ = sup„ <0 2 n = oj. 

b) if a is countable, then so is 2 a by the definition of ordinal exponentiation 
and by the fact that the supremum of countably many countable ordinals is 
countable. 

c) By part d) and part (iv) of Problem 11 we have k < 2 K < k, so 2 k = k. 

d) Using that 2 W = u>, it can be easily verified by transfinite induction on 
the infinite ordinal a that 2“ has cardinality at most |a|. Now this together 
with part (iv) of Problem 11 shows that, in fact, 2“ has cardinality equal to 

M- 

e) Let a be an arbitrary ordinal, and let 2^° be the largest power of 2 that 
is not bigger than a. Then a < 2'»°+ 1 = 2^° • 2, hence if we write a = 2‘»° + aq, 
then ai < 2^° < a. Now repeat this process with a\ to get a and an a 2 
such that ai = 2 1 ’ 1 + a 2, and ui < 2 1 ’ 1 < ai, then repeat again and again. 
Since the a n ’s are decreasing, this process has to terminate in finitely many 

steps, in which case we must have arrived at 0. Thus, a = 2^° H \-2^ k with 

some k, and here Co > Ci • • • > Cfc) and this is just the form as in part e). 

To establish the unicity, downward induction on l = k, k — 1, . . . , 1 shows 
that if Co > Ci > • ‘ ‘ > Cfc) then 

2<4 4- 2^ <2 Ci -i, 


the induction step being 

2 (l h 2 Cfc < 2 Cl + 2 Cl = 2 Ci+1 < 2° ‘. 

The case l = k gives 2^° < a < 2^° + 2^° = 2^ 0+1 , and so 2^° is the largest 
power of 2 that is not bigger than a. So if we have two representations, this 
largest power has to be the same in both. Now cancel this highest power, and 
repeat the same process to prove that actually, all powers have to coincide in 
the two representations. 

The form (9.1) of the ordinal w 4 • 6 + w 2 • 7 + u> + 9 is 

2W .4+2 + 2 u,4+1 + 2 u,.2+2 + 2 u,2+1 + ^-2 + 2 “ + 2 3 + 2 °. 


16. We proceed as in the preceding solution. Let a be any ordinal, and let 7^° 
be the largest power of 7 that is not bigger than a. Then a < 7 C ’ 0+1 = 7^° • 7, 
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hence if we write a = 7 ^° ■ 6q + a% with a.\ < 7 ^°, then we must have Oq < 7 . 
Now repeat this process with a\ to get a £ 1 , 9 1 and an a 2 such that aq = 
7 < > 1 ■ 0\ + 02 ; and <12 < 7 ^ < aq, < 7 , etc. Since the a„’s are decreasing, 
this process has to terminate in finitely many steps, in which case we must 
have arrived at 0. Thus, a = 7 ^° • Oq + ■ ■ ■ + 7 ^' • Ok with some k, and here 
Co > Ci > • • • > so the existence of the representation in base 7 has been 
established. 

To verify the unicity, let a = 7 ^° • Oq + ■ ■ • + 7 ^ fe • Ok with Co > Ci • • • > Cfc 
and Oi < 7 . Then 7 ^ k ■ Ok < 7 < ’ fc • 7 < ') c,k 1 , and so 

7°‘- 1 • O k - 1 + 7 Ck • O k < 7 Cfc - 1 • (Ok i~ l) < 7 Cfc - 2 , 

and continuing this process we can see that a < 7 ^° • (Oq + 1) < 7 ^ 0+1 . On 
the other hand, a > 7 *’°, thus 7 ^° is the largest power of 7 that is not bigger 
than a, and then O 0 is the largest ordinal such that 7 ^° ■ Oq < a. Thus, in 
any two representations in base 7 the main terms are the same, and then we 
can cancel these main terms from both representations. Continuing the same 
process with the next-highest term, we get eventually that all terms in the 
two representations are the same. 

17. Let (9.2) be the normal form of a. The inequality a < uj^ n+l has been 
proven in the preceding proof. Now if u /" +1 < /3, then we can write (3 = 
w £n+i + r], and since we have 

• a*, + uA +1 < uA • afc + <A • uj = u)£"(ak + uj) = tA +1 , 

for all k, we obtain 

a + /3 = a + (A +1 + Tf = <A +1 + r] = (3, 


as was claimed. 

18. We shall repeatedly use Problem 17. 

Let a have normal form (9.2) and let (3 have normal form 

(3 = cA -bm-T s- tA • bo. (9.1) 

If Cm > £«> then a + (3 = (3. If this is not the case, and there is a A; such that 
Cfc = Cm, then 

a + (3 = A" ■ a n -\ b-cA • {(ik — b m ) + (A‘ ‘b m . 1 -I b <A • b 0 . (9.2) 

The representation is similar if there is no that equals Cm, namely just add 
then cA 1 • 0 to the representation of a (i.e., consider as if the term cA* was 
there with 0 coefficient). 

Since a ■ u> = cA +1 , it follows that if Co > 0 , then 

a - (3 = A • (3 = cA +fm ■ b m + H iA + ^° • bo. (9.3) 
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If, however, Co = 0, and we write (3 = f3' + bo, then a ■ f3 = a ■ f3' + a ■ bo, and 
hence according to what we have just said 

a ■ j3 = A n • f3 + a ■ bo = A n+fm ■b m + H A " 4 ^ 1 • bi 

+oA • (a n bo) + A n_1 • a n -i + uA -2 • a„_ 2 • • • + A 0 • ao . (9.4) 

[W. Sierpihski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XIV. 19/4] 

19. The limit case is an immediate consequence of the representation (9.3). 
In a similar manner, one can obtain the claim for successor ordinals from 
repeated application of (9.4). 

20. By considering the terms in the normal form of a separately, it suffices to 
show that if 7 < A, then 7 is a left divisor of A. If the highest power in the 
normal form of 7 is A, then 5 < £, i.e., £ = S + 1 + £ with some ordinal £. 
But then 7 • u ■ A = A +1 ■ A = A, i.e., 7 is, indeed, a left divisor of A. 

Conversely, if a = 7 • / 3 , (3 has normal form (9.1) and (3 is a limit ordinal, 
then, by (9.3), 7 < A 0 . On the other hand, if 13 is a successor ordinal, then 
/? = /?* + 1 with some ordinal (3*. Then a = 7 • [3* + 7, and we know that for 
each a there are only finitely many ordinals a such that with some p we have 
a = p + a (Problem 8.26). Thus, there are only finitely many possibilities for 
7- 

21. It easily follows from the normal form for the sums of ordinals that if a = 
/ 3 ■ k and the highest power of w in the normal form of f3 is A m with coefficient 
b m , then a has the same normal form as (3, except that the coefficient of A m 
in its normal form is b m k. Thus, the answer to the problem is that k is a 
divisor of the coefficient of the highest power in the normal form of a (with 
the notation (9.2) this amounts the same as A: is a divisor of a n ). 

22. The finite case has been considered in Problem 8.25, i.e., for finite a the 

sum in question is A a_1 . Since the sum £ is the order type of a set 

{A, -<) that is the ordered union of ordered sets of type £, £ < u a , it follows 
that for limit ordinal a this sum is the same as the supremum of the sums 

£ for all (3 < a (since {A. ~<) is the union for all (3 < a of its initial 
segments that are the ordered unions of sets of type £, £ < A). Thus, we 
have 

Next let a > ui be a successor ordinal. Then it can be written in the form 
A + (k + 1) with some limit ordinal A and with some natural number k. It is 
clear that 

y] £ < y A = A • A = A' 2 . 

On the other hand, the set {£ : A < £ < A} has order type A, hence 
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Y £> Y =U) X -U) a = w A+a = a/*' 2 . 

Thus, if a is a successor ordinal, then the sum in question is u> a ' 2 . 

Next, if a > u is a limit ordinal, then according to what we have said 
before, X^<u> a £ = su P/3<a an< l here in the supremum we can take 

the supremum for successor ordinals (3 smaller than a. Thus, according to 
what we have just proved, in this case 

Y £ = su p = u a , 

where cr = sup (3<0 , /3 • 2. Here if a equals one of the powers of u>, say a = u T , 
then 

u) T = sup /3 < sup (3 ■ 2 < sup (3 ■ ui = uj t , 

p<a 0<a 0<a 

i.e., then a = a. If, however, a is not a power of w, then there are at least 
two-terms in its normal representation (9.2), and since a is a limit ordinal, 
we have £o > 0. Thus, then a is the supremum of the ordinals 

f3 = uA ■ a n -\ + o; ?0 • (oq — 1) + S, 


where S < , and here 

/3 • 2 = u>^ n ■ (2a n ) + • a n -i + • • • + ■ (ao — 1) + 5, 

thus 

a = sup (3-2 = uj^ n ■ (2 a n ) H + &A • o 0 = a ■ 2. 

0«x 

In summary, the sum in question is equal to tu 2a_1 if a is finite, it equals 
to a if a is a power of u, and in all other cases it equals us a ' 2 . 

23. We prove the statement by transfinite induction on a, the case a = 0 
being trivial. Thus, suppose that the claim is true for all ordinals less than a; 
and we have to show that it is also true for a. 

If a is a successor ordinal, a = (3 + 1, then u) a is the order type of the an- 
tilexicographically ordered set u>P x u>, and suppose that we have decomposed 
u)P x u> as A U B. For each n € u> let A n be the set : (£, n) € ^4}, 

and similarly define B n . Then A n U B n = u/ 3 , so by the induction hypothesis 
either A n or B„ has type uA If for infinitely many n the set A n has type 
cjP, then U n A n has type A ■ u = uj a and then so does U n A n C A C u>“. If 
this is not the case, then for infinitely many n the set B n has type cu 3 , and 
then U n B n has type u>' 3 ■ ui = a/\ and together with it the same is true for 
U n B n CBC u> a . 

Now suppose that a is a limit ordinal, and for each (3 < a let Ap = Tn w 3 . 
Bp = B fl uA By the induction assumption either Ap or Bp has order type 
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u)P, and let C be the set of those 3 < a for which Ap is of type If C is 
cofinal with a, then clearly the type of A is sup ;3eC . ui® = ui a . If, however, C 
is not cofinal with a, then a \ C is cofinal with a, and then exactly as before, 
B has order type u> a . 

24. For a = u s the statement follows from the previous problem. For other a 
we prove the result by induction on a, so suppose that it has been verified for 
all ordinals smaller than a. Let the normal form of a be (9.2), and consider 
the ordinal 

3 = uA • (a n — 1)4 + u)^ 0 ■ a 0 . 

This is smaller than a, and a = u)* n U B, where in this ordered union B has 
type 3 < a. Thus, by the induction hypothesis, there is an N such that if 
we decompose B into N sets, then one of the sets can be omitted, and the 
union of the remaining ones still has order type 3 ■ We claim that then the 
same is true if we decompose a into 2 N parts. Thus, let a = A\ U • • • U A 2 ^. 
We have sets B = U f = ^B n U A 2i ), hence there is an i 0 such that the 

order type of B* = %^i 0 B fi (A 2i _\ U A 2i ) is 3- If the order type of 

oj^ n n (A 2 i 0 -i U A 2 i 0 ) is smaller than uA, then, by the preceding problem, 
the order type of Ui<,<jv, i^i 0 ^ n n (A 2i _i U A 2i ) is u/" , and we are done. If, 
however, the order type of w** fl (^ 2 * 0-1 U A 2 i 0 ) is u>^ n , then, again by the 
preceding problem, either the order type of c^ n fl A 2 i 0 -i is u^ n , or the order 
type of n A 2 i 0 is u>^ n . In the first case the order type of 0t<K2JV, ijt 2 i 0 Ai, 
while in the second case the order type of Ui<{< 2 Ar, *^280-1^4* is u>^ n + /3 = a, 
and the induction step has been verified. 

25. We show by transfinite induction on a the stronger claim that every infinite 
ordinal a of cardinality at most k can be decomposed as a = Ao U A\ U • • • 
such that the order type of A n is at most For a = lo = 1 + 2 +■■ ■ this is 
clear, and suppose now that this claim has been verified for all infinite ordinals 
3 < ol. If a = 3 + 1 is a successor ordinal and the assumed decomposition of 3 
is B 0 \JB\ U- • •, then a = A 0 LlAi U- • • with A 0 = {3}, A i+ \ = Bi, i = 0,1,... 
is clearly an appropriate decomposition of a. 

Assume now that a > 0 is a limit ordinal, and let {/3|}^< c f( a ) b e an 
increasing sequence of type cf (a) of ordinals smaller than a converging to a. 
Then a splits into the disjoint union of the sets B ^ = [/%, /% + i), £ < cf (a). 
By the induction hypothesis for each £ < cf (a) there is a decomposition 
£?£ = Bq U U • • •, where the order type of B^ is at most K n for each n. Now 
set A 0 = 0 and A n = U^ <c f ( a )B^_ 1 for n = 1,2, — Then a = A 0 U A\ U • • • 
is a partition, and since cf (a) < k the order type of A n is < k" _1 ■ k = n n , 
which proves the induction step. 

26. u>, oj 2 , and oj 3 are the first three infinite indecomposable ordinals (cf. 
Problem 23). 


27. See Problem 34. 
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28. This is clear from the definition of indecomposability and from the defi- 
nition of 7. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XIV.5. Theorem 2] 

29. If a = 7 • (/3 + 1) and here (3 > 0, then 7 ■ (3 < a and 7 < a, hence 
a = 7 • (3 + 7 is decomposable. Conversely, if a is decomposable, then it is 
not a power of uj (see Problem 23), hence in its normal form representation 
(9.2) there are at least two-terms. Thus, if u/° is the largest power of uj that 
divides a, then a = ■ (3 , and here >3 is a, successor ordinal bigger than 1 . 

30. For a £ < a the equality £ + a = a holds if and only if for all r) < a we 
have £ + rj < a (see, e.g., Problems 8.9 and 8.13). Thus a is indecomposable 
if and only if for all £ < a the equality £ + a = a is true. 

31. This is a consequence of Problems 30 and 8.13. [W. Sierpinski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.6. Theorem 3] 

32. If £ < /3 • a, then £ < (3 ■ rj for some rj < a, hence by Problem 30 
€ + (3-a<f3-r) + (3-a = (3 - (r) + a) = (3 - a. Therefore, again by Problem 30, 
f3 ■ a is indecomposable. 

33. If we write a = (3 ■ 7 + 8 with some 5 < (3 (see Problem 8.15), then by the 
indecomposability of a we must have (5 = 0. 

34. By Problem 32 the ordinal a ■ 00 is indecomposable because u> is. But if 
a < (3 < a ■ uj and we write (3 = a ■ m + S with some S < a and m = 1 , 2 ,..., 
then (3 = a+ (a ■ (m — 1) + 6) is a decomposition of (3 into a sum of smaller 
ordinals, hence it is not indecomposable. 

35. This is an immediate consequence of Problem 37 below and of the normal 
form of (9.2) of a. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV.6. Theorem 2] 

36. This is a consequence of Problem 37 below and of the normal form of the 
sum of two ordinals found in (9.2). 

37. This is immediate from the normal form representation (9.2) and from 
Problem 23. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XIV. 19. Theorem 1] 

38. The first three infinite primes are u>, u> + 1, and u> 2 + 1. This follows from 
the fact that any ordinal u) ■ m + n with m > 1 can be written as (u> + n) • m, 
and every u> + n with n > 1 can be written as n ■ (ui + 1). 

39. If a > 1 is prime and a = f3 ■ 7 with some 7 > 1, then (3 < a, hence we 
must have 7 = a. The converse is trivial. 
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40. Suppose that a is indecomposable, and a + 1 is the product of two positive 
ordinals. Then both of them have to be a successor ordinals, say a + 1 = 
(P + 1) • (7 + 1) = (p + 1) • 7 + P + 1. Hence a = (P + 1) • 7 + P, and by the 
indecomposability of a here either p = a, in which case p + 1 = a + 1, or 
(P + 1) • 7 = a, when a = (P + 1) • 7 + P implies p = 0. 

41. Let a be an infinite successor ordinal and consider its normal form (9.2). 
Then £0 = 0, do > 0 , and if we write = £1 + Cfc for k = 1, . . . , n, then 

a = (A 1 + a 0 ) ■ (A n • a„ + f- u A • a 2 + 01), 

and the last factor is smaller than a. If a is prime, then this can only happen 
if a = A 1 + do, and then since a = A + do = do ■ (A + 1), only if 00 = 1 . 
That each of A + 1 is a prime ordinal follows from Problems 37 and 40. 

42. If a is a limit ordinal, then in its normal form (9.2) £0 > 0, and a is divisible 

from the left by A- 1 and from the right by A 1 ■ a n H b A • a\ + 0.0, where 

the Cfc are the ordinals, for which = £ 0 + C k- If this last sum consists of 
more than one term, then 

cA n • a n + * * * + (A 2 • di + do ^ cA n • a n + • • • + cA 1 • di + do 

< A n ■ a n + H A 1 • di + A 0 • d 0 = a, 

and clearly in this case A 0 < A" < a also holds, so a cannot be a prime. 
Thus, a can have only one term in its normal form, and then obviously it 
has to be of the form a = A. Now here p must be indecomposable, for if 
P = 7 + S with 7 ,5 < P, then we would have a = A • A with <u 7 , A < a, so 
a could not be a prime. Thus, p is indecomposable, and hence by Problem 37 
we have a = uA with some £. 

43. Since for limit ordinal £; the ordinals £ + k, k = 2,3, .. . are non-primes 
(£ + k = k ■ (£ + 1)), the statement follows from Problem 7. [W. Sierpinski, 
Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.22. 
Theorem 4] 

44. Suppose that a + l = P- 'y = 5-r), where P and 6 are infinite primes. 
Then p, 7, S, r) have to be successor ordinals, hence by Problem 41 we have 
P = A+ 1, & = A + 1, and if we also write 7 = w • 71 + k and r] = w ■ 771 + l 
with some positive natural numbers l and k, then fi ■ 7 = A +1 • 71 + A • k + 1, 
d ■ r] = A+ 1 • r]i + A • l + 1, which shows that in the normal representation 
of p ■ 7 the last two-terms are A • k + 1, while in the normal representation 
of <5 - 77 the last two-terms are A • l + 1. Since the normal representation is 
unique, we must have £ = £, hence p = 5. 

To show that the statement is not necessarily true for limit ordinals, con- 
sider ct+, which has the infinitely many primes u) n + 1, n = 1, 2 , ... as its left 
divisors: (ui n + 1) • ui u = . 
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45. The proof is by transfinite induction on a. If a is prime, then there is 
nothing to do. If it is not, then it is the product of two smaller ordinals for 
which we can apply the induction hypothesis to conclude that a is the product 
of finitely many prime ordinals. 

Since u > 2 = ui ■ ui = (w + 1) • u, the representation is not unique. [W. 
Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XIV. 23. Theorem 1] 

46. By the normal form representation every ordinal a can be written in a 
unique way as the product a = u>^ • 7 of a power of u> and of a successor 
ordinal 7. Thus, if we write a as a product of primes in such a way that limit 
prime factors precede successor prime factors, then the product of the limit 
prime factors (which are powers of ui) must be a/ 3 , and the product of the 
successor prime factors must be 7. 

Thus, it is enough to prove the existence and unicity of the prime repre- 
sentation in question in the two cases when a is a power of u> and when a is 
a successor ordinal. 

Suppose first that a = u>@. If a is the product of prime factors “ > 
w w<m_ i > ••• > w" C " , then (3 = + u> ^ m ~ 1 + • • • + uA must be the normal 

form of /3 (some terms may be repeated), and both the existence and the 
unicity of the representation follow from the existence and unicity of normal 
form representation. 

Next we prove the unicity of the representation when a is a successor 

ordinal. Let a = % n 70 with j rn > y m -i > ... >70, where 7, are prime 

ordinals, so they are either prime natural numbers or ordinals of the form 

+ 1. Let 7 s ,7 s _i,. . . ,70 be all finite, but 7 s +i infinite. Since the largest 
term in the normal form of the product • • • 7 s +i has coefficient 1, it follows 
that 7 S • • • 70 must be equal to a „ , the largest coefficient (the coefficient of the 
highest power) in the normal expansion of a. Thus, the finite prime factors on 
the right are uniquely determined by a, therefore we can cancel them (Problem 
8.10), and we may assume that a does not have a right prime divisor, which is 
finite. But then by Problem 43 in two representations of a of the kind we are 
discussing the last (rightmost) prime factor is uniquely determined. Thus, we 
can factor out this common rightmost prime factor from both representations 
(see Problem 8.11), and we get the unicity by induction. 

Finally, we prove the existence of the prime representation in question for 
successor ordinals. Since for (<(owe have 

(uA • b m H + uA • 6 0 ) • (A + 1) = ■ b m + h a/ 0 • b 0 , 

we can successively change the normal form of a into such a representation: 
first note that 

a = up” • a n + ' ' ' + 

= (uA- 1 • a n -i + uA- 2 a„_ 2 -I uA • ui ■ a 0 ) ■ (u/ n + 1) • a n , 



Solutions 


Chapter 9 : Ordinal arithmetic 


249 


where S n is the ordinal for which = £ n _i + S n . Here a n can be uniquely 
written as a nonincreasing sequence of finite prime factors. Now repeat this 
with the factor 


uA _1 • a„_i + uA _ 2 a n _ 2 + • + A • aq + ao, 
etc., to obtain the required form. 

Actually, the method we used for the existence can be easily extended 
to yield both the existence and unicity of the representation. In fact, if the 

normal form of a is a = cA • a n H b A • ao and set <5 q = £o and choose A, 

1 < i < n, so that £; = + Si, then £ 0 > 0 and Si > 0 for 1 < i < n. Now 

a = A ■ a 0 ■ (A + 1 ) • ai ■ ■ ■ a n _i • (uA + 1 ) • a n , 

and if = u> ' 1m ■§-••• + u>' y ° with -y m > ■ ■ ■ > 70 , then 

a = u ■ ■ • to • ao • (w 1 + 1 ) • ai • • • a„_i • {u " + 1 ) • a n 

is the required decomposition. Unicity is also clear since in order that this 
formula should hold, the choice of <5* must be what was given above. [W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XIV.23] 

47. This follows from Problem 53. 

48. See Problem 53. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XIV.25. Corollary 1] 

49. See Problem 53. 

50. See Problem 53. [N. Aronszajn, Fund. Math., 39(1952), 65-96] 

51. See Problem 53. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XIV.25, Theorem 1] 

52. See Problem 53. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, XIV.25. Theorem 2] 

53. This is an immediate consequence of the normal form of the sum of two 
ordinals given in the solution to Problem 18. In fact, if a has normal form (9.2) 
and /3 has normal form (9.1), then, e.g., for 0 < a we cannot have C, m < 
for then /3 + a = a, and a = /3+a = a + (3 gives (3 = 0. Thus, C, m = £ n , and 
then 

a + P = ■ ( a n + b m ) + w ^ m_1 • b n - 1 H + • bo 

while 

/3 + a = a/”- • (a„ + b m ) + aA -1 • a„_i + H (A • ao 
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and these are the same exactly when m = n, £* = Q for all i < n and a* = b t 
for i <n. 

54. The sum of n nonzero ordinals a-[ , , a n is independent of their order if 
and only if each two are additively commutative. Now apply Problems 53 and 
18. 

55. (a) Let a,-. « 1 .nben ordinals, and let us write each a.i as a* = 

ui~ H ■ di + fa, where a, = 1, 2, . . . and Pi < uf li . Such a decomposition follows 
from the normal representation of a*. Let 7 = min* 7,; , and let k be the number 
of those a, for which 7 j = 7. Without loss of generality, we may assume 
71 = . . . = 7fe = 7 and 7* > 7 for i > k. If ii , . . . , i n is any permutation of 
the numbers 1, . . . , n and i n > k, then each of ai, . . . , a k gets absorbed in the 
following summands in + • • • + a tn , hence those sums are as if the numbers 
cci, . . . , afc were all missing. Hence there are exactly g(n — k) such sums. If, 
however, i n < k and r is chosen so that i n -i < k , . . . , i n - r + 1 < k but i n - r > k, 
then again all a \, . . . , a n but the r ones at the end (i.e., n, M , . . . , a, n ) get 

absorbed in the following summands in H b a in . Thus, in this case we 

obtain that 


o^i T H = 5 + w 7 • (a in _ r+1 + b a n ) + Pt n , 

where <5 > a; 7+1 . Here there are at most (J;) possibilities for the selection of 

the indices i n - r + 1, ■ ■ ■ , i n and hence for the sum a in _ r+1 H b a in , and for a 

given selection of these indices there are at most r possibilities for i n . As we 
have just seen S can be obtained in at most g(n — k) ways, hence the number 
of possibilities for the sum H + ai n is at most 



g(n — k) = (k2 k 1 + 1 )g(n — k). 


This gives the upper bound 

g(n) < max(A:2 fc_1 + l)<?(n — k). 


It is clear from the given consideration that if for a particular k we set 


i = w ■ 2* + i, 


i = 1, 


and 


a k +j=u ■ a.y 


j = 1, k, 


where a'-, j = 1,2 n — k, is a system of ordinals for which we get g(n — k) 

possible sums, then the 7 above is 1 and all possible choices listed above are 
different, so in this case the bound ( k2 k ~ 1 + 1 )g(n — k) is achieved. This gives 


gin) > max(A:2 fe 1 + 1 )g(n — k), 
k 
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and part (a) is proved. 

(b) can be obtained by direct computations from the formula in part (a). 

(c) is a consequence of (a), (b), and part (d). 

(d) Consider the ratios g(n)/ 81”/ 5 . Part (a) implies that 

g(n) fe2 fc_1 + 1 g(n — k) 

81 n / 5 ~ !<“<+-! 81 fe / 5 ’ 8l("- fc )/ 5 ' 


Since the fraction 


k2 k 


L + 1 


Sffc/s 


increases as k increases for k < 4 and decreases as k increases for k > 5 and 
for k = 5 it takes its maximum value 1, it follows that if for some m we have 


g(m — i) g(m — i — 5) 

8lfeb/5^ 8 l(m— i— 5)/5 


for * = 0 , 1 ,.. 


(9.5) 


then 


g(m + 1) k2 k 1 + 1 g(m + 1 — k) 

SKm+ij/B = i<fe<^ + i 81 fc / 5 ‘ 8l( m + 1 -*)/ 5 

k2 k ~ 1 + 1 g(m + 1 — k — 5) 
l <fc<9 81 fc / 5 8l( m + 1 - fe )/ 5 ’ 

(k - 5)2( fc “ 5 )- 1 + 1 g(m + l-k)\ 

I0<h<„, 8l( fc - 5 )/ 5 8 l(m+l-/c)/5 J 

_ g(m + 1-5) 

y Ills 

Since here the term on the right-hand side appears as the 5th term in the first 
maximum, we obtain 


< max 


g{m + 1) _ g(m + 1 — 5) 

8l( m + 1 )/ 5 ” 8l(m+l-5)/5 • 

Thus, the property (9.5) is inherited from m to m + 1 and we obtain that for 
all n > m — 8 

= g( n ~ 5 ) 

81("- 5 )/ 5 ‘ 

But based on the values in part (b) and on similar computations (resulting 
from part (a)) for the values <?(16) — <7(27)) it is easy to check that (9.5) is 
true for m = 27, hence the preceding formula proves part (d). [P. Erdos, 
Some remarks on set theory, Proc. Amer. Math. Soc., 23(1950), 127-141] 


56. This follows from Problem 60. 
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57. Let a > 1 be a successor ordinal. If a is finite, say a = a, but ft is infinite, 
say ft is of the form ft = uj-j+k, then a-ft= cj-'y+ak, while ft-a = ui-y -a+k, 
and this latter ordinal is clearly bigger than the former one. 

Thus, let a and ft be infinite, a a successor and ft a limit ordinal. By 
Problem 18 if the normal expansion of a has k terms and the normal expansion 
of ft has l terms, then the normal expansion of a ■ ft has l terms, while the 
normal expansion of ft ■ a has l + (k — 1) terms. Thus, if a ■ ft = ft ■ a, then 
we must have k = 1, which means that a is finite ( a was assumed to be 
a successor ordinal), but this is not the case. [W. Sierpihski, Cardinal and 
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV. 26] 

58. See Problems 60 and 8.12. [W. Sierpihski, Cardinal and Ordinal Numbers, 
Polish Sci. Publ., Warszawa, 1965, XIV.26. Corollary 1] 

59. This follows from the next problem, Problem 60. [W. Sierpihski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.10/3] 

60. First let us consider the case when a and ft are successor ordinals. If a 
and ft are multiplicatively commutative, then by Problem 63 there is a £ such 
that a = £ TO and ft = £ n with some natural numbers n, m. Thus, in this case 
a n = ft m . 

Conversely, suppose that for some n, m we have a n = ft 171 , and let £ be 
the smallest ordinal bigger than 1 that is multiplicatively commutative with 
a n = ft rn . Since a is multiplicatively commutative with a n , by Problem 62 
we must have a = for some k, and for similar reasons ft = ft for some l, 
and this shows that a and ft are multiplicatively commutative. 

Now let a < ft be limit ordinals. If they are multiplicatively commuta- 
tive, then, according to Problem 61, there is a 9 and positive integers p,r 
such that ft = (jj°' r a, and the highest power of u> in the normal represen- 
tation of a is uj e ' p . The latter property implies by the solution of Problem 
18 that a s = a; 0-(p(*-i)) Q! f or s = 1 , 2 ,..., hence a p+r = u> e ' ( - p+r ~ 1 '> p a = 
UJ e.(p+r)( P -i)) u e.r 0 , = pp 

Conversely, suppose that for some positive natural numbers n, m we have 
a n = ft m , and let oj t and ui a be the highest powers of co in the normal 
representation of a and ft, respectively. Then the highest power of u> in the 
normal form of a n is uj T ' n and in the normal form of ft rn it is Thus, 

r • n = <j ■ to, and hence, by Problems 51, 50 there is a 6 and some positive 
integers k, l such that r = 9 ■ k and a = 9 ■ l. We also have a n = u T '^ n ~ r> ■ 
a and ft m = • ft, thus l v 0 ^ n - 1 '> ■ a = ■ ft. Here a < ft 

implies 9 ■ l(m — 1) < 9 ■ k(n — 1), so by Problem 8.10 we can cancel with the 
common factor uj from the left to obtain ft = . a . 

This and Problem 61 show that a and ft are multiplicatively commutative. 
[W. Sierpihski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XIV.26. Theorem 1] 

61. Let a < ft be two limit ordinals with the respective normal forms 
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a = u>^ n ■ a n + ■ ■ ■ + uj io ■ oo 

and 

P = -b m + ■■ ■ + ufo* • bo . 

Then (see Problem 18) 

P ■ a = ■ a n + ■ ■ ■ + • a 0 

and 

a ■ (3 = ■ b m + ■■ ■ + uA + ^° • b 0 , 

and these are normal forms. Thus, these two numbers are the same if and only 
if n = m, a-i = 6; for all i, and Cm + = C« + Ci- For i = n this means that Cn 

and Cn are additively commutative, and hence (see Problem 51) there is a 9 
and natural numbers k, l such that Cn = $ ' k and Cm = 0-1. Since a < 6, we 
must have l > k, and so Cm = £n+9-(l— k). But then £„+#•(£— fc)+£, = £ n +Q, 
which means that 9 ■ (l — k) + C* = Q for all *> i- e -) u> e ' t ' l ~ k ' > oi = /?, and this 
proves the necessity of the condition. 

It is also clear that if C« = 9- k, Cm = 9-1 and oj 0 '^ l ~ k ^a = (3, then Cn+Ci = 
C« + Ci) hence, as we have mentioned above, a and (3 are multiplicatively 
commutative, i.e., the condition is also sufficient. 

62. According to Problem 57, C is a successor ordinal. 

First we prove that a is a finite power of C- 

We have seen in Problem 46 that a can be uniquely written in the form 
a = o TO+ i • /3 m ■ a m ■ (3 m -\ ■ ■ ■ a\ ■ (3 q ■ ao where o* > 1 are natural numbers and 
/3 m > Pm - 1 > • • • > Po are infinite prime ordinals of the form l. Now let 
C = c n+ i • 7 n • c n • 7„_i • • ■ ci ■ 70 ■ cq be the corresponding representation of C- 
Then C • a = a ■ C implies that both ao and Co are coefficients of the largest 
power of u> in the normal form representation of C • ol = a ■ C, therefore (Iq = Cq. 
We can cancel this common right factor from the equation (see Problem 8.11) 
to obtain 

a n + 1 • Pm ■ a n -i ■ P n - 1 ■■■a-i- Po - (a 0 c n+ i) -7 „ • c„ • 7„_i • • • c\ ■ 70 
= C„+ 1 -7 n-Cn- 7„_1 • • • C170 • (c 0 a m+ i) ■ Pm- a m - Pm- 1 ---a-i- Po- 

Now 70 and Pq are infinite prime right divisors of the same ordinal, so they 
must be the same by Problem 43. Cancelling them (see Problem 8.11) and 
continuing this process we can see that the numbers a* and c, are equal and 

so are the prime ordinals Pi and 7, for i = 0,1, This process terminates 

only when i reaches m or n. If n 7^ m, then this implies that either ^ or a is 
a right divisor of the other one. If, however, m = n, then we obtain from this 
procedure that a = t; (recall that ao = Co has been verified above). Thus, in 
any case one of a and £ is a right divisor of the other one, and since ^ < a, it 
must be £: a = au-£ with some ordinal aq. Here aii-£-£ = a-£, = f;-a = £-ai-£, 
and so oq •£ = £-aq, i.e., £ and oq are also multiplicatively commutative. Now 
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continue this process with a.\ and £. It follows that either a.\ < £ or a-j = ai2-£, 
and a 2 and £ are multiplicatively commutative. Repeat this process again and 
again. Since the sequence {a*} is strictly decreasing, there will be a smallest 
index 'to such that aj 0 < £. Since a, 0 is multiplicatively commutative with 
£, and a l0 _i = a l0 ■ £, it follows that a, 0 and o,; 0 _ 1 are also multiplicatively 
commutative. Going back this way, we get that a la and a are multiplicatively 
commutative. But in view of the choice of £, this can only happen for &i 0 < £ 
if aj 0 = 1. Hence aj 0 _ 1 = £, aj 0 _2 = £ 2 , . . ., a. = £*°, and this proves the 
claim. 

Now we prove by induction on (3 that if p is multiplicatively commutative 
with a then it is a finite power of £. £ and 0 are right divisors of the the same 
ordinal (namely a - (3 = (3 ■ a), and we apply Problem 7. By the minimality of 
£ if (3 is a right divisor of £ then (3 = £, and we are done. If £ is a right divisor 
of (3 , say /? = 7 • £, then 7 < /? and 

a-'y-^ = a- 0 = 0- a = / y-^-a = , y-a-^, 

and since £ is a successor ordinal we can cancel the £ on the right of the two 
extreme sides, and we get that 7 is multiplicatively commutative with a. So 
in this case the induction hypothesis gives that 7 is a finite power of £, and 
hence so is /? = 7 • £. The only remaining possibility in Problem 7 is that 
P = C + p, £ = C + <? with some limit ordinal ( and 0 < q < p integers. Since 
a = (£ + q) rn for some m, an application of Problem 8.21 yields 

a ■ 0 = (C + q) m ■ (C + p) = C • (C + • (C + p) + q = a limit ordinal + q 

while 


0 ■ a = (C + p) ■ (c + q) m = C • (C + q) m + p = a limit ordinal + p 

and these are different when q < p. Thus, this possibility cannot occur, and 
the proof is complete. 

63. This follows from Problem 62. 

64. Since 


( u 0 + u) ■ (w 3 + u) 2 ) = u; 5 + w 4 = (a> 3 + w 2 ) ■ (w 2 + oj), 

these ordinals are multiplicatively commutative. But there is no ordinal £ for 
which u> 2 + u) = £” was true with some n > 2. In fact, then it would have 
to be of the form ui ■ k + l and n would have to be 2. Furthermore a/ 2 + to 
is a limit ordinal, which means l = 0, but then (uj ■ k) 2 = oj 2 ■ k ^ ui 2 + lj. 
Thus, if u> 2 + w = £", then n = 1, £ = u 2 + uj, in which case = o> 3 + w 2 is 
an impossibility. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV.26. (26.4)] 
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65. The product of n ordinals a .\, . . . , a n , 04 > 2 is independent of their order 
if and only if each two are multiplicatively commutative. Now the statement 
follows from Problem 60. 

66. ati = u) + i, i = 1, . . . , n will do; see Problem 8.39. 

67. Suppose that a and (3 are different infinite ordinals that are additively 
commutative. Then (see Problem 51) there is a £ and n 7^ m such that a = £-n 
and (3 = £ • m. If £ is a limit ordinal, then a ■ (3 = £ 2 • m, while f3 ■ a = £ 2 • n, 
and these are different. If, however, £ is a successor ordinal, say £ = co ■ 7 + k 
with k > 0, then 


P-a = (uj-'y + k)-m-(uj-'y + k)-n = uj-^-u)-'y-n + oj-^ - mk + k, 
while 

a-p=(ui-'y+k)-n-(ui-'y+k)-m = u)-'y-u)-'y-m + u)-"f - nk + k, 
and these are different: e.g., if n > m, then 


ui ■ 'y ■ u> ■ 'y ■ m + cj ■ j ■ nk < u> ■ 'y ■ oj ■ -y ■ m + u> ■ j ■ cj 

= w ■ 'y ■ u • ('Y • ni + 1) ^ u • 'y • w ■ 'y ■ n 

<u)-y-u-'y-n + u)- / y - mk. 

Thus, a and (3 are not multiplicatively commutative. [W. Sierpinski, Car- 
dinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.26/12] 

68. b) clearly implies a) (cf. Problem 8.13). Furthermore, if a = u> u>3 , [3 > 0, 

and 1 < £ < cc, then in the normal expansion of £ the highest power is cf 1 with 

some 7 < cj 13 . Thus, then £ • a < u> 7+1 • u ^ = uP' +1+ “' /3 = = a < £ • a, 

and this is b). Thus, c) implies b) (the case (3 = 0 is trivial). 

Finally, suppose that a) holds, and let a = ■ a n + ■ ■ ■ + uA • ao be the 

normal form of a. If this has more than one term, then selecting £ = 9 = u >^ n , 
we get two ordinals that are smaller than a such that their product to ^ n ' 2 is 
bigger than a, thus a must be of the form cP ■ a, and for the same reason as 
before, here we must have a = 1, 7 > 0. Finally, selecting £ = u) p and ( = w <T 
with p,a < 7 the condition in part a) implies that p + a has to be smaller 
than 7, i.e., 7 has to be an indecomposable ordinal. Thus, by Problem 37 7 is 
of the form ui 13 for some [3. and this proves that a) implies c). [G. Hessenberg, 
Grundbegriffe der Mengenlehre, Gottingen 1906, W. Sierpinski, Cardinal and 
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV.20] 

69. Let p, be any infinite ordinal. Inductively define po = p, p n +\ = cJ lln , 

n = 0, 1 and let v be supremum of all the ordinals p n . If ( is any epsilon- 

ordinal such that p < £, then by induction we find that p n +i = cj ,ln < ub = (), 
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thus all fi n are at most £, and so y < (. But it is clear that ( is an epsilon- 
ordinal, since uj 8 = sup n oj lln = sup n /r n+ i = C- This proves that u is the 
smallest epsilon-ordinal that is at least as large as /i. 

If we start from n = uj, then we get that the smallest epsilon-ordinal is the 
limit of the sequence uj, uj w , uj u which can also be written as the sum 

uj + u " + u> u + 


70. See the preceding proof, and notice that if /r is countable, then so are 
Mi ? M2, • • •, and also sup n pt n . 

71. (i) If £ < a = uj a , then there is an ordinal (3 < a such that £ < uj 8 , and 
hence (see Problem 17) £ + a < uj 8 + uj a = uj a = a. 

(ii) In the same fashion as before, £ • a < uj 8 ■ uj a = uj 8+a = ui a = a, where 
we used part (i). 

(iii) With the notation before, a < £ a < (uj 8 ) a = uj 8 ' 01 = uj a = a, where 
we used part (ii). [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV. 21. Theorem 2] 

72. This is clear, for u> a < (3 a = a < u> a (see Problem ll(iv)), hence u> a = a. 

73. If a is an epsilon-ordinal and /3, 7 < a, then 0 7 < p a = a where we used 
Problem 71 (iii). 

Conversely, if a > uj is a limit ordinal but not an epsilon-ordinal, then 
a < u> a (cf. Problem ll(iv)) and so there is a j3 < a such that a < uj 8 , 
and here both u> and fi are smaller than a. If, however, a > w is a successor 
ordinal, a = /3 + 1, then clearly a < /3 • 2 < /3 2 < /3V and here again both uj 
and (3 are smaller than a. 

74. If a is a limit ordinal and f3 = 7 • a, where 7 > a is an epsilon-ordinal, 

then (use Problem 71(iii)) a 8 = a 1 ' 01 = (a 7 ) a = 7“, while (3 a = (7 -a)". Now 
7 a < (7 • a0“ (7 2 )“ = l 2 a = 7“ gives that a 8 = /3 a holds. 

Now suppose that a 8 = /?“. First we prove that a and (3 cannot be simul- 
taneously successor ordinals. Suppose, to the contrary, that they are successor 

ordinals. If a = uA • a n H b u>^° ■ do and (3 = ■ b m H H • bo is their 

normal form, then £ 0 = Co = 0, do, 60 > 0. If a = a' + do and (3 = (3' + 6 q , then 
it easily follows that a 8 = uj 8a ' 8 ■ a b ° and I3 a = uj 8rn ' a ■ (3 a ° , and since the 
last factors are successor ordinals, the smallest power of uj in the normal form 
of a 8 resp. (3 a is uj^ n ' 8 , resp. oj 8rn ' a . Hence we must have Ct ' P' = Cm • o! . 
Together with this it also follows that a b ° = (3 a °, hence, by Problem 60, a 
and (3 are multiplicatively commutative. But then (see Problem 63) there is a 
£ such that a- = and (3 = SJ 1 with some natural numbers p and q. Therefore, 
? , which implies p ■ £ q = q ■ £ p . Now <f must be a successor ordinal 

since a and (3 are, so it is of the form £ = 7 + k, where 7 is a limit ordinal 
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and k > 1 is a natural number. Since then C s = 7 s + 7 s 1 • k + ■ ■ ■ + 7 • k + k, 
the equation p • C 9 = q ■ C p means that 

7 9 + 7 9-1 ■k+--- + / y-k + kp = 'y p + 7 P_1 • k + ■ ■ ■ + 7 • k + kq, 

which immediately implies p = q, and hence a = (3. 

Next we show that it is not possible that, say, a is a limit ordinal and f3 is 
a successor ordinal (in this part of the proof we will not use the assumption 
a < (3, so this proof also proves that it is equally impossible that (3 is a 
limit ordinal and a is a successor ordinal). In fact, then using the preceding 
notation we have £0 > 0 but Co = 0. a 13 is still uj^ n '> 3 ■ a b °, and f3 a is 
and these imply first of all that £„ • /3' < C m m a i and then, since the equation 
Cn • (3' + a = Cm • a is solvable for <7, that oP° = oj a is a power of u, i.e., 
its normal form has only one component. Now apply Problem 19 to conclude 
that the normal form of a also has only one component, say a = u>^ ■ a. Thus, 
then oft = ui^'P ■ a and (3 a = from which we obtain first that a = 1, 

and then that (3 = C, m ■ a. Thus, (3 and a are right divisors of the same 
ordinal, and it follows from Problem 7 that one of them divides the other one 
from the right (the third possibility from Problem 7 cannot hold here, since 
a is a limit ordinal) . If a = 7 • (3, then, since the normal form of a consists of 
a single term, the same must be true of (3. But then [3 cannot be a successor 
ordinal. Thus, we must have (3 = 7 • a, which is not possible either, since then 
(3 again would be a limit ordinal. 

Thus, the only possibility that is left is that both a and (3 are limit ordinals. 
In this case Co > 0 and Co > 0, and = ofi = (3 a = so we get 

again C« • 0 = Cm • ot, i.e., again a and /3 are the right divisors of the same 
ordinal. Thus, exactly as before we can conclude that a is a right divisor of 
/ 3 (recall that we have assumed a < /?), say 13 = 7 • a. With this we also have 
Cn • 7 • a = Cm ' a - 

Let u> s be the highest power in the normal expansion of 7. Then Cm = 
5 + Cn, and the preceding equation takes the form 

(5 + Cn) ‘ a = in ' 7 • 

Here we cannot have S < £ n , for then 


(5 + Cn) 'Q:<Cn'2-a<Cn'7'Q: 

because 2-a = a</3 = , y-a. Thus, 5 > Cn> and 

£ n ■ u) S ■ a < £ n ■ 7 ■ a = (S + Cn) ■a<5-2-a = S- a<u> s -a<£ n -u) S - a, 

which shows that we must have equality everywhere. In particular, £ n -u> s -a = 
Cn • 7 • which implies that lu 3 ■ a = 7 • a = 6, i.e., we may assume without 
loss of generality that 7 = a/. 

Our aim is to show that 6 is an epsilon-ordinal (which, in view of 7 = a/ 
amounts the same as 7 being an epsilon-ordinal) , and at the end of the proof 
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we shall also verify that it is bigger than a. If 6 = 7 = a/, then we are done. 
In the opposite case 7 > <5 + 1, and hence 


• 7 • a = (5 + £„) • a < • (8 + 1) • a < £ n ■ 7 • a, 

which shows that ^-a = (8 +l)-a = 8- ot (recall that a is a limit ordinal). 
Thus, we have arrived at the equation 6 ■ a = u> 5 ■ a. If is the largest power 
of u) in the normal form of 6, then the preceding equation yields 

c ■ a < u) w ■a<u) S -a = 8- a = ui a ■ a, 

giving u) S ■ a = ui w ■ a, i.e., in f3 = 'y-a = u s -a = u> u ■ a we may assume 
8 = of (and 7 = ). Now looking at the largest exponent in the normal 

form of 8 ■ a = uj s ■ a we obtain 

a + £ n = 5 + tn. (9.6) 

Let us go back to the equation (7 • a) a = a~' a . It is not possible that here 
7 < a m for some natural number m, for then 

P a = (7 • a) a < ( a m+1 ) a = a^ m+1 ^' a = a“ < a 13 . 

Therefore, 7 > a rn for all m = 1,2,..., and so 7 > a“ = u>^ n ' u is also 
satisfied. This gives for 8 that 8 > £ n ■ u>. Now <r < <f n • m is not possible for 
some m= 1,2,..., because then a + £„ < £ n ■ (m + 1) < t; n ■ a; < 8 + holds 
contradicting (9.6). Thus, cr > • u>. Therefore, if ui T is the largest power 

of u) in the normal form of a, then on the left-hand side of (9.6) the highest 
exponent is r, while on the right-hand side it is cr > u) T , which gives uj t < r. 
Since r < w T always holds, we obtain t = u) T , i.e., r is an epsilon-ordinal. 
Using the inequality £ n < a we can see that if cr > r then 

cr + £n <cr-2<a-u) = u> T -u) = u> T+1 < u> a = 8 < 8 + £ n , 

which contradicts (9.6). Thus, we must have a = t. and so 8 = u> a = to T = r 
and 7 = ijj s = u> T = t. 

Thus, so far we have verified that (3 = 7 • a, where 7 is an epsilon-ordinal. 
We have also seen that 7 > a rn for all finite m, which yields 7 > a 2 > a. This 
proves the claim. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. 
Publ., Warszawa, 1965, XIV.27] 

75. The product can be defined by transfinite induction in the same 

way as ordinal exponentiation was defined in Problem 11. Transfinite mul- 
tiplication is associative but not commutative or distributive. Ordinal expo- 
nentiation is just repeated multiplication, i.e., 7® = n^<e 7- More generally, 
if 0 = E{<e then 7^ = n ? <e 7 a? - 

76. The case when there are only finitely many nonzero terms is obvious, so 
we may assume the opposite. With no harm we may also discard all the zero 
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terms, as well, i.e., we may assume a, > 0 for all i. We replace every a* with a 
finite sum of powers of u>. Then we get a sum 0q + 0i H — • of powers of u> such 

that every permuted sum of ao + a\ H is a permuted sum of 0o + 0\ -\ 

(but not vice versa) . If 0i = ui 7 ' , then let 6 be the minimal ordinal for which 
the set {i : 7* > <5} is finite. Call 0i of the first (second) type if 7 i > 6 
(7 i < (5) . The finitely many /3,; of the first type can produce only finitely many 

permuted sums. Every permuted sum of 0q + @1 H can be written as x + y 

where a; is a finite sum ending with a 0 t of the first type, and all terms in y 
are of the second type. If some 0i = u> 7i of the second type is a term in x, 
then there is a later 0j = uj 7j with 7^ > 7 j, so we can discard this term, as 
well. Therefore, there are only finitely many possibilities for x. We show that 
y = , and this will conclude the proof. Indeed, on the one hand every term 

in y is smaller than a/, so y < a/. On the other hand, if r < 8, then there are 

infinitely many /3j with 7* > r, so y is at least u> T + uf H = <u T+1 . As this 

holds for every r < 5, y > sup r<(5 uj t+1 = oj s . [W. Sierpinski, Sur les series 
infinies de nombres ordinaux. (French) Fund. Math. 36(1949), 248-253] 

77. We use the notations from the preceding proof. Deleting finitely many a* 
means deleting finitely many 0i, so we may work with the series 0o + 0\ + ■ ■ ■. 

Let us delete finitely many terms, and let the remaining terms be 0' o , If 

we do not delete all 0i of the first type, then every permuted sum of 0' o +0[-\ 

can be written as x' + y', where x' is a finite sum ending with a 0i of the first 
type, and all terms in y' are of the second type, and just as before, there are 
only finitely many possibilities for x ' . The preceding proof also gives y' = a/, 
and this concludes the proof in the case when there are non-deleted terms 0i 
of the first type. 

If, however, all terms of the first kind are deleted, then x' is the empty 
sum, and 0' o + 0[ + ■ ■ ■ in any order is . 


78. Consider the sum w 4 + o; 3 + w 3 + • • • + u 3 +u>+ijj+ ■ • If we move exactly 
k of the w 3 ’s in front of u) 4 , then the value of the sum is <u 4 +u> 3 - (n— 1 — k)+u> 2 , 
and these are n different ordinals for k = 0,1 , ,n — 1. (See also Problem 
8.36.) 

79. See the next proof. 

80. We may assume a* > 0 for all i, otherwise the product is 0, unless all zero 
terms are deleted. 

Let uA be the highest power of u) in the normal form of a*, and let 
r) = sup,- C ■ We shall prove the statement by transfinite induction on 7. The 
statement is clearly true if rj = 0 (in which case all a t are positive natural 
numbers, and their product is u> unless only finitely many aij’s are different 
from 1). Thus, suppose that the claim has been verified for all ordinals (in 
place of rj) that are smaller than rj. 
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Now we distinguish three cases. First suppose that no & equals r). Then 
no matter in what order we take the product and which finitely many terms 
we delete, we always get w v . Next, if infinitely many of the £,’s agree with 
77, then, just as before, no matter in what order we take the product and 
which finitely many terms we delete, the product is always oj r,+1 . Thus, we 
only have to consider the case when there are only finitely many terms in the 
product, say aq, . . . , a*,, for which the corresponding £’s are equal to 7. 
Then ry 0 = sup i>fe is less than 77, so we can apply the induction hypothesis 
for the ordinals Qtk+i, ccfc+2, • • •• Let us now take any permutation 7r of the 
natural numbers, consider the product a^(o) • <1,(1) • • •, and let us delete the 
elements , i £ I, from this product, where I C N is an arbitrary finite 
set. If all the 07, i < k, are deleted, then, by the induction hypothesis, we 
can only get finitely many different values for such a product. If l of the aq’s, 
i < k, are still in the product, and the one with the largest index ir(a) of them 
is a.^ j (i Wi i €{1,2,..., k}), then T ), igi a *ti) = °^i„ ,j, and 

the rest of the product, namely riiry)>7r(* ir ,j), W 0 "* 0> can take onl y finitely 
many different values by the induction hypothesis. Since there are only finitely 
many choices for l < k and € 0, 1 , . . . , k, we can conclude that there are 
only finitely many different values for the product. 

81. Let YT=q Pi-> Pi > 0, be a sum from which one can get exactly n different 

sums by taking permutations of the terms (see Problem 78). Then clearly 
(J0O . (J01 ... = 0* is a product, from which one can get exactly n different 

values by permuting the terms in the product. 

82. Consider the sum ui + w 2 + w 3 + • — |- 0. If we switch the position of u> k and 

0, then the sum becomes d* + u> k , and these are different for different k’s. 

83. We show by transfinite induction on 7 < uq that if A is a countable set 

of ordinals, then the set S 7 (A) of sums Y^p< 1 V0 °f type 7 with y$ G A, is 
countable. This is obvious for finite 7. Let 5< 7 (A) = (-4) - The finite 

sums in A form the countable set S <UJ (A'), and the infinite sums of type oj are 
limits of finite sums, hence the claim for 7 = u) is true, since then S^iA) is in 
the closure of 5 < w (j 4), which is a countable set by Problem 8.42. 

Assume now that the claim is known for all ordinals smaller than 7 < ui\. 
Then S^iA) is countable. 7 can be written as a finite or w type sum of 
smaller ordinals, so .9 7 (A) C 5 W (5< 7 (A)), and the last set is a countable 
set by the induction hypothesis. [J. L. Hickman, J. London Math. Soc. (2), 
9(1974), 239-244] 

84. Consider the product u> ■ u 2 ■ w 3 • • • • 1. If we switch the position of u k and 

1, then the product becomes u) w+k , and these are different for different k’s. 

85. The proof is identical with the proof of Problem 83, just say “product” 
instead of “sum” everywhere. 
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86 . We have r(u>) = 1 • 2 • 3- = u> and r(u> + 1) = T( u>) ■ u> = u> 2 . To calculate 

r{ u> ■ 2) consider that u> k < (u> + 1) • • • (u> + k) < w fc+1 for each k = 1,2,... 
and so r{u ■ 2) = r(w + 1) • (u + 1) • (u + 2) • • • = u> 2 ■ lim fc u> k = w 2 ■ w" = u> u . 
In a similar fashion as before one can see that n^o( a ’ ' k + l) = uF for 
all k = 1, 2, . . ., and hence r(uj 2 ) = r(u) ■ w" • = u> ■ (w u ’) u = w“ 2 . [W. 

Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XIV. 17] 

87. Since .F(O) = .F(O) + .F(O), we have ^(0) = 0. If we set F{1) = 7 , then 
for all a the equality F(a + 1) = F(a) + 7 is true, and for limit a we have by 
continuity J-(a) = sup ; 5 <Q T’fd] . Thus, we get by transfinite induction that 
IF (a) = 7 • a for all a. Conversely, all these operations satisfy the functional 
equation T(u + (3) = F(a) + T{0) and they are continuous in the inter- 
val topology (see Problems 8.13 and 8.41). [cf. W. Sierpinski, Cardinal and 
Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XIV. 18. Theorem 1] 

88 . For such an operation the equation u> :F( ' a+l3 ' > = xFW) ■ uj would be 
true, and by Problem 90 there is no such operation. 

89. We have JF(0) = JF(0) • ^(0), so either JF(0) = 0 or ^(0) = 1. In the 

former case !F{ a ) = !F{a + 0) = F"(a) ■ 0) = 0, i.e., T is identically 0. Thus, 

suppose that ^”(0) = 1, and set .F(l) = 7 . Then T{a. + 1) = ^F(a) ■ 7 , so one 
can easily get by transfinite induction that F(a) = 7 “ for all a. Thus, F must 
be such an exponential operation, and clearly all these satisfy the equation 
F(a + 0) = F{a) ■ F{(i) and are continuous in the interval topology. 

90. We show that there is no such operation. In fact, from the functional 
equation F(a + (3) = Fiji) -F{q) it follows just as in the preceding proof that 
if F is not identically zero, then F{0) = 1, and if we set 7 = F{ 1), then for all 
finite ordinals k we have F(k) = j k . Thus, by continuity we get F(u>) = 7 ". 
Then F(u>- 1-1) = ^(1) • F (w) = 7 - 7 “ = 7 ", and proceeding this way we obtain 
that F(w + k) = 7“ for all k < u>, and so F(uj + w) = sup fc F(uj + k) = 7“. 
But then 7 “ = F(uj + cj) = F(uj) ■ F(uj ) = 7 “ • 7 “ = 7 u,+a ’, which is possible 
only if 7 = 1. In this case transfinite induction shows that F is the identically 
one operation. 

91. (a) is straightforward from the definition of ®. 

(b) If a and (3 are as in (9.3) and 

7 = U) 5n ■ C n + h (Jj 5 ° ■ Co, 

then p < 7 implies b rn < c m for the largest m with b rn 7 ^ c m . But then 
the coefiicients of u Sn , • • • , Lo Sm+1 in a ® p and in a © 7 are the same, while 
am + b m < a m + Cm, hence a © P < a © 7 . 

(c) If a = 0, then x = y = 0. If, however, 
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a = • a n + K u/° • ao 

with nonzero a,, then the solutions are 

X = LO Sn ■ p n -\ 1- u/° • po, y = • (a n — p n ) H 1- u> 5 ° • (o 0 - po), 

where 0 < pi < a, are integers, and the number of solutions is (ao + 1) • • • ( a n + 
1). 

(d) The answer is NO: set a = 1 and x n = n for n < uj. Then lim„ x n = 
sup n x n = uj, while 

lim(l ® x n ) = lim(n +l) = w^a;+l = l® limx„. 

(e) a\ H a n is some sum of some powers of uj, while a\ © • • • ® a n is the 

sum of the same powers of to but in nonincreasing order. As uj 1 + uj s = co s for 

7 < S, it easily follows that ol\ H \-a n can only be smaller than a\ © • • • © a n 

if they differ. 

Equality holds if and only if for all 1 < i < n the smallest exponent in the 
normal form of a, is at least as large as the largest exponent in the normal 
form of Qj+i. 

(f) Assume that 

a = oj Sn ■ an + • • • T u/° • Oo 
is the largest of a ±, . . . , a n . Using (a) and (b) we get 

ai © • • • © a n < ai © • • • © ot\ = uj 5n ■ ( a n n ) + • • • + u> s ° ( aon ) . 

The last ordinal is at most 

U)^ n • (fl ra (Tl+ 1)) + U)^ n ~ 1 • u n —l + ' ' ' + UJ^° (do) = (d)^ n • d n + • • • +Cc^° • do) ■ (d-\- 1) . 

[G. Hessenberg, Grundbegriffe der Mengenlehre, Abh. der Friesschen Schule, 
N. S. 1(1906), 220] 


92. To get a\ © • • • © a„ we split every a* into the ordered union of subsets 
of order type of the form uf 1 and then consider the nonincreasing sum of all 
these components. This shows that a\ © • • • © a n does occur as the order type 
of some set described in the problem. 

For the other direction suppose to the contrary that a = a\ © • • • © a n , 
and the order type of some S = A\ U • • • U A n is bigger than a (where A* is of 
order type a*), and assume that a is minimal with this property. Let x £ S 
be the element such that the initial segment T of S determined by x has order 
type a. We have T = Bi U ■ • • U B n with B, = A, n T. If /3, is the order type 
of Bi, then /l, < a* for every i, and /3, < a-i for at least one i (namely for the 
one with x € A,). But then this decomposition witnesses a decomposition of a 
set of order type a into parts of order types (3 \, . . . , /3 n , and here, by Problem 
91(a), (b) we have /3 := /?i © ■ ■ ■ © /3„ < on © • • • © a n = a. However, this 
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contradicts the minimality of a, and this contradiction proves the claim. [P. 
W. Carruth: Arithmetic of ordinals with applications to the theory of ordered 
Abelian groups, Bull. Amer. Math. Soc., 48(1942), 262-271] 

93. Monotonicity gives by transfinite induction on £ the inequality F(a, (3 + 
o > IF {a, 0) + £ for any a. 0, £, and hence commutativity shows that T(a + 
£, 0) > a , /3) + £ is also true. If 

a = uj Sn ■ a n + ■ ■ ■ + u> s ° ■ oo, 0 = w Sn ■ b n + ■ ■ ■ + uj s ° ■ bo, 

we prove F(a, (3) > a © /3 by induction on n. For n = 0 we can write 

■ a, <jj 5 -b) > ■ a, 0) + ■ b > ^(0, 0) + J ■ b + J ■ a 

> uj s ■ (a + b) = cj s ■ a ® u> s ■ b. 

If we have the statement for n terms, then set 

ol = • (i n + • • • + co^ 1 • &-[, 0 = bJ Sn • b n + • • • + lj^ 1 • b^. 

Now using the induction hypothesis for a and 0, we can write 

T{a,P) > T{a,0) + u) S ° ■ b 0 > F{ot,0) + uj s ° ■ ( a 0 + b 0 ) 

> (a ® 0) + u> 5 ° ■ (a 0 + b 0 ) = a ® 0. 


94. (a) In each step exchange in the actual “superbase” form of n, written in 
base bi the base b, by oj. This gives an ordinal Q . For example, if ni = 23 = 
2 a2 +2 2 +2+l then £i = w w “+w“+u;+ 1. If ri 2 i-i > 0, then clearly £ 2 j = 
and it is easy to see that because n 2 i+i = n 2 j — 1, we have £ 2! ;+i < Qu (see 
Problem 8.8(e)). Thus, {£ 2 i}i is a decreasing sequence of ordinals, so it cannot 
be infinite, i.e., there must be an i with n t = 0. 

The proof of part (b) is identical. [Goodstein, R. L., J. Symbolic Logic 9, 
(1944). 33-41] 




Cardinals 


1. If only finitely many a*’s are different from 1, then the product is equal to 
their product. If, however, there are infinitely many aj’s with > 2, then the 
product is at least 2*° = c. On the other hand, it is clearly not bigger than 

C*° = ( 2 Ko)»ft = 2*0 = 2*0 = c, 
and we find that then the product in question is c. 

2. Since n < k ■ k is clear, it is enough to show that for all infinite cardinal 
k we have k ■ n < k. This is true for k = Hq, and from here we shall prove 
the claim by transfinite induction. Thus, suppose that we already know for all 
infinite cardinals a < k that a 2 = a. It is enough to give a well-ordering -< on 
k x k such that every proper initial segment has order type smaller than k. 
In fact, then the order type of {k x k, -<) is at most k, and so k x k is similar, 
and hence equivalent to a subset of k. 

Let -< be defined as follows: (ri,?ji) -< (t 2 , j if and only if with = 
max{n,? 7 i}, C2 = max{T2,r?2} we have Ci < C2 or Ci = C2 and rq < r/ 2 , or 
Cl = C2 and rj 1 = rj 2 and t\ < r 2. For C < k let = {(r, r]) : max{r, r]} = £}• 
On the ordering given by -< is the following: 

(c,o) ce, 1) ^ — < (0,0 -* 0,0 -<■■■-« (00, 

and this is well ordered and of order type + 1- It j# clear that (k x k, -<) is 
the ordered union of the sets {A%, -<), C < k, and hence it is well ordered. Any 
proper initial segment is included in a union U^< a Aj for some ui < a < n, 
and hence it is of cardinality at most 
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where we have also used that \a\ < a < k, and hence by the induction 
hypothesis we have \a\ 2 = |a|. 

This verifies the induction step, and together with it the claim, as well. 

3. Let, e.g., k > A. Then using the fundamental theorem of cardinal arithmetic, 
we can write 


K < K + X <2k < 2k\ < 2 K 2 = 2 K < K? = K. 


4. a) The set of sequences of elements of X of length k = 1, 2, ... is of car- 
dinality |W| fc = K k = k, and so the set of finite sequences is of cardinality 

Ul ■ K = K. 

b) The set of those functions that map a given finite subset S of X into 
X is of cardinality | A| I s = \X\ = k, and since by part a) there are k possible 
choices for S, the cardinality in question is kk = k. 

5. Let X = A U B be a decomposition of X into two disjoint subsets of 

cardinality k, and further let us decompose both A and B into k disjoint 
subsets of cardinality k: A = IJ^ <K T^, B = U If / : k — >• A and g : 
B — >• k are 1-to-l mappings, then the decompositions X = U ^ <K (B^ U {/(C)}) 
and X = U {<?(£)}) show that both A and B are “small”, (cf. [W. 

Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
IV. 8. Exercise]) 

6. An ordinal a is a cardinal if and only if no £ < a is equivalent to a. Now 
if A is any set of cardinals and a is its supremum, then for £ < a there is a 
f3 £ A such that £ < j3. Therefore, the cardinality of £ is smaller than that of 
/?, and hence it is smaller than that of a. 

7. The statement is clear for finite pi and p 2 , so suppose that pi < p% and p 2 
is infinite. We can also suppose that each A| is at least 1. 

Let I C a be the set of those £ for which Aj is infinite. If p 2 = 
then using the fact that Aj = A^+Aj, we get p 2 = J2^< a an< l Pi < -V- 

This last inequality means that there is a set A of cardinality pi which is a 
subset of a union U^ <a B^ where the B^’s are disjoint and the cardinality 
of B £ is A^. But then by looking at the sets A n B^ it is immediate that 
pi = with some A} < Aj. Thus, in this way we can set A| 2 ) = A^ for 

all £ and A^ 1} = A} if £ e I and a[ 1} = 0 if £ £ /. 

If, however, p 2 > ^ (the third possibility ^ > P 2 n °t 

possible, for it would imply pi + p 2 = p 2 < -V); then p 2 = \ = 

1 = \ot \ 7|. Now select an Ii c a \ I of cardinality p\ such that the set 
(a \ I) \ Ii is still of cardinality p 2 - If we set A^ = Aj, A^ = 0 for all £ 0 Ii 
and A^ = A$ — 1, A^ = 1 for £ G Ji, then these cardinals are appropriate. 
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8 . Let ( A , -<) be an ordered set with cofinality a and let B c A be a cofinal 
subset of order type a. It is clear that if C C B is cofinal with B, then it is 
cofinal with A, hence the order type of C is not smaller than a. This gives 
cf (a) > a , and since a > cf (a) is always true, we get cf (a) = a. Since 
cf (a) < |a| < a always holds, it follows that cf (a) = |a| = a, i.e., a is a 
regular cardinal. 

9. Let a = cf ( n ), and let 7 be the smallest ordinal a for which there is a 
transfinite sequence {k ^}^< 7 of cardinals smaller than k with the property 

« = £fi< 7 K «- 

Choose in k a sequence {/%}f< a that is cofinal with k. Then k = U^< a / 3 ^, 
and so k < |%l> an< t ah cardinals \fi^\ are smaller than k. This shows 

that 7 < a. Thus, if 7 = k, then k = 7 < a < k, and so we must have equality. 
If, however, 7 < k, then the sequence {k|}^ < 7 for which = K -> 

< k, is cofinal with k. In fact, in the opposite case there was an ordinal 
C < 7 such that < C for all £ < 7. But then X^< 7 < ^ i<7 ICI = llllCI = 

max{|7|, |C|} < k, which contradicts the choice of 7 and of the cardinals k^. 
Thus, {kj}j< 7 is cofinal with k, and so a < 7. 

All these prove that, indeed, a = 7. 

10. See the preceding problem, and note that if k = A + , then AA < n. 

11. If k = A + , then the sum of fewer than n (i.e., at most A) cardinals all of 
which are smaller than k (i.e., at most A) is at most AA = A. 

12. u = Ko is regular, and so are each H„, n = 1,2,..., since they are successor 
cardinals. But is not regular, since its cofinality is ui, hence this is the 
smallest infinite singular cardinal. In a similar fashion, the next two ones are 
N w+a; and K a;+w+a ,. 

13. If a = /3+1 is a successor ordinal, then M a = (Kaj + is a successor cardinal, 
and so by Problem 11 it is regular, hence cf(K a ) = If a is a limit ordinal, 
then {H / 3} / 3 <a is a cofinal sequence in d a , hence it has the same cofinality as 

(see the proof of Problem 8), and this gives cf (K a ) = cf (a). 

14. First we prove the necessity of the condition, i.e., assume that the cardi- 
nality of H is at most M n . Without loss of generality, we may assume H = d n . 
The n = 0 case was the content of Problem 2.25, and from here we proceed 
by induction. Thus, suppose that if the cardinality of a set K is at most 
N„_i, then K n+l can be represented in the form Ai U • • • U A n+1 , where A k is 
finite in the direction of the fcth coordinate. Consider H n+2 . It can be writ- 
ten as the union of the sets Sj and Rij, i,j = 1, . . . n + 2, where Sj is the 
set of those (n + 2)-tuples (£1 , . . . ^ n +2 j. £,i < for which all &, i 7^ j are 
smaller than and R- kJ is the set of those (n + 2)-tuples in which = C 
and all other ^ It is enough to represent each Sj and each fl t J in the 
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form A\ U • • • U A n+ 2, where A k is finite in the direction of the fcth coor- 
dinate. For Rij this follows from the induction hypothesis, for R t] can be 
identified with a subset of H n+1 , since the ith and jth coordinates are the 
same. The set Sj is the disjoint union of the sets Sj£, £ < R n , where Syj 
is the set of those (n + 2)-tuples in Sj for which = £ (and recall that 
this was the largest component). Since the jth component is fixed in the el- 
ements of Sj^. each Sj£ can be identified with a subset of H n+1 , and so 
by the induction hypotheses Sj£ = Ui<fc<„ + 2, k^jA k £, where A k £ is finite 
in the direction of the fcth coordinate. Now set A k = U£<K n (for k = j 
this gives Aj = 0). It is clear that Sj = Vf^^Ak- Now Aj is actually the 
empty set, and if k 7^ j and £1, . . . , £, k -\ , £fc+i, • • • £71+2 < d rl are fixed, then 
(Ci, • • • >£fc-i.£>Cfc+i> • • -Cn+ 2) G A k exactly when this (n + 2)-tuple belongs 
to Ak^. Hence by the selection of the sets A k ^. , there are only finitely many 
such |’s. This proves the induction step, and the necessity is proved. 

The sufficiency is also proved by induction. The n = 0 case was done in 
Problem 2.25. Now we verify the induction step, so suppose the sufficiency 
has already been verified for (n — 1) instead of n. Let H n+2 be represented 
in the form A\ U • • • U A n+ 2 , where A k is finite in the direction of the fcth 
coordinate, and suppose to the contrary that H has cardinality at least d n+1 . 

n+1 

Select a subset K of H of cardinality K„. Then (^ H x (K x • • • x K)^j n A\ 
is of cardinality at most K„, since for each x k ,. . . , x n+ i £ K the number of 
y ' s with (y. X \ .... x n+ i) £ A 1 is finite. Thus, there is a t/o G H for which 
there are no x\, . . .x n+ \ £ K such that (yQ,x\, . . .x n+ \) £ A\. But then 
{y} x K n+1 = iS^L^Ak, and here each A k is finite in the direction of the fcth 
coordinate. Thus, by the induction hypothesis, K must be of cardinality at 
most R n _ i , and this contradiction proves the claim. 

15. This problem can be solved along the same lines as the previous one. Since 
the induction steps are the same, we only have to verify the n = 0 case, from 
where the induction starts, but actually that was the content of Problem 2.40. 

16. Since 2 K is the cardinality of the set of subsets of n (see Problem 3.10, c)), 
the statement is equivalent to what was proved in Problem 3.13. 

17. Let A, be disjoint sets of cardinality pi and B, be sets of cardinality k,;. 

We have to show that if F : U.; e jAi — n, e / B, is any mapping, then F is 
not onto. For each i £ I the set {F(a)(i) : a £ A,} is of cardinality at 

most pi\ thus, there is a point (i{ £ B-i \ {F(a)(i) : a £ Ai}. Now for the 
choice function f(i ) = a, belonging to Dlier there is no b £ lT e /A,; such 
that F(b) = f. In fact, if b £ lh e /A, : , then b £ A io for some i 0 £ I, and then 
f(io) = ^ F(b)(io) by the choice of <q 0 . This proves the claim. 

18. Clearly 0 is a limit ordinal. We may assume that is an increasing 

sequence. Then < ft£+i, and so by the preceding problem k = sup^ <(5 < 

K £ < n^<6» = U i<s K i- 
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19. If k is regular, then 

n < K * < (2 K ) K = 2*" = 2 K < K£. 

«<« «<« 

Let us now assume k to be singular. Then the supremum of the cardinals 
«£ must be k, therefore we may assume that {k^}^ <k is an increasing transfi- 
nite sequence. Using the fundamental theorem of cardinal arithmetic we can 
write cf (k) = U a<c f ( K )I a , where the s are disjoint and each of them is of 
cardinality cf (k) . Thus, 


K ct ^= n 

n 

< n i 

( n -0 

a<cf ( k ) 

a<cf (k) \ ieIa ) 

a<cf (k) 



= n n ^ = k ° hk) 

«<k 


20. If k is regular, then K cf = k k > 2 K > k (see Problem 16). If, however, 
k > u> is singular, then k is the supremum of all the infinite cardinals smaller 
than k, hence by Problems 18 and 19 we have k <{ < ' k ' ) > k. 

21. If we had cf(A K ) < k, then we would have (A K ) cf < (A K ) K = A* 2 = X K , 
and this would contradict the preceding problem. 

22. k a is the cardinality of x k: the set of functions / : A — > k. But since 
A < cf (k), the range of such a function cannot be cofinal with k, so such an 
/ actually maps A into some ordinal £ < k. Thus, 

* A = M = 'N<« A e| <EE N 

= E^ P X j K < ( ^ A j K < = K X . 

P<k|4| =/9 \p<k ) \p<K ) 


23. It easily follows that cf (n) = cf (a); therefore, we can apply the preceding 
problem. Now 

EZ px - K X] = K b 

£<a P<k £<a i«x 

hence by the formula in Problem 22 

kA = k EZ = EZ • 

£<c* £<a 



270 


Chapter 10 : Cardinals 


Solutions 


24. Clearly, 2 a > k (by monotonicity of exponentation) . As A is singular, it can 

be written as A = : a < cf(A)} with X a < A. Then 2 A = n«<cf(A) 2 < 

K cf ( A ) = k since the assumption gives that k t = k for every r < A: if /j < r < A 
then k t = (2 t ) t = 2 T = k. 

25. Assume that 7 > u. Let A be the minimal ordinal such that 5 + 7 > 7. 
Clearly, u) < 6 < 'y and 5 is a limit ordinal. Pick a cardinal K a > 8 and let A = 
K a+ 5, a singular cardinal (note that cf (K a+ ^) = cf (<5) < |<5| < H a < N a+( s). 
Then for any r < 5 

2 n “ +t = H a+T+7 = N a+7 . 

As A = d Q+ 5 is singular, we get from Problem 24 that 2 A = H Q+7 , and at the 
same time 

2 a = K a+ 5 +7 > K a _|_ 7 , 

because S + 7 > 7, hence a + <5 + 7 > a + 7. This contradiction shows that 5 
has to be finite. 

26. (a) We show how to calculate, by transfinite recursion, 2 K . If k is regular, 

then 2 K = k k = K cf(K> . Assume that k is a singular cardinal and we know 
2 T for t < k. Set n = K £ with < K - If the sequence {2 K « } is 

eventually constant then this eventual constant value will be 2 K by Problem 
24. Otherwise, if A = X^< c f(K) 2 K T then A is a singular cardinal with cofinality 
cf(«;) and 


2 K = 2 K * < A cf(A) < (2 K ) cf(A) < (2 k ) k = 2 KK = 2‘ 

£<cf( K ) 


so 2 K = A cf ( A ). 

(b) We determine k x by transfinite recursion on k, and inside that, by trans- 
finite recursion on A. n n = k for 1 < n < Hq. If A < cf(«), we use Problem 22. 
If A = cf(«), then K cf<K> is given. If A > k, then k a = 2 A an already calculated 
value (see part (a)). If cf(«) < A < k, then k is singular. In this case if there 
is some r < n with t a > k, then k a = t a . If, on the other hand, r A < k holds 
for every r < k then let {ny : £ < cf ( k) } be cofinal in K, and then 


« a < n = n $ < n k= k c£(k) < k x . 

\{<cf(K) ) £<cf(«) £<cf(K) 


27. (a) For n = 0 the statement is clear, and we use induction on n. Thus, 
suppose that (a) has been proven for some n. If A > H Q+n+1 , then 

2 a < K A +n+1 < (2 n “+"+ 1 ) A = 2 AN “+ n+1 = 2 a , 
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and a similar computation show that the right-hand side in (a) is also 2\ 
Thus, in this case the claim is true. 

If, however, A < U Q+n+1 , then A is smaller than the cofinality of H a+ri+1 
(see Problem 13), and so we obtain from Problem 22 and the induction hy- 
pothesis that 

^a+rc+1 = f ^ ) ^«+u+! — ^a+ra^a+ra^a+ra+l 

V<tC+n J 

= N^a+nNa+n+1 = K A K a +n+l- 

(b) If A is finite, then (b) is clear. On the other hand, for infinite A it follows 
from the a = 0 special case of part (a), since then, as we have seen in the 
solution of part (a) above, H, A = 2 A . [F. Hausdorff, Jahresb. deutschen Math. 
Ver., 13(1940), 569-571, F. Bernstein, Math. Annalen, 61(1905), 117-155] 

28. If rin<w = 2 N °, then 2 N ° must be larger than every K„, i.e., 2 N ° > 

But by Problem 21 we must have cf(2 N °) > uj 0 = cf(K w ), hence 2 N ° > H w . On 
the other hand, if 2 N ° > holds, then 2 N ° < n„ K < (2 N °) N ° = 2 N °. Thus, 
we have JI n<w = 2 N ° if and only if c > 

29. Monotonicity gives H„ — ^2° ■ For the other inequality notice that 
= (X] n <w d«) H °, when multiplied out, is the sum of c many terms, each 

the product of infinitely many of the H„’s. We have, therefore, 

H K° < 2 K 0 pj x n . 

n<w 

As the first term of the right-hand side is clearly less than or equal to the 
second, we have the desired inequality < J][ n K„. 

30. If 2 Kfc = then 2 N " = rife<w k = rifc<w and this is equal to 
U k<u dfc as it is the product of infinitely many K^’s (we can cut out repeti- 
tions). Now apply Problem 29. 

31. Clearly, for all cardinal k of the form X p we have k p = (X p ) p = X p2 = X p = 
A. On the other hand, if p > cf (k), then by Problem 20 we have k p > k. 

32. Let k be an arbitrary cardinal. We find some A > k with A N ° < A Kl . For 
a < uq construct the following sequence: Ao = k, A a+ i = 2 A ° , and if a is a 
limit ordinal, then let A a = supj A.g : 0 < a}. If A = A Wl then /i N ° < A holds 
for n < A, therefore A N ° = A by Problem 22. On the other hand, cf(A) = Hi, 
so A Nl = A cf < A ) > A by Problem 20. 

33. Assume that k is the least counterexample to the statement: there are 
7~o < 7~i < ■ ■ ■ that 2 Tn < k and k t ° < n Tl < ••■. Assume first that for some n 
we have p Tn < K for every p < k. If T n < cf(«), then 



272 


Chapter 10 : Cardinals 


Solutions 


K Tn = ( y ' p Tn ) k = K 

P<K 

by Problem 22. If, however, r n > cf ( n ) , then k is singular, k = (k) 

K£ < k, and then by Problem 19 

K cf(«> < K r- = K r n cf(«) = J-j- h .r n < ^(k) . 

Taking into account that {/i Tn } ra < w is an increasing sequence, it follows that 
for all but 2 of the r„’s there is some p < k that p Tn > k, so for n> N we have 
a minimal p n with p T r p > k. As p.v > Piv+i > • • ■, this sequence is constant 
from some point, so there is some p < n such that p Tn > k for n > M. Now 
2 Tn > p is impossible, for then we would have 2 Tn = 2 TnTn > p Tn > k. Hence 
2 Tn < p and clearly p Tn = n Tn also hold, so p is a smaller counterexample, a 
contradiction. [A. Hajnal] 

34. By Problems 2 and 20 we have Ho < p < cf (k). If p was singular, then we 

could write p = ; where A := cf (p) < p and each p^ is smaller than 

p. Thus, by the definition of p we would have 

k p = K Pi = k = = K, 

l<A ?<A 

which contradicts the definition of p. Thus, p must be regular. 

Clearly, p u = p Uio = Ho because the cofinality of these cardinals is ui. 

35. Assume that k is singular with cofinality p. Then k = K i f° r some 

infinite cardinals < k. By assumption, 2 K « = c for every £ < p, and 2 /J = c. 
This gives 2 K = rij< M = n^< At c = c p = (2^)'* = 2 P = c, a contradiction. 

36. Clearly, H K = sup n H Kri = sup n H„ + i = k. On the other hand, if A = Ha, 
then X > uj = Ko, and by induction A = Ha > H^ n = K n + 1 , i.e., A > sup n K n . 
Thus, this supremum is indeed the smallest cardinal with the stated property. 

37. Given any cardinal A construct as in the preceding problem kq = A, 
K n +i = H Kn and k = sup n K n . Then exactly as there, k = H K , so for any 
cardinal A there is a “large” cardinal k > A. Now if we enumerate the large 
cardinals as Ao < Ai < • • • < A a < • • • , and starting with k = Aq we define 
K n+ i = A Kn , then A = sup n K n will be a cardinal with index > sup n K n = A, 
so it is a “large” cardinal, and there are sup ra n rl = A “large” cardinals that 
are smaller than A. 

38. Assume GCH. If 2 < k < Hj then k n ° = H l5 k Ni = H 2 , k* 2 = H 3 . If, 
however, k > H 2 , then k < n H ° < k Hi < k N2 < k k < (2 K ) K = 2 K = k + , so each 
one of the values of k n °, k K i , k* 2 is either n or k + : therefore, there cannot be 
three different values of them. Thus, the answer is 2 < n < Hi. 
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39. Assume first that a is a limit ordinal. Then, as 

Na - E ^ < II ^ 

P«x (3<ot 

(see Problem 17), we find that the product is at least N a +i. On the other 
hand, it is at most = (2 N “) H “ = 2 N “ = K a+ i by GCH; therefore, in this 
case ri/ 3 <a K /3 = ^a+l- 

Assume next that a = 7 + l, 7 isa limit ordinal. Then, using the already 
proved limit case, we get 

II ^ = ( II M = ^7+1^7 = N 7 +I = N a . 

/3<7+l /3<7 

Assume now that a = 7 + 2, 7 is arbitrary. Then the product is at least 
K 7+ i as this is a factor. On the other hand, 

n »»< = (2“’)"’ = 2“’ = H T+ 1. 

j8<7+2 

The uncovered cases are a = 0, 1 when the result is immediate. 

40. Assume k is infinite. If A = 0, then k x I . 

If 1 < A < cf(ft), then k x = k as (see Problem 22) 

k x = k (J2 T A ) < k($2 2 max OA)) = k (J2 max(r+, A+)) < k 2 = k 

T <K T<K T<K 

(the inequality k x > k is trivial). 

If cf(«) < A < k, then k x = k + as (see Problem 20) 

k < k c{{k) <k x <k k < (2 k ) k = 2 k =k+. 

If k < A, then k x = A + as 


A+ = 2 a < k x < \ x < (2 a ) a = 2 aa = 2 a = A+. 




11 


Partially ordered sets 


1. Suppose that (A, -<) is partially ordered and it does not include an infinite 
antichain. For a £ A let B£ = {x € A : a -< x} and = {x £ A : x -< a} 
be the set of elements that are bigger or smaller than a, respectively. Let Co 
be a maximal antichain (see Zorn’s lemma in Chapter 14). Then every element 
of A \ Cq is either bigger or smaller than an element of Co', thus, there is an 
element xq £ Cq such that either B£ 0 or S^ Q is infinite. In the former case set 

= <, in the latter case set Ao = S^ u . Now repeat this process with Ao 
to get an element x\ £ Ao and an infinite set Aj 'it, Ao such that A\ = B£° 
or Ai = SA°. Repeat again the same thing with A\ instead of Ao, etc. It is 
clear that the process never terminates, and we get a set {xo,^i,---} that 
is ordered. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XI.2/2] 

For an alternative proof, see Problem 24.3. 

2. The statement immediately follows from the next problem. 

3. Let (A, -<} be the partially ordered set in question. For a € A let p(a) be 
the length of the longest increasing chain having a as its smallest element. 
By the assumption 1 < p(a) < k for all a £ A, and the statement follows if 
we show that the elements that have the same p value are incomparable. But 
that is clear: if a -< b, then the definition of p shows that p(a) > p(b) + 1. 

4. First we prove the claim for finite sets. 

Let (A, -<) be a partially ordered set of n elements with at most k pairwise 
incomparable elements. The statement is clear if n = 1, and from here the 
proof goes on by induction of n. Thus, suppose we know the statement for all 
sets with at most n — 1 elements, and let C be a maximal chain in (A, -<)'■ If 
A\C has at most k—1 pairwise incomparable elements, then by the induction 
hypothesis A \ C = U jZiCj with some chains Cj, and we are done. In the 
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opposite case let X = {2:1, . . . , x/ ; \ be a maximal antichain of k elements in 
A \ C, and set 

A\ = [x G A : x<Xj for some j}, A2 = {x G A : Xj Ax for some j}. 

By the maximality of X we have A = A- t IJ A 2 , and by the maximality of C 
the largest element of C is not in A±, and the smallest element of C is not in 
A 2 . Thus, \Ai |, | A‘2 1 < n, and we can use the induction hypothesis to write 
A\ = and A 2 = Uj =1 Bj 2 ^ with some chains and B^ 2 \ Note that 

each xi belongs to exactly one of the sj 1 -*’ s and to exactly one of the B^' s, 
so we may assume that Xj G B ( p and Xj G B (2> . But then Cj = B^ U b[ 2) 
is a chain, and since A = U^ = 1 Cj, the induction step is complete. 

Now we turn to the general case where we allow {A, -<) to be infinite. We 
use induction on k, the case k = 1 being trivial. Thus, suppose that the claim 
has already been verified for k — 1 , and we are going to prove it for k. Let 
Ad be the set of all subsets H of A for which it is true that if S C A is any 
finite subset, then there is a decomposition of S into k chains such that H n S 
is included in one of them. By the finite case of the problem that we have 
already verified above, each one element subset is in Ad, and clearly every 
element of Ad is a chain. It is easy to see that the union of any subset of Ad 
that is ordered by inclusion is again in Ad, hence by Zorn’s lemma (Chapter 
14 ) there is a maximal (with respect to inclusion) set H* in Ad. We claim 
that every antichain in A \ H* has at most k — 1 elements. Since then the 
induction hypothesis says that then A \ H* can be represented as the union 
of at most k — 1 chains, and these chains with H* form a family of at most k 
chains that cover A, the proof will be over. 

Let us suppose to the contrary that A \ H* has a fc-elernent antichain 
K = {01, . . . , <2/ c }. By the maximality of H*, for each aj G K there is a finite 
subset Sj of A such that S 3 does not have a representation as the union of 
k chains such that one of them includes Sj fl (H* U {aj}. Since on the other 
hand, H* does have this property, it follows that necessarily we have aj G Sj . 
Apply again the same property of H* for the finite set S = S± U • • • U Sk, 
to conclude that there is a representation S = C\ U • • • U C*, of S as a union 
of k chains such that for some jo we have H* fl S C Cj 0 . Note that each 
Cj contains exactly one of the points 01,02, ... ,ak (the Cj’s are chains and 
Ci, . . . , Cj, cover S), and we may number them in such a way that Oj G Cj 
for all j = 1 , 2 , . . . , k. 

But then 

s Jo = (Ci n S jo ) U • • • U (Cfc n S jo ) 

is a representation of Sj 0 into the union of k chains such that H* fl Sj 0 C 
Cj 0 H Sjo 5 which implies 

(H*u{a j 0 })ns j 0 cc j 0 ns j0 , 
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which is not possible in view of the definition of a JO . This contradiction proves 
that there are at most k— 1 pairwise incomparable elements in A\H*, as was 
claimed. 

The reduction of the general case to the finite one can be also done via 
the de Bruijn-Erdos theorem (Problem 23.8). In fact, consider the graph with 
vertex set A where two points are connected if they are incomparable. In a 
coloring a set of points with the same color forms a chain, hence a subgraph 
is colorable with k colors if and only if it is the union of k chains. Now the 
de Bruijn-Erdos theorem asserts that if every subset of A is the union of k 
chains then so is the set itself. [R. P. Dilworth, A decomposition theorem for 
partially ordered sets, Ann. Math. 51(1950), 161-165] 

5. The counterexample will be built on the Cartesian product uj i x uq. We 
make (a, (3) ~< (a 1 , ff) if and only if a < a' and (3 > ff . In a supposed in- 
finite decreasing/increasing sequence the first /second coordinates would give 
an infinite decreasing sequence of ordinals, which is impossible. For a contra- 
diction assume that uq x uq = A 0 U A-[ U A 2 U ■ ■ ■ is a decomposition into 
countable many antichains. For every a < u>\ there is some natural number 
i(a) such that for uncountably many (3 we have (a, j3) G A^ a y By the pi- 
geon hole principle there are ordinals a < a' and some number i such that 
i = i(a) = i(a') holds. Pick an (a', (3') G A,. As there are arbitrarily large (3 
with (a, (3) G Ai we can select with f3 > f3' and then we get (a, (3), (a' , (3') G Ai 
that is (a, (3) < ( a',/3 '), a contradiction. 

6. Consider the partially ordered set (wixwi, -<) from Problem 5. Set (a, (3) 
(a',/3') if and only if a < a' and (3 < (3' with equality at most in one place. 
This is a partially ordered set, and two different pairs (a, (3) and (a',/3') 
are comparable with respect to <C if and only if they are incomparable with 
respect to -<!. Thus, the chains of (u > i x uq, <c) are precisely the antichains of 
(u > i x uq,-<), and the antichains of (u > i x uq,<C) are precisely the chains of 
(uq x lj\ , -<). Now the statement follows from Problem 5. 

7. Suppose that in the partially ordered set (A, -<) all antichains are countable, 
but the set is not countable. We are going to show that (A, -<) includes an 
infinite chain. We use the notation of the solution to Problem 1, and follow 
the argument given there. Let Co be a maximal antichain (see Zorn’s lemma 
in Chapter 14). Then every element of A \ Co is either bigger or smaller than 
an element of Co, thus there is an element xq G Co such that either B£ q is 
uncountable, or S£ 0 is uncountable. In the first case set A 0 = B/^ o and in the 
second case set Ao = S^ Q . Now repeat this process with Aq to get an element 
x\ G Ao and an uncountable set Ai C Ao such that A\ = B^° or A\ = S^°- 
Repeat again the same thing with Ai instead of Ao, etc. It is clear that the 
process never terminates, and we get an infinite set {a,'o, x\ , . . .} c A, which 
is ordered. 
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8. The proof is similar to what we have done in the preceding problem. Suppose 
that in the partially ordered set ( A , -<) all chains are countable, but the set is 
not countable. We are going to show that {A, -<) includes an infinite antichain. 
Let Co be a maximal chain (see Zorn’s lemma in Chapter 14). Then every 
element of A \ Co is incomparable to an element of Co, thus there is an 
element xq £ Co such that the set B Xo of elements that are incomparable 
with xo is uncountable. Now repeat this process with Bo (select a maximal 
chain, etc.) to get an element aq £ Bo and an uncountable set B\ c Bo such 
that all elements of B i are incomparable to X \ . Repeat the same thing with 
Bi instead of Bo, etc. It is clear that the process never terminates, and we 
get an infinite set {xo, X\ , . . .} of pairwise incomparable elements. 

9. Consider R with its usual ordering < and also let -< be a well-ordering on 
R (see Problems 14.1 and 14.3). For x, y £ R put x <C y if x < y and x -< y. In 
the partially ordered set ( R , -C) every chain is a well-ordered subset of (R, <) 
(since on a chain < and -< are the same) , and every antichain is a well-ordered 
subset of (R, <*) with the reverse ordering on R. But R has only countable 
well-ordered subsets (see Problem 6.37), so in (R, -c) every chain and every 
antichain is countable. 

10. The case when k is finite follows from Problem 2, thus we may suppose 
that k is infinite. We show that if {A, -<) is a partially ordered set of cardinality 
bigger than 2 K , then it includes either a chain or an antichain of cardinality 
bigger than k. Consider the graph G with vertex set A where two points are 
connected if they are comparable in ( A , -<). By Problem 24.19 either G or its 
complement includes a complete subgraphs of cardinality bigger than k. But 
it is clear that a complete subgraph of G is a chain, and a complete subgraph 
of its complement is an antichain in {A, -<) . 

11. We can copy the argument that was used in the proof of Problem 9 (which 
is the k = No case) if we can construct an ordered set of cardinality 2 K such 
that all of its well-ordered subsets as well as its reversely well-ordered subsets 
are of cardinality at most k. But such a set was given in Problem 6.94. 

12. Without loss of generality, k is infinite. We will use the notation L(x) = 
{y : y A x}. We call a subset AGP good if \A\ < k, and L(x)F\L(y) = 0 holds 
for distinct x,y £ A. We construct (P, -<) as follows. P = (J{P a : a. < k + }, an 
increasing, continuous union. Po is a set of 2 K incomparable elements. P a+ \ 
is obtained from P a by adding for every good A C P Q an element u a (A) with 
u a (A ) >- x for x £ A, incomparable with the other elements of P a +i \ P a and 
comparable with only those elements of P a with which it must be, i.e., with 
the elements in (J{T(a;) : x £ A}. Notice that for x,y £ P a , L[x) fl L(y) = 0 
holds in P if and only if it holds in P a . 

We claim that (P, -<) is as required. 

For the first property assume that a 'Ay. There is a unique a < k + such 
that x £ P a and y £ P a +i \ P a ■ We show that [x,y\ is finite by transfinite 
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induction on a. Indeed, if x, y are as above, then y = u(A) for some good 
A C P a , so there is a unique z € A with x £ L(z). Now obviously [x, y\ = 
[; x , z] U {y} and [x. z] is finite by the induction hypothesis since 2 £ P/ 3+1 \ Pp 
for some /3 < a, and if i/z, then x £ Pp. 

For the other property assume on the contrary that / : P — >• k is a coloring 
in which every color class is an antichain. If A C P is a good set, call it £-good 
for some £ < k if for every x (f A, if A U {x} is good, then f(x) ^ £. Notice 
that if AC B are good sets and A is £-good, then so is B. 

We claim that there is a good set A C P such that for every £ < k if 
there is a £-good B D A, then A is already £-good. For this, construct the 
increasing, continuous union A = (J{Aj : < k} with Aq = 0, and if A^ is 

given we let A^ +1 D A^ be £-good, if there is a £-good set extending A^, and 
A^ +1 = Aj, otherwise. Now A clearly has the required property. 

Let U Q k be the set of those £’s for which A is £-good, and let V = 
k\U = {'(,’£ : £ < k}. By transfinite recursion on £ < n we choose xj such that 
A U { x v : rj < £} is good and /(xf ) = v%. This is possible, as A U {x v : y < £} 
is good (by induction) and by our conditions it is not t^-good. There is some 
a < k + such that A U {x^ : £ < k} C P a . Finally, set B = {x^ : £ < k}, a 
good set, and y = u a (B). Note that y £ P a +i \ P a , hence y 0 A, and actually 
A U {y} is good, because L(y) = U l£ gL(x), and illB was good. The color 
f(y) cannot be in U, for if u £ U, then, as A is it-good, f(y) ^ u. And f(y) 
cannot be in V, either, for if f(y) = £ V, then /(x^) = = f(y), and so 

the comparable xj £ B and y = v a (B) get the same color, a contradiction. 

13. (a) The statement is obvious if c(P, -<) is a successor cardinal. Assume that 
k = c(P, -<) is a singular cardinal and there is no strong antichain with size 
k. For x £ P let c(x) be the supremum of the size of those strong antichains 
that consist of elements that are smaller than x. First we claim that for every 
x there is some y -< x with c(y) < k. If this was not the case, then we 
could choose below x a strong antichain of size at least cf ( k ), and below its 
elements larger and larger strong antichains with sizes converging to k. Their 
union would then be a strong antichain of cardinality k (note that if x, y are 
strongly incompatible the so are any x' ,y' with x' Ax and y’ Ay), which is 
not possible. 

Choose a nonextendable set A of incompatible elements with c(x) < k 
(possible by Zorn’s lemma, see Chapter 14). Notice that A is a maximal strong 
antichain. Indeed, if x ^ A, then if y P x is such that c(y) < k, then y is 
strongly compatible with some element z of A, but then x and 2 are also 
strongly compatible, so we cannot add x to A. By our indirect hypothesis 
|A| < k. If k = J0{c(x) : x £ A}, then the argument from the preceding 
paragraph shows that there is a strong antichain of size k (below the elements 
of A). Therefore, ^{c(x) : x £ A} < k, and there is a strong antichain 
B with |P| > X^{ c ( a; ) : x £ A}. For every y £ B \ A, as A is a maximal 
strong antichain, there is some x £ A such that for some element, denote it 
by f(x,y), we have f(x,y ) A x,y. For some x £ A there is a B' C B such 
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that x is selected for y £ B' and \B'\ > c(x). But this is a contradiction as 
{f(x, y) : y £ B'} is a strong antichain (for B’ is a strong antichain) below x 
of cardinality > c(x). This contradiction proves part (a). 

(b) Let P consist of those regressive functions which are defined on a 
finite subset of k. Set / -< g if / properly extends g. Notice that /, g are 
incompatible in (P, ~<) exactly if they are incompatible as functions, that is, 
they assume distinct values at a certain point. For every cardinal A < k there 
is a strong antichain of cardinality A: {f a : a < A} where the domain of f a is 
{A} ( a < A) and /„( A) = a. 

It is left to show that there is no strong antichain of cardinality k. Assume, 
in order to get a contradiction, that {f a : a < k} is a strong antichain. 
Applying Problem 25.3 to the finite sets formed by the domains of these 
functions, we get a set Z C. n of cardinality k such that for a £ Z the domain 
is of the form sUs„ where the sets {s} U {.s Q : a £ Z} are disjoint. As the 
functions are required to be regressive, the number of possibilities for f a | is 
less than k (namely, the product of the cardinalities of the elements of s). But 
then, if a, ft £ Z and f a \ s = fp\ s , the functions f a , fp are compatible, which 
is a contradiction. [P. Erdos, A. Tarski] 

14. By the well-ordering theorem we can enumerate A as A = {p a : a < <p} for 
some ordinal ip. Put p a into B if and only if there is no ft < a with p a -<pp. 

We show that B C A is as required. (B, is well founded: if there is a 
decreasing chain • • • A qi -< qo in B, that is, • • • -< p ai -< p ao then, by the 
well-ordering property of ordinals we have a n < for some n, that is, p 0n 
is greater than the later p a „ +1 , a contradiction. 

B is cofinal: assume that p € A. Choose p a > p with a minimal. Then 
p a € B, indeed, otherwise, there is some p A p a ~< pp with ft < a, but that 
contradicts the minimal choice of a. 

15. For x £ P set U(x) = {y : y y x}. Notice that U(x) is infinite for 
every x £ P. Call x £ P good, if \U(y)\ = \U(x)\ holds for every y >- x. By 
Zorn’s lemma (see Chapter 14) we can find a set A of good elements such 
that U{x) fl U (y) = 0 holds and A cannot be extended with this property 
preserved. We claim that B = \ft{U{y) : y £ A} is cofinal. Indeed, if x £ P is 
arbitrary, choose y ^ x with \U(y)\ least possible. Clearly, y is good. As A is 
nonextendable, there is some z £ A with U(z)nU(y) 7 ^ 0, say, t £ U(z)nU(y). 
Then t £ B and t^x, so we showed that B is cofinal. 

As cofinal subsets of cofinal subsets are cofinal, it suffices to find disjoint 
cofinal subsets in B. This again reduces to finding two disjoint cofinal subsets 
Y x , Z x in U(x), then Y = (J{^* : x £ A}, Z = \J{Z X : x £ A} will be 
two disjoint cofinal subsets in P. Given x £ A, enumerate U (x) as U(x) = 
{x a : a < k} with some cardinal k. By transfinite recursion on a < k choose 
y a , z a y x a such that they differ from each other and from all earlier yp,zp. 
This is possible, as 2|a| < k elements have been selected so far, and \U(x a )\ = 



Solutions 


Chapter 11 : Partially ordered sets 


281 


k as x is good. Finally, both Y x = {y a : a < k} and Z x = {z a : a < k} are 
cofinal in U(x), and they are disjoint, so we are done. 

16. Let Q be the set those open sets on R that can be written as the union of 
finitely many intervals with rational endpoints. Clearly, \Q\ = Ho- We define 
( P , -<) as follows, (s, G) £ P if s is a finite set of reals, G £ Q with Lebesgue- 
measure A (G) less than l/|s|, and s C G. We make ( s',G ') A (s,G) if and 
only if s' D s, G 1 C G. 

We show that (P, -<) is the union of countably many centered sets. For 
this, we put the elements with identical second coordinate into one class. We 
have to show that every (si, G ), . . . , (s n , G) has a common lower bound. Set 
s = Si U • • • U s n and choose a G' £ Q with s C G' C G and measure less than 
l/|s|. This ( s,G ') is clearly a common lower bound. 

Assume that P C P is a filter. Set X = lj{s : (s, G) £ P}. We claim that 
X has Lebesgue-measure zero. This is obvious if X is finite. If not, let x\, # 2 , • • • 
be distinct elements of X. There is (s n ,G n ) £ F with s n D {x\,...x n } 
and A (G n ) < 1/n. If now (s, G) £ F is arbitrary, there is in F an element 
( s' ,G ') A (s,G), ( s n ,G n ), s C G' C G n : therefore, X C G n , which is of 
measure zero. 

This concludes the proof: indeed, if Fo,Fi, . . . C P are filters, then their 
first coordinates, the union of countably many sets of measure zero, cannot 
cover the reals, therefore 1J F n ^ P. [I. Juhasz, K. Kunen: On u-centred 
posets, in: A Tribute to Paul Erdos, (eds. A. Baker, B. Bollobas, A. Hajnal), 
Cambridge University Press, 1990, 307-311] 

17. Consider the sets from Problem 6.25. Their characteristic functions form 
an ordered subset (with respect to -<) of cardinality bigger than continuum 
of the partially ordered set of real functions. 

Now suppose that T is a well-ordered set of real functions with respect to 

For every f £ F, except for the largest element in T if there is one, there 
is a successor /. But then there is a real number Xf such that f(xf) < f(xf). 
If Xf = x g = x, then the intervals ( f(x),f(x )) and ( g(x),g(x )) are disjoint 
because, e.g., g ~< /, and then g(x) < f(x). Thus, by Problem 2.14, the set of 
those f £ T for which Xf = x is countable. Hence there are at most continuum 
times countably infinite many elements in F, so it is of cardinality at most 
continuum (see Problem 4.12). 

18. The identity mapping is an order-preserving mapping from ( w u>, -<) into 
(“w, <C), and if for an f £ U u) we set F(n) = (/(n) + n) 2 , then / — > P is an 
order-preserving mapping from ("w, ^;) into -<). 

It is clear that there is no element in ("w, <c) is lying in between /o(n) = 0 
and /i(n) = 1, while it is easy to see that if f < g, then there are infinitely 
many elements in between them in ("w, -<) (in fact, uncount ably many ele- 
ments as is shown by h x {n) = f(n) + [x\g{n) — f(n) |], x £ (0, 1)). Thus, these 
two sets are not isomorphic. 
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19. See Problem 2.28. 

20. Based on the preceding problem, by transfinite induction build a family 
f a G "w, a < oji such that each f a is bigger than any fs with (3 < a. Then 
this family has order type u i in ("w, -<). 

21. For k = 1, 2, . . . and x £ (0, 1) we set fk,x(n ) = [ xn V fe ], where [•] denotes 

the integral part. It is clear that for x < y we have fk )X fk,y, and for k < l 
we have fk, x fi,y for all x,y £ (0, 1). Consider now for x = (x±, . . . ,x m ) £ 
(0, l) m the function F x = fk,x k - Based on what was said it is easy to 

see that they form a subset of (“w, -<) of order type X m . 

22. Consider a representation of 9 in ("u, -<), i.e., an ( A , -<) with order type 9. 

For / £ A replacing f(n ) by F{n) = max fe < r , f(k) +n we get a representation 
of 6 consisting of strictly monotone functions, and then replacing /(n) by 2 -^”) 
we get a representation by functions with /(n) > 2”. We define Inv/(fc) = 
min{n : /(n) > k}. Then this < [log 2 k] + 1, and if f ~< g, then for k large 
Invg(fc) < Inv f ( k) with strict inequality if k = g(s) and s is large. Therefore, 
Hf ( m ) = f nv / (&) is l ess than m (for large m it is less than C\fm log m) , 

and for f < g we have H g -< Hf. Thus, the functions Gf(rn) = m — 

f £ A are smaller than the identity and they form a subset of (“w, -<) similar 
to (A, -<). 

This proof actually shows that there is an order-preserving mapping of 
(“w, -<) into its subset lying below the identity function. 

23. For 9* see the functions Hf, f £ Ain the preceding proof. 

Let the type of (At, -<) be 9 t for i = 1,2. A- t can be chosen to lie below the 
identity function, and similarly A 2 can be chosen to lie above it (Problem 22). 
Then clearly (A\ U A 2 , -<) has order type 9\ + 62 - Next consider the functions 
of the form Hf g (n) = 2 a ^ n ) + f(n), where / £ A\ and g £ A 2 . Clearly, if 
gi ~< <? 2 , gi,g 2 G A 2 , then irrespective of /i ,/2 G we have Hf lX/1 -< iL/ 2lS2 , 
and if /1 -< f 2 , then H f i g -< Hf 2 g . Thus, with respect to -< these functions 
Hf^g form a subset of “w of order type 9\ ■ d 2 - 

24. By now it is clear what we have to do (see the previous solution). Represent 
9i by {A,, ~<) where A jt lies below the identity function, and let { /, : i £ 1} 
be a set lying above the identity function such that the ordered set (I, <,) 
is similar to ({/) : i £ /}, -<:) under the mapping 1 — >■ fa. Consider the set 
of functions of the form hj iS (n) = 2 + g(n), where g £ Aj,. Exactly as 
in the preceding solution it follows that if i < j, g\ £ Ai and <72 G Aj, then 
hi t9 i ~< hj : g 2 , and for gi,gi G Ai we have h lgjl ~< hf g2 . Thus, these functions 
form a set of order type Yliei(<) 

The last statement is proved by transfinite induction on a < u> 2 . Each 
such a. can be written as a sum a = a i °f ordinals a, smaller than a 
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with some p < u>i. Now the induction is easy to carry out based on the first 
part of the problem (recall also Problem 20 for the representability of u>{). 

25. By selecting a cofinal sequence {afc}£fL 0 in <p and considering {f ak }|J_ 0 
and {g ak }j0 =Q , it is sufficient to work with the case p = uj. Let N k be an 
increasing sequence such that /j + i(n) — fi(ri) > k, gi(n) — gi + i(ri) > k and 
gi{ri) — fi(n) > k for all 0 < i < k and n > N k , and set F(n) = fh(n) if 
N k < n < Nk+i- This function F clearly lies strictly in between the /„’ s and 

g a % 

26. We construct the functions with the following extra properties: 

1. For a < f3 < uq we have fg A f a -< g a -< gp; 

2. for a < uq, n < u the set 

A(n,a) = {0 < a : x > n — > fg(x) < g a (x)} 


is finite. 

To show that this suffices, assume that f a -< f -< g a holds for every a <u>\. 
Then there are some n < u> and Hi ordinals a such that for x > n we have 
f a (x) < f(x) < g a (x) . Select, among those, one that is preceded by at least 
u> many. Then A(n. a) is infinite, which is a contradiction. 

We construct the functions by transfinite recursion on a. Set fo(n) = 0, 
go(n) = n. The successor case is easy, given f a and g a , for x large enough 
we have f a (x) < g a {x) and the interval ( f a (x),g a (x )) gets wider and wider. 
Therefore, we can split this intervals into larger and larger intervals with 
values f a+ i(x) and g a+ i(x) in such a way that g a +i(x) < g a (x) always holds. 
A moment’s reflection shows that for every n the set A(n, a + 1) can contain 
at most one more element (namely: a) than A(n,a). 

Assume that a < uq is a limit ordinal, and assume that we have al- 
ready constructed fg , gg for 0 < a. We first determine g a . Let the increasing 
sequence ao < a i < • • • converge to a. We select inductively the natural 
numbers ko < k\ < ■ ■ ■ in such a way that 

fa t {x) + i < fa i+1 (x) < fa i+1 {x) + i < 5a» +1 {x) < g ai {x), 

holds for x > ki moreover if 0 G A(k t . a, + i j, a, < 0 < a* + 1 , then there is an 
x with ki < x < i, for which / Q: . (x) < fg(x) holds. (This can obviously be 
done.) Define g a as follows: below ko it is arbitrary, and for kg < x < k l+ \ we 
set g a (x) = f ai (x). 

For the g a so defined we quickly get the first property required as for 
x > ki the values g a (x) — f ai (x) and g ai {x) — g a (x) are at least i. 

To check the other property assume that 0 £ A(ki, a). If now 0 < cq then, 
as for x > ki we have g a (x) < g (Xi (x), we will also have 0 £ A(k, , a,) which 
is satisfied by only finitely many 0. On the other hand, we show that 0 > a* 
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is not possible. Assume, toward a contradiction, that (3 is such an ordinal. 
Then there is a j > i, such that if ay < (3 < Qy+i, then for x > kj we have 
fp(x) < g aj+ 1 (ar), that is, (3 £ A(kj,atj + 1 ). But we selected kj + \ in such a way 
that there is a kj < x < kj + 1 for which f aj (x) < fp(x) and the first value is 
g a {x). We get, therefore, that no (3 of the above type exists. 

And finally with a diagonal process (or use Problem 25) construct f a in 
such a way that that for every i the inequalities f ai ~< f a -< g a hold. 



12 


Transfinite enumeration 


1. Let I =s. be an enumeration of the elements of I, and for £ < a 

recursively set 

B k = Ai ( \ (U c<6 B i( ) . 

It is clear that these B^s are pairwise disjoint and IJ; G jBj C U,; G /A ( . But 
if a £ Ui e /Aj and £ < a is the first index for which a £ A l( , then clearly 
a £ Bi ( , so the union of the f?, ! s is equal to the union of the Aj’s. 

2. First consider the case k > Hq. Let the sets be X^, < k. Choose, by 

recursion on a < k, and within this recursion by recursion on £ < a distinct 
elements a^ jQ £ X^. This is possible, since a^ jQ can be any element of 

\ (W/3 : V < P < a } u {a v , a : ??<£}). 

which is not empty, since it is the difference of a set of cardinality k and of a 
set of cardinality 

< \a\ 2 + |a| < |a| + K 0 < k. (12.1) 

If we set Z £ = : £ < a < k}, then \Z(\ = k and the sets Z^ are 

pairwise disjoint. As 2 k = k, we can split Z^ into two disjoint parts and 
Y£ each of cardinality k. Now the system {Yt : £ < k} is as required: 

For k = Ko the above argument works, only the calculation in (12.1) reads 
as 

< \a\ 2 + |a| < = k, 

since in this case every a is finite. 

3. Select pairwise disjoint sets Z% C X%, £ < k of cardinality k as in the 
preceding problem, and let Z^ = U Q<K be a decomposition of Z^ into k 
pairwise disjoint sets (since k 2 = k, this is possible). Now it is clear that the 
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sets Y a = U ol < k are pairwise disjoint and they intersect all in 
a set of power continuum. 

4. Let be an enumeration of the elements of X in a sequence of type k, 

and let {/{}{<« be a similar enumeration of those functions g in T which have 
the property that the intersection of the range of g with X is of cardinality k. 

First of all we remark that if Y C X is of cardinality smaller than k, and 
the function g with domain X is such that its range intersects X in k points, 
then there is an element z £ X \ Y with g(z) £ X \ Y. This immediately 
implies that if Y C X is of cardinality smaller than k, and Q is a family of 
cardinality smaller than k of functions g such that each g £ Q has domain 
X and a range intersecting X in k points, then there is a set Z C X \ Y 
of cardinality at most 2\Q\ such that for every g £ Q there is a z £ Z with 
g(z) £ Z. In fact, all we have to do is to select for each g £ Q an element 
z g £ X\Y with g(z g ) £ X\Y, and then take the union of all pairs {z g ,g(z g )} 
for all g £ Q. It is obvious that this Z has cardinality at most 2\Q\. 

After this we define by transfinite recursion pairwise disjoint sets A°, A^, 
£ < k of cardinality at most max(|£|,Ko) as follows. Let A[] = A,j = 0, and 
suppose that for all a < £ the sets A® , Aj t have already been defined for 
a < £, where £ < k, and let = U a <^(A° U A*). Select a set A° c X \ Yj 
of cardinality at most 2|£| such that for all a- < £ there is a z £ A° such that 
fa(z) & A°, and then select a set A| cl \ (Y| U A°) of cardinality at most 
2|£| such that for all a < £ there is a 2 £ A| such that f a (z) £ A|. Since the 
cardinality of A°, A| is at most 2|£|, the set Y£ has cardinality smaller then 
k, and the induction can be carried out. 

Let £ be a family of cardinality 2 K of transfinite 0-1 sequences e = 
such that for e,e' £ £ there are k indices with ej / e' By Problem 18.3 
there is such a family (apply Problem 18.2 to the set k and identify a subset 
by a 0-1 sequence in the standard manner). For each e £ £ consider the 
set H e = U£< k A^. Let e,e' £ £ be two different sequences in £, and let 
/ £ T be arbitrary. If the range of / intersects X in a set of cardinality 
smaller than k, then clearly f[H e ] = H f > cannot hold, for each H f > is of 
cardinality k. On the other hand, if the range of / intersects X in a set of 
cardinality k, then f = f a for some a < k. There are k indices £ with ej ^ e^; 
therefore, there is such an index with £ > a. Let, e.g., ej = 0, = 1. By the 

construction of the sets H e and A^, there is an element z £ A® c H e such 
that f a (z) £ A“ c X \ H e >, and this shows that f[H e ] ^ H e i. Thus, the 2 K 
sets H e , e £ £ satisfy the requirements. [W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XII.4] 

5. Since X is equivalent to X x X, it is sufficient to construct a similar family 

on X x X. We obtain H by taking the graphs of some functions /c : X — >• 
X, £ < k + , i.e., taking the sets G(fe) := {(x,f^(x)) : x £ X}, £ < k + 

(technically speaking, this G(f^) is itself, but it is instructive to consider 
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it as a graph). Suppose f ri is known for all rj < £ where £ < k + . Then there 
is an ft such that its graph G^ is almost disjoint from all G(f v ), g < £. In 
fact, to this end it is enough to show that if g T , t < k are k functions from 
X into X, then there is a function / : X —1 X such that its graph G(f) is 
almost disjoint from all the graphs G(g T ). Let x a , a < k be an enumeration 
of the points in X. We can define by transfinite recursion the values f(x a ) so 
that f(x a ) ^ g T (x a ) for t < a. This is possible, for we can always select a 
value for f(x a ) from the nonempty set X \ {g T (x a ) : r < a}. Then clearly, 
G(f) fl G(g T ) C {(x a , g T (x a )) : a < r}, so the graphs G(f) and G(g T ) are 
almost disjoint. [P. Erdos] 

6. We define with the additional property that the intersection of finitely 
many A^’s is infinite. Then TVf can be easily defined by transfinite recursion 
if we can show that if M 0 , Mi, . . . are subsets of N such that for all m the 
intersection Mo fl • • • fl M m is infinite, then there is a subset Me N such that 
MnM 0 fT • -nM TO is infinite for all m, and M\M*, is finite but Mfc\M is infinite 
for all k. But that is easy, namely if we select numbers x m £ Mo fl • • • fl M m 
such that x m ^ xo,x\, . . .x m -\, then clearly the set M = {xo, X 2 , x ±, . . .} 
satisfies all the requirements. 

7. Let £%, £ < c be an enumeration of the lines of the plane into a transfinite 
sequence of type c. We shall set A = U a<c A a , where the T Q ! s are increasing 
sets (by this we mean that A a C Ap for a < /3) in such a way that A a has 
at most two points on every line of the plane, and for £ < a the set A a has 
exactly two points on £^. Then clearly A will have exactly two points on every 
line. 

The construction of the A a 's is given by transfinite recursion on a, and it 
will be done in such a way that | A a \ < 2(|a| + 1) is satisfied for all a. Suppose 
that Ap, f3 < a, have already been constructed with the above properties. 
Then the set B a = U p <ol Ap also has at most two points on every line and 
it has cardinality at most 2|a|. Let L a be the set of lines connecting any 
two points of B a . Then L a has cardinality at most 4|a| 2 . If B a has exactly 
two points on l a , then we set A a = B a . If B a has one point on l a , then let 
A a = B a U{x a }, where x a £ £ a \{UteL a £)- Since two different lines in the plane 
intersect in at most one point the set t a fl (L heL a £) has cardinality at most 
4|a| 2 < c, thus t a \ (U ieL a £) is not empty, and the selection of x a is possible. 
In a similar way, if B a has no point on l a , then let A a = B a U { x a ,y a }, where 
x a , Va € £a \ (U eeL a £) are two different points. This completes the definition, 
and by the choice of the set A a we can see that \A a fl £\ < 2 for every line 
£, and \A a fl t a \ = 2. Since the sets A a are increasing, these also prove that 
| A a fl =2 for all £ < a. It is also clear that |^4 a | < |B a | + 2 < 2|a| + 2, 
so the induction runs through. [S. Mazurkiewicz, C. R. Soc. Sc. et Lettres de 
Varsovie 7(1914), 382-383] 

8. We extend the argument of the previous proof. Let <^, ( < c be a listing 
of the lines on the plane so that each line is repeated continuum many times, 
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i.e., C\ = {C < c : £g = £g} is of cardinality c. A will be the increasing union 
of sets A a , a < c, where the A a ’s are of cardinality at most | a + 1 1 < c. The 
inductive conditions are: \£^ H A a | < rn/ ( for all £ < c, \£ a fl A a \ > min(|(7 a fl 
o: | , rn e a ), and A a has at most 2 points on every line £( with C( Da = 0. 

As in Problem 7 we let B a = U p< a Ap but now let L a be the set of lines 
l except t a such that 1 1 fl B a \ > 2. At step a, if \B a fl £ a \ = me a , then we 
set A a = B a . If, however, | B a fl £ a | < rrif a , then we add one more point to 
B a n £ a doing as little harm as possible. As | L a \ < |a + l| 2 < c, the lines in L a 
hit the line £ a in less than c points, and we can select a point P £ £ a different 
from them and not lying in B a C\£ a . This point P can be added to B a to form 
A a . Clearly, with this step all the induction properties are preserved, and the 
construction runs through all a < c. 

Since each line is listed continuum many times, eventually we will have 
\£ fl A | = me, for all lines l. 

9. Let Ti = Qi < c and L 2 = { bn}n<a 2 > a 2 < c be the enumeration 

of the sets L\ and L 2 into two transfinite sequences of length at most c. For 
a point P on the plane let £(P) resp. r](P) be the smallest £< a resp. r] < fJ 
such that P € < 2 | resp. P € b n , and if there is no such £ or r/ then let £(P) 
resp. r/(P) be equal to c. Finally, let A\ be the set of points P for which 
t](P) < ^(P), and A -2 its complement in R 2 . If € L\ and P € A\ fl o^, 
then by the definition of Ai, there is an rj < (£ such that P € b v , i.e., P is 
the common point of a £ and b n . But this means that there can be at most 
|£| + 1 < c points on from A\. In the same fashion, there can be at most |r/| 
points on any b v from A 2 . [P. Erdos, cf. W. Sierpinski, Cardinal and Ordinal 
Numbers, Polish Sci. Publ., Warszawa, 1965, XVII.4/5] 

10. A nonempty perfect set is of cardinality continuum and there are contin- 
uum many perfect subsets of R. Therefore, this problem is a consequence of 
Problem 3. 

A direct construction runs as follows. The number of nonempty perfect 
subsets of R is of power continuum; therefore, we can list them into a trans- 
finite sequence of type c: 


A 0 ,A i,...,A 5 ,..., £ < c, 

in such a manner that each nonempty perfect subset of R is repeated con- 
tinuum many times in this sequence. We also know that each A^ is of power 
continuum (see Problem 5.21). Now for fixed a and for (3 < a < c select 
different points P a ,/3 € A a by transfinite recursion in such a manner that the 
P a .i 3 are different from all P a ' ,[)' with £3' < a' < a. Since the number of points 
P a ',f}f with /T < a' < a is at most |cc| 2 < c, such a selection is possible. It is 
clear that if for /? < c we set Hp = {P a ,p}p<a<c, then each Hg is of cardinal- 
ity continuum and each Hp intersects every A%. To get a decomposition of R 
just add the points outside Up <c Hp to, say, Hq. 
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11. The sets in the decomposition R = \Jp< c Hp in the preceding solution 
are nonmeasurable. In fact, a measurable set of positive measure includes a 
compact set K of positive measure. Now by Problem 5.20 we have K = AuB, 
where A is perfect and B is countable. Thus, A must have positive measure, 
and this shows that a measurable set of positive measure includes a nonempty 
perfect set. The nonmeasurability of Hp follows, since neither Hp nor its 
complement includes a nonempty perfect set. 

12. A set of the first category is included in the countable union of closed sets 
with empty interior. Now a construction similar to the one in the solution of 
Problem 5.21 shows that if F 0 , F\, . . . are closed sets with empty interior, then 
R\( L>il 0 FiJ includes a nonempty perfect set. In fact, all we have to make sure 
is that when selecting the nth-level intervals (in the notation of the solution 
of Problem 5.21 the sets E ^i 1 ...i n ) we select them from the complement R \F n 
of F n . Thus, the complement of a set of first category includes a nonempty 
perfect set. Therefore, the sets Hp from the solution of Problem 10 must be 
of second category. 

13. First of all we note that if a set on the plane intersects every compact 
set of positive (planar) measure, then it cannot be of measure zero. In fact, 
in a set of positive measure (in particular in the complement of a set of zero 
measure) there is a compact set of positive measure. 

Next we note that a compact set of positive (planar) measure cannot be 
covered by less than continuum many lines. In fact, let L = {£} be a set of 
less than continuum many lines, and let us choose a line 1 that is not parallel 
with any line in L. If IF is a compact set of positive measure, then, by Fubini’s 
theorem, there is a line lo parallel with 1 that intersects K in a set of positive 
measure, and hence in a set of power continuum (cf. the solution of Problem 
11). But since each i £ L intersects lo in at most one point, the set K n lo is 
not covered by the lines in L. 

After these let K p, £ < c be an enumeration of the compact sets of positive 
measure on R 2 into a transfinite sequence of type c. We shall construct by 
transfinite recursion increasing sets A^, £ < c in such a way that each Ap is of 
cardinality at most |£| + 1, each Ap intersects every line in at most two points 
and Aj fl Kp ^ 0. Then clearly A = U^ <c Aj will be a set that has at most two 
points on every line and that intersects every Kp, hence it is not of measure 
zero. 

Let Ao be a one-point set containing a point from Kq, and suppose that all 
A a are already known with the above property for all a. < £ < c. Then the set 
A a <pA a is of cardinality at most |£|, hence if L is the set of lines determined 
by the points in U a< jA a , then L is of cardinality smaller than continuum. 
Therefore, according to what we have said before, L cannot cover the set Kp, 
so there is a point Pp € Kp that is not on any of the lines in L. But then the 
set Ap = (U a <{A a ) U {Pp} intersects Kp and has at most two points on every 
line, and this completes the construction. 
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14. Let T-L be the collection of those subsets of R 2 that are a countable union 
of closed sets without interior points. Every set of first category is included 
in a set in H, and H is of cardinality continuum (see Problems 4.6 and 4.7). 
Thus, if a set intersects the complement of every set in % then it is not of the 
first category. 

We can copy the preceding proof provided we can show that the comple- 
ment of any H £ H cannot be covered by less than continuum many lines, 
and this follows exactly as before if we can show that with any line 1 there 
is a parallel line lo that intersects the complement of H in continuum many 
points. Let H = U*!_ 0 .F n , where each F n is a closed set with empty interior. 
Without loss of generality, we may assume that 1 is horizontal, and for each 
interval I with rational endpoints let Yr >n be the set of those y £ R for which 
I x {y} c F n . Since F n is closed, we can infer that Y In must be nowhere dense 
(for otherwise F n would include a rectangle / x J); therefore, Y = U i, n Y I<n is 
of the first category. Thus, there is a horizontal line lo such that its intersec- 
tion with every F n is a closed set that does not include a segment. But then 
lo \U^L 0 F n includes a nonempty perfect set (cf. the solution of Problem 12), 
hence it is of power continuum. 

15. Let ( < c be an enumeration of the real numbers. By transfinite 
recursion we define increasing sets A a , a < c in such a way that | A a | < 
2(|a| + 1) and every real number can be represented in at most one way in the 
form a + b, a,b £ A a , and x a has such a representation. Then clearly the set 
A = U a<c A a will satisfy the requirements. Let Tq = {a, b} where a + b = xq, 
and suppose that the sets Ap, fi < a < c have already been defined and satisfy 
the above properties. Then Up <a Ap is of cardinality smaller than continuum, 
hence the set of numbers of the form a + b — c, (a + b)/ 2, (x a + a — c)/2, 
( a + x a )/3, (2x a — c)/3 with a,b,c £ U p <ol Ap is also of cardinality smaller 
than continuum. Therefore, there is a real number y a such that neither y a , 
nor x a — y a is of the aforementioned form. Now if x a can be represented 
as a + b with a,b £ Up <a Ap, then let A a = U p< a Ap, and otherwise let 
A a = (\Jjj <a Af)) U {y a: , x a — y a } . Since each Ay had cardinality at most 
2(|/3| + 1) and these sets are increasing, A a has cardinality at most 2(|a| + 1). 
Furthermore, it is impossible to have two different representations a + b and 
c+ d with a,b,c,d £ A a for any number x. In fact, since Up <a Ap possessed 
this property, we may have a+b =p§M only if at least one of these numbers, 
say d, is y a or x a — y a . But then by the choice of y a either a or b also has to 
be y a , resp. x a — y a , i.e., the two representations are the same. In fact, the 
excluded numbers were exactly those for which we would have two different 
representations; e.g., y a = a + b — c was excluded to avoid a + b = c + y Q , or 
{2x a — c)/3 was excluded to avoid ( x a — y a ) + ( x a — y a ) = c + y a , etc. 

16. First of all we mention that if A n (a, x) has the same cardinality, say 
k > Ko, for all x £ (a, b), then there is a 1-to-l map g : (a, b] D A — > (a, b] fl A 
such that g(x) < x for all x £ (a, b] fl A. In fact, enumerate the elements of 
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(a, b] D A into a transfinite sequence x a , a < k. Then it is easy to define g(x a ) 
by transfinite recursion in such a way that g(x a ) < x a and g(x a ) ^ g{xp) for 
(3 < a. 

Now for x £ A let k(x) = \{y £ A : y < x}\. This is a mapping from 
A with cardinal values such that n(xi) < nix^) implies xi < a: 2 , hence by 
Problem 6.37 its range is countable. Let Y be the subset of the range that 
consists of infinite cardinals. For k £ Y let A K = {a; £ A : k(x) = k}. This 
set is of the form I nA with an interval I (I can be closed, open, or semi-open). 
It is clear that if I has endpoints a K , b K , then (a K ,x) D A has cardinality k for 
all x £ (a K ,b K ), hence there is a 1-to-l mapping g K from (a K , b K ] D A K into 
itself that maps every element into a smaller one. Now let A! be the one-point 
set consisting of the smallest element of A if A has a smallest element, and 
otherwise let A' be a countable subset of A that is coinitial with A. Let / 
agree with g K on each {a K , b K ] n A K , and all other elements of A be mapped 
by / into A! in such a way that f(x) < x for all x, except perhaps for the 
smallest element of A. Since A \ U„ ;e y ((a K . b K ] n A K ) consists of the smallest 
elements of A K (if there are such) and of those elements x of A for which 
{y £ A : y < x} is finite, this set is countable, and hence the claim follows 
with this /. 

17. Let x a , a < c, be an enumeration of the reals. If / is a real function, 
then define by transfinite recursion two functions g, h in such a way that 
g(xa) + h(x a ) = f(x a ) for all a, and the values g(x a ) resp. h(x a ) are different 
from every g(xp) resp. h(xs), (3 < a. Then g,h will be 1-to-l functions and 
/ = g+ h. [A. Lindenbaum, Ann. Soc. Pol. Math., 15(1936), 185] 

18. There are continuum many monotone real functions (Problem 4.14, d)), 
therefore we can enumerate them into a transfinite sequence /^, £ < c. Let 
us also enumerate the reals into a transfinite sequence x%, £ < c, and by 
transfinite recursion define the real function / in such a way that f(x j) is 
different from every f a (x^) with a < Then / agrees with any f a only on a 
set of cardinality smaller then continuum, hence it can be monotone only on 
a set of cardinality smaller than continuum, for any function that is defined 
and monotone on a subset of the reals can be extended to a monotone real 
function (see the solution to Problem 6.18). 

19. There are continuum many triplets (I, /, y) consisting of a nondegenerate 
interval I C R, a continuous real function /, and a real number y (cf. Problems 
4.11 and 4.12), hence we can enumerate them into a transfinite sequence 
(/c , /c, y^), £ < c. Now define by transfinite recursion a sequence x^, £ < c, 
in such a way that the x^s are different, and x^ £ 1$. Now set F(x^) = 

— /f (o^), £ < c, and define F arbitrarily for other values. Clearly, if / is a 
real continuous function, 7 C R is an interval and y £ R is a number, then 
there is an x £ I with (F + /)(*) = y, namely x = x^ for the index £ for 
which (I,f,y) = (7|,/|,y ? ). 
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20. Consider the pairs of real sequences ({x„}^L 0 , {y n }^L 0 ) where the num- 
bers x n are different and the numbers y n are arbitrary. Their number is con- 
tinuum (see Problems 4.3 and 4.12), therefore we can enumerate them into a 
transfinite sequence ({a4}S£L 0 , {Vn }5£Lo)> £ < c. By transfinite recursion we 
define increasing sets X% c R of cardinality at most |^| + Hq and real numbers 
X£ in the following way: let X$ = {#°}5)T 0 , xo = 0 and if X rl , x v , r) < £ 
have already been defined, then let x j be a real number for which 

n = 0, 1, ... all lie outside the set U n< fX ri , and set 

X f = {%£ + U • 

It is clear that the property |X^| < |£| + do is preserved, hence the induction 
can be carried out and the numbers x | + x^ n , £ < c, n £ N are all different. 
Now all we have to do is to define f(x^ + x|) = y| for all £ and n, and set 
f(x) = 0 otherwise. The definition of the numbers x^ guarantee that / is 
uniquely defined, and if {x n }^L 0 ) {yn}5£L o are arbitrary with x n ^ x m for 
n^m, then there is an x with f(x + x n ) = y n , namely x = Xf is appropriate 
where £ is the index for which ({x^ }£T 0 , = ({^n}”^! {VnY^Lo)- 

21. The sets X\, X 2 , . . . , Xg . . . . £ < oq are closed and form a nonincreasing 
transfinite sequence, hence by Problem 6.38 there must be a 0 < 8 < uq with 
Xq + \ = Xfj. But then Xg + 2 = Xq +1 = Xg = Xg + i = Xg, and in a similar 
fashion we obtain by transfinite induction Xg +a = Xg for all a. It is also 
clear that Xg is either empty or perfect, for it is closed and coincides with 
the set of its limit points. Since Xg +i \ Xp consists of the isolated points 
of Xq , it is a discrete set, hence it is countable (Problem 5.3). Furthermore, 
X\Xg C Ufj < e(Xfj\Xfi + - l ). In fact, if x £ X \ Xg, and a is the smallest index 
with x £ X a , then by the definition of the set X a , the ordinal a < 0 is not a 
limit ordinal, i.e., a = (3 + 1, and then x £ Xg \ Xp + \. All these prove that 
X \ Xg is countable. [G. Cantor] 

22. If X C R n is closed, then all the sets X a in the preceding problem are 
included in X, in particular Xg C X. Now the claim follows from the repre- 
sentation X = Xg U (X \ Xg). 

23. It is clear that the H a 's form an increasing family. 

Let S be the cr-algebra generated by H. Then each H a is included in 
S, hence it is enough to show that is a cr-algebra, i.e., it is closed for 
countable union and complementation. If A £ H Ul , then A £ H a for some 
a < uq, and then its complement X \ A is contained in H a + 1 C H m . In a 
similar manner, if A* £ H Ul for i = 0,1,..., say A t £ H a . , a, < uq, and 
a = sup, ; di, then a < uq and U; A-, £ H a+ \ C % Ul . These prove that H Ul is 
indeed a cr-algebra. 

24. Let H be a family of sets of cardinality at most continuum. Consider 
the families H a from the preceding solution. Since a set of power continuum 
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includes at most continuum many countable subsets (Problem 4.6) and since 
the union of continuum many sets of cardinality at most continuum is of 
cardinality at most continuum, we obtain by transfinite induction that each 
K a , ol < wi, is of cardinality at most continuum. For a = <jJ\ this is the 
statement of the problem. 

25. Let K be the set of open subsets of R n , and consider the following hierarchy 
K a , a < w\ : let Ko = K and for every ordinal 0 < a. < wi let K a be the family 
of sets that can be obtained as a countable intersection or a countable disjoint 
union of sets in Ap <a Hp. Exactly as in Problem 23 one can easily show that 
K = U Q<UJl ?f Q is the smallest family of sets containing the open sets and closed 
under countable intersection and countable disjoint union. All we have to show 
is that K is closed under taking complement with respect to R”, for then it 
is closed under countable union (recall that U jAj = R" \ (fij(R” \ Ay))). 

We prove by transfinite induction that if A £ K a , then (R ra \ A) £K, and 
this will complete the proof. For a = 0 this is clear, for the complement of an 
A £ 'Ho is a closed set, and it can be represented as a countable intersection of 
open sets. Suppose now that we know this property for all (3 < a. Let A £ Ka- 
li A is obtained from Aj £ Up <a K, 3 , j = 0,1,... by disjoint union, then 

R” \ A = P|(R" \ Aj) e K 

3 

by the induction hypothesis. If, however, A is obtained from Aj £ Up <a Kp, 
j = 0, 1, . . . by intersection, then 

R”\A = [J(R n \A i ) = (R-\A 0 )u(A 0 n(R"\A 1 ))u(A 0 nA 1 n(R"\A 2 ))u- • • , 

3 

and here on the right-hand side we have a disjoint union. Therefore, we get 
from the induction hypothesis that (R n \ A) £ K, and the proof is over. 

For an alternative proof see the solution to Problem 1.13. 

26. It is clear that the B„s form an increasing family of functions, and that if 
B is the smallest set of functions that is closed for pointwise limits and that 
includes (7[0, 1], then B a C B for all a. Thus, it is enough to show that B Ul 
is closed for pointwise limit. Let fi £ B UJl for i = 0, 1, . . ., and let / be the 
pointwise limit of the functions fi- We have, say, fi £ B ai , ay < uji- But then, 
if a = sup i a*, then a < uj i and / £ B a + i C B Ul , and this proves that B JJl is 
closed for pointwise limit. 

27. Let T be the set of all the operations in the algebra (A, • • •), and let B c A 
be a subset of cardinality at most k > Hq. Then the set of finite subsets of B is 
again of cardinality at most k, hence if B* is the set that we obtain by adding 
to B all elements of the form g{b\, . . . ,b m ) with 6j £ B and g £ T - then 
B* is of cardinality at most k ■ p < max(ft, p, Hq). Now starting from Bq = B 
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construct the sets B k as Bk+i = (Bk)*, k = 0, 1, 2, . . and let B^ = 

As we have just mentioned, each Bk is of cardinality at most max(ft, p, N 0 ), 
hence B <*, is of cardinality at most max(«, p, K 0 ) • d 0 = max(«, p, H 0 ). It is 
clear that each Bk is contained in the subalgebra generated by B, hence the 
same is true of B <*,, and what is left to prove is that B^ is a subalgebra, since 
then it must be the subalgebra generated by B. Let g £ T be an operation 
of arity m, and let fri , . . . , b m £ B^ be arbitrary elements. Then bi £ B ^ for 
some ki £ N, hence with k = max; k, we have bi £ Bk for all i = 1 , . . . , m, 
and then g(bi , . . . , b n ) £ Bk+i C verifying that B^ is closed for all the 
operations. 

28. First of all we note that if T is any field of cardinality at most K > Mq 
and p(x) = a n ■ x n + ■■■ + ai ■ x + do is any polynomial with coefficients in 
T, then there is a field T C T% of cardinality at most k such that p has 
a zero in T\. This is well known, but a sketch of the construction runs as 
follows. We may assume that p is irreducible over T (if not, just work with 
an irreducible factor of it). Let £ be a symbol, and consider the set T\ of 
all formal expressions bo + bi ■ £ + ■ ■ ■ + fr„_i ■ £ n_1 , bi £ T, with termwise 
addition and multiplications except that in multiplication we simplify with 
a n ■ £” T • • • ai • £ + ao = 0. It is easy to see that with these operations T\ is 
a field. For example, the existence of the multiplicative inverse of an element 
fro + bi ■ £ + • • • + fr n _ i • £ ra_1 with not all b, = 0 runs as follows. Since p(x) is 
irreducible, p(x) and fro + fri • x + • • • + fr n _ i • x n ~ [ have only constant (elements 
of J~) common divisors. Hence by carrying out the Euclidean algorithm, we 
get that there are polynomials r( x) and s(x) such that 

r(x)p(x) + s(x)(bo + fri • x H + fr n _i • x" _1 ) = $. 

Substituting here x = £ we obtain 

KO(fro + fri • £ H f frn-l • £ n_1 ) = % 

i.e., r(£) is the multiplicative inverse of fro + fri • £ H — • + fr n -i ■ £" -1 . It is also 
clear that T can be considered to be part of T \ , and that T\ has cardinality 
at most k. 

The set of polynomials with coefficients in T is of cardinality at most k (see 
Problem 10.4(a)), and let us enumerate them into a sequence p^, £ < k (with 
possible repetition). Starting from To = T we recursively define increasing 
fields T(_. (, < k, where T^ is a field of cardinality at most k that is an 
extension of the field U a< ^T a in such a way that p^ has a zero in T(. Based 
on what we have said in the beginning of this solution, this can be easily 
defined by transfinite recursion for all £ < k, and it has cardinality at most 
k. Now let T* = yj^ <K T^. Then T* is a field of cardinality at most k, and 
every polynomial with coefficients in T has a zero in T * . Now repeat the same 
process starting from T\ rather than T, to obtain a field T* C T'% such that 
every polynomial with coefficients in T* has a zero in T% ■ In a similar manner 
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we get fields Tfc C F( +l for all k = 1,2,... such that every polynomial with 
coefficients in T(. has a zero in F(. + [ . Now it is clear that if T* = U^L 0 , 
then F* is a field of cardinality at most re that includes T. Furthermore it 
is algebraically closed. In fact, every polynomial with coefficients in T* has 
coefficients in F( for some k £ N, and so it has a zero in F( z+1 c T* . 

29. Let (A, -<) be an infinite ordered set, k = |A|, and let T = *{0, 1} be the 
set of transfinite 0-1 sequences of type n with lexicographic ordering -<*. Let 
A = be an enumeration of the elements of A in type k. By transfinite 

recursion we define a monotone mapping F from A into T. 

Actually we shall show more, namely let T* be the set of those elements 
f of T that contain a largest 1, i.e., for which there is a v < n such that 
f(u) = 1 but /(£) = 0 for all v < £ < re. We are going to construct F so that 
it maps A monotonically into T*. 

First we consider the case when re is regular. Before the actual construction 
we establish a few facts about T* for regular re. 

a) If B C T* is of cardinality smaller than re, then there is an h £ T* that 
is smaller than any element of B. In fact, let us select v < re in such a way 
that /(£) = 0 for all f £ B and £ > u, and set h(v) = 1 and h(£) = 0 for 
£ ^ v. This h is clearly smaller than any element of B. 

b) If B C T* is of cardinality smaller than re, then there is an h £ T* that 
is bigger than any element of B. In fact, again let v < k be such that /(£) =0 
for all f £ B and £ > u, and let h(£) = 1 for £ < v and /i(£) = 0 for £ < v. 
This h is bigger than any element of B. 

c) If B, C C T* are of cardinality smaller than re such that every element 

of B is smaller than any element of C, then there is an h* £ T* that is bigger 
than any element of B and smaller than any element of C. First we construct 
a function h £T. We define h(o), a < re, by transfinite recursion. Let h( 0) = 1 
if there is an f £ B with /( 0) = 1, and otherwise let h( 0) = 0. Suppose now 
that a < k and h{&) is already defined for all /3 < a. Then let h(a ) = 1 if there 
is an f £ B such that f\ a = h\ a and /(a) = 1, and otherwise let h(a) = 0. 
By transfinite induction we prove that for all f £ B and a < k the inequality 
f\ a A* h | a holds, where A* denotes again lexicographic ordering (ordering 
with respect to first difference). This is clear for a = 0, and if it is true that 
/|^ A* h\p for all 3 < a and a is a limit ordinal, then clearly / Q A* h | a . If, 
however, a = (3 + 1, then h | a -<* / | a together with /|^ A* h would imply 
f\p = and /i(/3) = 0, /(/3) = 1, but this contradicts the choice of h((3). 
Thus, f\ a +* h | a in all cases. In a similar manner, by transfinite induction 
we verify that h\ a +* g\ a for all a < re and g £ C. This is clear for a = 0, 
and if it is true that A* for all (3 < a and a is a limit ordinal, then 
clearly ft| a A* g | a _ If, however, a = 0+1, then g | -<* h\ a together with 

h A* g implies that = g and g((3) = 0, h(/3) = 1. This latter one 
means that there is an f £ B such that f\fj = h | f-j an d f((3) = 1. But this is 
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impossible, for then we would have g -<* /, contradicting the assumption on 
the sets B and C. Thus, h\ a A* g\ a in all cases. 

What we have verified so far implies that / A* h A* g for all / £ B and 
g £ C. Next note that h = g is impossible for g £ C. In fact, in the opposite 
case if v is such that g(v) - 1 but <?(£) = 0 for £ > v, then h( v) = 1 would 
imply an f £ B with f\ v = h y and f(v) = 1, but then we would have g <*' f 
contradicting the assumption on the sets B and C. Thus, h -<* g for all g £ C. 
Now let v < k be an ordinal such that /(£) = 0 and <?(£) = 0 for all £ > v 
and f £ B, g € C. Then clearly h(£) = 0 for £ > v\ therefore, if we set 
h*(0 = h(G) if £ ^ v and h*(y) = 1, then this h* will be strictly bigger than 
any element in B and smaller than any element in C. 

After these preparations let us return to the construction of the mapping 
F for regular k. As in the beginning of the proof, let A = {a^}j< K be an 
enumeration of the different elements of A in type k. We are going to define 
F(a a ) by transfinite recursion on a. Let F(uq) be any element in T*, and 
suppose that for some a < n all the values F(a |), £ < a have already been 
defined, and F is monotone on its domain. This domain is divided into two 
parts by a a : H 0 = {a^ : £ < a, -< a a } and Hi = { a ^ : £ < a, a a -< a^}. 
We set B = {F(o € ) : £ e H 0 } and C = {F(o € ) : f e H{\. Then B and 
C are subsets of T* of cardinality smaller than k, and every element of B is 
smaller than any element of C. Now let F(a a ) = h*, where h* £ T* is the 
element constructed in part c) above for this B and C. If one of the sets, say 
B, happens to be empty, then just select an element h £ T* as F(a a ) that 
is smaller than any element of C (see property a) above), and in a similar 
manner if C = 0, then let F(a a ) be an element of T* that is bigger than any 
element of B (see property b)). 

This recursion runs through a < k, and this proves the existence of F 
for regular k. Note that for regular k we have also shown the following: if 
|A| = k and A! c A is of cardinality smaller than n, and G : A' — > T* is a 
monotone mapping, then this can be extended to a monotone mapping of A 
into T*. Now let k be singular, and let «o < «i < • • • < n a • ■ • < k, a < cf (k) 
be infinite cardinals with sum equal to n. By considering instead of K a if 
necessary, we may assume that each K a is a regular cardinal, and by similar 
method one can achieve that for each a we have n a > ]T) j3 < a up. Also let 
A = U a<c f ( K jA a be an appropriate representation of A as a disjoint union 
of some sets A a of cardinality K a . We shall define by transfinite recursion 
on a a monotone mapping F a from Up< a A a into T*, where T* is the set of 
those elements of / £ T* for which /(£) = 0 for all £ > K a (note that T* is 
isomorphic with T* constructed for the cardinal K a ). We shall define F a in 
such a way, that for (3 < a the mapping F a is an extension of Fp. In fact, 
the mapping Fq has just been constructed above. Suppose we know Fp for all 
(3 < a. If a is a limit ordinal, then the mappings Fp, (3 < a, have a common 
extension G a defined on Up <a Ap : just set G a (£) = Fp(£) for £ £ Ap, (3 < a. 
Now | U p <a Ap\ = J2p< a K P < K on hence, as we have seen above, this G a 
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can be extended to a monotone mapping of U pKaAp = (U/j^A^) U A a into 
T*. If, however, a is a successor ordinal, a = (3 + 1, then again, the mapping 
Ffj : U 7 </3^4 7 — >• T| can be extended to a monotone mapping F a from IJ 7 < Q A,, 
to T*. 

Finally, we set F(£) = F a (£) if<f 6 A a . This is clearly a monotone mapping 
from {A, -<) into T*. 

30. Let ( A , -<) be an ordered set, and let be an enumeration of the 

elements of A. Since every ordered set is a subset of a densely ordered set 
(Problem 6.65), without loss of generality we may assume ( A , ~<) to be densely 
ordered. Let (A|, <i|) be an ordered set of type and let (B, <) be the 
ordered union of the ordered sets (A ? , <^), £ < k, with respect to ( A , -<}, i.e., 
the element x j in (A, ~<) is replaced by A^ with the order <_c on it, and these 
well-ordered sets (A ? , <^) follow each other exactly as the elements follow 
one another in {A, -<). It is clear that (A, -<) can be considered as part of 
( B , <) (in (B, <) the smallest elements of the sets A^ form a subset similar 
to {A, -<;)). It is also clear that for each £ < k there is a unique maximal 
well-ordered subinterval of {B, <) with order type namely A^ (use that 
{A, -<) is densely ordered). 

We claim that no two different initial segments of ( B , <) are similar. In 
fact, let Si and S -2 be two similar initial segments of (B, <), and let f : S i — > 
S 2 be a similarity mapping. The initial segment Si has the following structure: 
it is the ordered union of two sets S{ and Sf, where S-J is the ordered union of 
some of the sets ( A j, <|) with respect to £’s lying in an initial segment Aj of 
{A, -<}, and Sf is an initial segment of one of the sets (.4^, , <^). Also, since 
{A, -<) is densely ordered, there is no end segment of Sj that is well ordered. 
Thus, Si can be recognized as the (possibly empty) largest end segment of Si 
that is well ordered. Now let S2 = S2 U Sf be the analogous representation 
of S2. Since a similarity mapping maps a well-ordered interval/end segment 
into a well-ordered interval/end segment, it follows that / maps Sf into Sf, 
and hence it also maps S-} into Sf. If A^ C Sf, i.e., £ € A-i, then A^ is a 
maximal interval in Sf that is well ordered (recall that (A, -<) was assumed 
to be densely ordered). Thus, its image is also a maximal interval in Sf of 
type uj^, which is possible only if £ € A^. The argument can be reversed with 
£ G A-i, and it follows that the two initial segments A\ and A 2 of (A, -<:) are 
the same. Thus, Sf = Sf , and then Sf and Sf are similar initial segments of 
the well-ordered set (A&, < 5 ,), which is possible only if they are the same: 
Sf = Sf - Thus, Si = S2, which means that different initial segments of (B, <) 
are nonsimilar. 




13 


Euclidean spaces 


1. Let / : R — >• R n be a continuous mapping from R onto R n . Based on 
Problems 5.35 and 5.36 it is easy to see that there is such a mapping. Now 
the family of sets {/ _1 [17] : U £ U} is a family of open subsets of R that is 
well ordered with respect to inclusion. Thus, the claim follows from Problem 
6.38. 

2. In the proof we need the following simple fact: for different ti, . . . , 4 m > 0 

and different ai, . . . , % a determinant of the form is nonzero. One 

can prove this by induction, the case M = 1 being trivial. Now suppose 
that the claim is true for M — 1. Replace tM by a free variable t. Then 
the determinant becomes a generalized polynomial S(t) = YlfLi a it ai , which, 
by the induction hypothesis, has nonzero coefficients. This S(t) vanishes for 
t = t\,. . . Am- 1 , and so it is sufficient to show that a nontrivial S of the 
above form cannot have M positive zeros. This is proved again by induction 
on M. If S had M positive zeros, then so would S(t)/t aM = ait ai ~ aM , 
and hence by Rolle’s theorem its derivative 

M- 1 

Sl{t) = ^2 ~ 

i= 1 

would have M — 1 positive zeros. This Si is of the same form as S just M is 
replaced by M — 1, so we can apply induction to conclude that S can have 
only at most M — 1 zeros, by which we have proved the claim. 

After this let us choose rationally independent positive real numbers 
ai, (* 2 , • . • , a n , and consider the set 

B = {(t ai , . . . ,f“ n ) : te [0,1]}. 

We claim that every algebraic variety A intersects B in at most finitely many 
points. In fact, let 
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N 

P(x l,...,X n )= E a ii,-,in x% l ' " x *n 
be a nontrivial polynomial with zero set A. For t £ [0, 1] we have 

P(t a \...,t an )= E a ii,-,iJ iiai+ "' +inan , 

and since the numbers on are rationally independent, all the exponents on the 
right are different. Thus, if there are (N+ 1)" different points t \ , . . . , f (jv+i)>» € 
[0, 1] that lie in A, then at these points we have 

N 

E "m -°- d = i) 2 , . . . , (n + 1)”. 

ii,...,i n =0 

But, according to what we proved above, the determinant of this (N + l) n x 
(N + l) n linear system of equations is nonzero, which implies that all i n 
are zero, i.e., the polynomial P is identically zero. This contradiction proves 
that B C\ A can have at most (N + l) n — 1 points. 

Now it is clear that R” cannot be covered by less than continuum many 
algebraic varieties, for less than continuum many algebraic varieties can cover 
less than continuum many points of the set B, and B is of power continuum. 

3. Consider the set H of all subsets A of R 3 which have the property that if 
we connect the different points of A by a segment then all these segments are 
disjoint. It is easy to see that if T is a subset of H ordered with respect to 
inclusion, then the union of the sets in T also belong to H. Thus, by Zorn’s 
lemma (see Chapter 14) there is a maximal (with respect to inclusion) set A 
in B. All we have to show is that A is of cardinality continuum. 

Suppose that to the contrary that A is of cardinality less than continuum. 
If we consider all three points of A and the planes that they span, then we get 
less than continuum many planes (more precisely, |A| 3 = |A| many planes). 
By Problem 2 the space R 3 cannot be covered by less than continuum many 
planes. Thus, there is a point P in R 3 that does not lie on any plane spanned 
by any three points of A. But then it is easy to see that P can be added to 
A, because the lines through P and through points of A do not intersect lines 
that connect two other points of A. This contradicts the maximality of A, and 
this contradiction verifies the claim. 

There are also easy constructions for the set in question. For example 
A = {(t,t 2 ,t 3 ) : t G [0,1]} is appropriate, for no plane intersects A in 

more than 3 points. [W. Sierpinski, Cardinal and Ordinal Numbers, Polish 
Sci. Publ., Warszawa, 1965, IV. 7/6] 

4. Let H be an uncountable set in R”, and first suppose that each sphere in 
R" contains only countably many points from H. We select points P^, ^ < ui\ 
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by transfinite induction in such a way that all the distances between them 
are different. Suppose P%, £ < r/, have already been selected for some r/ < lu\ . 
Let D n be the set of all distances between the points in the set {P^}^ <v , and 
let Srf be the union of all the spheres with center at some P^, £, < r] and 
with radius d £ D n . Then S rj is the union of countably many spheres, so our 
assumption implies that in S r) there are only countably many points from the 
set H, hence we can select a point £ H \ S ri . This procedure can be carried 
out for all r] < u>i, and it is clear that all the distances between the selected 
points are different. 

Now suppose that there is a sphere S such that SnH is uncountable. Then 
work on S with the set SnH instead of H in the same fashion as we have done 
above. It is still possible that for this set there is a sphere S' different from 
S such that on S' the set SnH has uncountably many points, but then on 
the lower-dimensional sphere S fl S' the set H has uncountably many points, 
Thus, if we choose a sphere S with the smallest possible dimension on which 
H has uncountably points, then the previous procedure can be carried out on 
S with the set SnH instead of H. 

5. Let M be the set of all finite 0-1 sequences, and let / : M — > N be a 1-to-l 
and onto mapping; furthermore, let b 7 = (0, . . . , 0, 1, 0, . . .) be the element of 
£2 which has zero coordinates except for the jth coordinate, which is 1. With 
a n = \j 3/2 • 2~ n for an infinite 0-1 sequence e = (ei, £2, . . .) define the element 
h e £ £ 2 as 

h e = X! „))■ 

n= 1 

This way we define continuum many elements of £2, and we claim that if 
e 1 = (e) , £2, . . .) is another 0-1 sequence, then the distance between h e and h e > 
is rational. In fact, if m is the smallest index with e m 7^ e ' rn , then the distance 
between h f and h € < is 




= 2~ m+1 


6. This is an immediate consequence of the separability of £2, be., that there 
is a countable dense set (e.g., the set of those elements that have rational 
coefficients of which only finitely many are nonzero). In fact, if all the distances 
between points of a set H are the same, say p, then the balls about points of 
H of radius p /3 are disjoint, and each such ball contains at least one point 
from our countable dense subset. 

7. Assume that £2 = A 0 U A 1 U • • • is a decomposition. Let {b s : s} be an 
orthonormal basis where we index with all finite strings of natural numbers. 
If / : u — > u is an infinite sequence of natural numbers we let 
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a / = £ ^ h f\n, 
n = 0 * 

where /|n denotes the string of the first n elements of /. It is easy to see that 
if /, g are infinite sequences of natural numbers, then the square distance 
between a / and a g is 2(4“" + 4 + • • •) = 2/(3 • 4" _1 ), where / and g 
first differ at the nth place. 

We are done if we can find some i < u> and some finite string s such that 
for every extension s' = sk (k = 0, 1, . . .) of s there is some fk : aJ —>■ oj such 
that fk |(n + 1) = sk and a f k € Aj. Indeed, then these a^’s will all have the 
same distance from one another. Assume therefore that on the contrary, this 
latter statement fails. Then the choice i = 0, s = 0 is not good, i.e., there is 
some k 0 such that a / A {) for any / with /( 0) = ho- Next, the choice i = 1, 

s = ko is not good either, hence there is some k\ such that a/ f A^ for any / 
with /(0)/(l) = fcofci . Continuing this way, we get a sequence ko, k\ , ■ ■ ■ such 
that if f(i) = ki, i = 0,1,.. ., then a / is not in any of the sets A t , which is a 
contradiction, and this contradiction proves the claim. 

8. There is a family T~L of cardinality continuum of subsets of N such that 
the intersection of any two members of % is infinite, but the intersection of 
any three members is finite (see Problem 4.35). For H £ H consider the point 
hn = (±1, ±1/2, ±1/4, . . .) € £ 2 , where the nth coordinate in b# is 1/2" if 
n € H, and otherwise it is —1/2". If h# and b^- are two such points, then in 
hn — b k the nth coordinate is 0, ±2/2", and it can be 2/2" only if the nth 
coordinate in b r< is —1/2", and it can be —2/2" only if the nth coordinate 
in b/\- is 1/2". It follows that if b//, b/\-, bg are three different points of the 
above type, then it is not possible to have simultaneously 2/2" for the nth 
coordinate in h H — b K and at the same time to have —2/2" for the nth 
coordinate in bs — b k . But this means that the inner product of b// — hx 
and bs — b/c is nonnegative. It is actually positive, since H n S is infinite but 
H fl S n K is finite, so there is an n G (H n S) \ K, and for this n the nth 
coordinate both in b# — b k and bg — hx is 2/2". 

Thus, the inner product (bjj — b^, bg — b^-) of hn — b x and of bg — b^ 
is positive, which means that the angle at b/<- in the triangle (b u , b/^, bs) is 
acute (recall that if <+p is this angle, then 

cosy = (bn — bif,bs — bx)/||b# — bif||||bs — b^H). 


9. We show that there is a well ordering -< of R 2 such that for every point 
x € R 2 the set 

{y A x : d(y,x) e Q} 

is finite. (Here d(x,y) is the Euclidean distance.) This suffices, as then we 
can color R 2 by a simple transfinite recursion along -< with countably many 
colors, since at every point x we can extend the previously defined coloring on 
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{y : y ~< x} to the point x by omitting that finitely many colors that appear 
at rational distances from x. 

In order to prove the existence of -< we show that for every ICR 2 there 
is such a well-ordering, and this we do by transfinite induction on k = \X\. 

For k<w any well order into type < ui will do, and now assume that n > u 
and that the claim has already been verified for sets of cardinality smaller than 
k. Call a set 5 C R 2 ‘closed’ if x\, x 2 £ S and d(x\,y) £ Q, d(x 2 , y) £ Q imply 
y £ 5. If S is any subset of R 2 , its ‘closure’ is U?fi 0 5,, where <Sb = 5, and each 
Si is obtained from 5,_i by adding all points that are of rational distance 
from some two points of 5*_ 1 . As for any pair (xy , X 2 ) of points the set 

{y £ R 2 : d(x!,y) £ Q, d(x 2 ,y) £ Q} 

is countable, it follows from Problem 10.4 that each S z is of cardinality 
max(|5| , do), and hence the cardinality of the ‘closure’ of 5 is also at most 
max(|5|,K 0 ). 

Now we can decompose X as the union X = U a<K X a of increasing sets 
X a , a < «, of cardinality less than k such that each X a is ‘closed’ and for 
limit ordinal a we have X a = L)p <a Xp. This is easily achieved by transfinite 
induction from any enumeration of X into a transfinite sequence of type k 
if we apply the ‘closure’ procedure and for limit ordinals a we set X a = 
Up< a Xp (note that the union of increasing ‘closed’ sets is again ‘closed’). By 
the inductive hypothesis, each X a+ x \ X a possesses a well-ordering ~< a as 
needed. We can now define Sonias follows: let x < y if either x £ X a , 
y £ X a for some a < k or if x, y £ X a+ \ — X a and x ~< a y for some a < k. 
This is a well-ordering (in fact, (X, -<) is the ordered union of well-ordered 
sets with respect to a < k). Furthermore if a; £ X a+ i \ X a , then, since X a is 
‘closed’, there is at most one point y £ X a of rational distance from x, and, 
by the choice of -< Q , there are only finitely many points y £ X a+ i \X a , y ~< x 
of rational distance from x. 

10. Similarly as in the preceding solution, we show that there is a well-ordering 
-< of R" such that for every x £ R ra the value 

S(x) = mi{d(y,x) : y -< x,d(y,x) £ Q} (13.1) 

is positive. This done, we can color the points as follows. The color of a; £ R n 
be an ordered pair (e, q) where 0 < e < S(x) is a rational number and q £ Q" 
is a rational point with d(x, q) < e/2. This is indeed a good coloring. In fact, if 
d(x, y) is rational and x and y would have the same color (e, q), then we would 
have d( a:,q), d(y, q) < e/2, and (say) x -< y, which give d(x,y) < e < S(y), 
which is a contradiction. 

We prove the existence of the well-ordering -< for every X C R n by trans- 
finite induction on k = | A|. For k < ui any well-ordering into type < u> will 
do. 

Given X of cardinality k = \X\ > ui we first decompose X into the union 
A = U a <K.X a of increasing subsets X a , a < k of cardinality less then k such 
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that for limit a we also have X a = Up <a Xp. We shall also need one additional 
property. 

First of all we mention that if ao,...,ad (d < n) are points in R" in 
general position (which means that there is no ( d — l)-dimensional hyperplane 
containing them), H is the d-dimensional hyperplane spanned by these points 
and ro, . . . , rd are any rational numbers, then there can be at most one x £ H 
with d(x, ao) = r o, • • • , d(x, ad) = rd- Indeed, if x, y £ H are both good then 
y — x is orthogonal to aq — ao, ... . a,j — ao, therefore to every vector in H — co- 
in particular, it is orthogonal to itself, hence x = y. We can therefore require 
(see the preceding proof), that each X a is ‘closed’ in the following sense: 
if ao,...,ad € X a (d < n ) are points in X a in general position, H is the 
d dimensional hyperplane spanned by them and j*o, . . . ,r<j are any rational 

numbers, and if there is an x £ H with d(x, ao) = r () , d(x, ad) = Vd, then 

this x belongs to X a . 

By the inductive hypothesis, each X a+ i \ X a has a well ordering -< a as 
required. We show that we can take -< as follows. If x £ X a , y £ X a for some 
a, then set x -< y. If, however, x, y £ X a+ i \ X a for some a, then set x y 
if and only if x ~< a y. This is clearly a well-ordering, and we have to show 
that this -< satisfies the property that S(x') from (13.1) is positive for all x, 
and this boils down to proving that if x (fc X a , then there cannot be points 
in X a in rational distance from x and arbitrarily close to x. Assume to the 
contrary, that this is not true, and that o* — > x, as * — >• oo, where a* € X a and 
d(a t . x) G Q. We can assume that ao, ... ,ad is a maximal subsystem of the 
points a» in general position. Let H be the hyperplane spanned by ao, . . . , a^. 
For i > d we have a, £ H, and, as a* — > x, we get x £ H. But then we would 
have x £ X a by the construction, and the proof is over. 

11. Identify the plane with C, and note that x,y,z £ C are the nodes of 
an equilateral triangle if and only if z = wx + ujy or z = coy + lax, where 
u> = (1 + v^3 i) /2 and uJ = (1 — \/3i) /2. Thus, our task is to decompose C into 
countably many classes in such a way that the equation z = ojx + uiy has no 
solution in any of the classes. 

Let Q(\/3) be the set of numbers of the form a + bV 3 where a,b £ Q. This 
is easily seen to be a subfield of C, and C is a vector space over Q(\/3). Let 
B be a basis of this vector space, and let ^ be an ordering on B. Then every 
nonzero x £ C has a unique representation 

x = K 0 bi 0 -\ + \ J>i n , (13.2) 

where the coefficients A,; 0 , . . . , Aj n £ Q(v / 3) are nonzero numbers and fy 0 -< 
• • • ~<bi n are from the basis B. Notice that there are countably many possible 
ordered (X io , . . . ,X in ), n = 1,2,... sequences from Q(\/3), so we can decom- 
pose C into countably many classes in such a way that numbers in the same 
class have the same ordered coefficient sequence, and let 0 alone form a class. 
We show that this decomposition of C is as required. 
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Assume that the elements x, y, z of some class, say the one associated 
with (A, 0 , . . . , Aj n ), satisfy z = ojx + Uy. Although the sequence (Aj 0 , . . . , A * n ) 
is the same for x, y, z, the associated sequences of basis vectors . . . , b* ), 

{b \ o , . . . , b \ n ) , (6? bfj), can be different. Let b be the smallest (with respect 

to the ordering -< on B) of all the occurring basis elements, that is the minimal 
element of 

{bl,...,bl,bV o ,...,bl,bl,...,bl}. 

Let the coefficient of b in x, y, and z be respectively a, (3, and 7. Each of a, (3 , 7 
is either 0 or one of the numbers A j 0 , . . . , Aj n , and since b is the smallest of the 
basis vectors appearing in the representation of x , y, z we can conclude that 
of a,/3 , 7 is either 0 or A,; 0 (recall that the b tj ’s in the representation (13.2) 
are in increasing order). Also, since the representation (13.2) is unique, we 
must have 7 = u>a + oJ0. But these imply that either a = /? = 7 = 0 (which is 
impossible) or a = (3 = 7 = Aj 0 . We have, therefore, bf 0 = b v io = 6f o , and this 
common term can be cancelled from x, y, and 0. We can continue in the same 
fashion, and get bf 1 = = &?, etc., finally all the components of x,y,z are 

equal, that is, x = y = z. This proves the claim. 

12. We call a set C C R 2 a partial circle if there is a point P, called the center 
of that partial “circle” , such that every half-line emanating from P intersects 
C in at most one point. It is enough to cover the plane by countably many 
partial “circles”. 

Since the real line is part of a partial “circle”, it is enough to cover the 
complement R 2 \ R. We shall prove that for any countably infinite set K = 
{Pi, P2, . . .} on the real line and for any set H c R 2 \ R there are partial 
“circles” with different centers in K that cover H, and we shall do that by 
induction on the cardinality of H. The case \H\ < do being trivial, let us 
assume that \H\ = k > do and that the claim has been verified for all sets of 
cardinality smaller than k. 

Let us call H ‘closed’ if it contains every point that is the intersection of 
two lines determined by one-one points of H and K (i.e., the lines go through 
at least one points of H and K). Exactly as in the proof of Problem 9 one 
can easily show that H is included in a ‘closed’ set of cardinality k, hence 
without loss of generality we may assume H to be ‘closed’. Represent H as 
H = U a<K H a , where the sets H a are of cardinality smaller than k, they are 
‘closed’ and increasing, and for limit a we have H a = U p <a Hp (see the proof 
of Problem 9). We shall define by transfinite recursion on a an allocation of 
the points of H a into partial “circles” C) iQ with center in Pj £ K in such a way 
that we keep previously defined allocations (i.e., Ci t p C C^ a for (3 < a), and 
the partial “circles” C tiOI themselves are also defined during the process. There 
is nothing to prove if a is a limit ordinal; therefore, suppose that a = 7 + 1, 
and let H 1 = C{ 7 U • • • U C.j r/ U • • •, where C h ~, is a partial “circle” with center 
at Pi € K. The induction hypothesis gives that the set P 7 +i \ P 7 , which 
has cardinality smaller than k, can be covered by “circles” D \ , D :i , P 5 , . . . 
with center at Pi, P3, P5, . . ., and also by “circles” E 2 , E 4 , Eq, . . . with center 
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at P : 2 , Pa, Pfu ■ ■ ■■ Thus, an arbitrary point P £ By+i \ H~, is contained in 
a “circle” D 2 j + i and also in a “circle” E 2 k ■ Let the corresponding half- lines 
emanating from P 2 j+i resp. from P 2 k and containing P be l\ and l 2 . It is not 
possible that both l\ and l 2 intersect Fl 1 , for then we would have P £ H., 
because Fl 1 is ‘closed’. But if, say, tj n fl 7 = 0, then P can be added to the 
partial “circle” C 2 j + i t7 , i.e., we can put P £ C 2 j+i. n . This gives the allocation 
of the points in H 1+ i\H 7 into the partial circles Cj, and the proof is complete. 

13. Let P a , a < c be an enumeration of the points of R 3 into a sequence of 
type c. By transfinite recursion we define sets C a , a < c where either C a = 0 
or C a is a circle of radius 1 disjoint from every Cp, (3 < a, and in any case 
P a € U p< a Cp. Clearly, then L) a<c C a is an appropriate decomposition of R 3 . 
The induction step is clear: for a < c if P a £ U p< a Cp, then set C a = 0, 
otherwise select as C a a circle of radius 1 through P a that is disjoint from 
Up< a Cp. That this is possible can be seen as follows. The nonempty circles 
Cp, P < a lie in less than continuum many planes, therefore there is a plane S 
through P a different from all of them. Thus, S intersects every Cp, p < a, in 
at most 2 points, so S C\ (cp <a Cp^j is of cardinality smaller than continuum. 
Therefore, there is a circle C of radius 1 that lies in S, goes through P a but 
does not go through any of the points belonging to the set S D <»c t ). 
Then, clearly, C fl Cp = 0 for all P < a, and so we can select C a = C. 

14. The proof is along the same lines as in the previous problem. Let P a , 
a < c, be an enumeration of the points of R 3 into a sequence of type c and 
by transfinite recursion we define sets l a , a < c, where either l a = 0 or l a 
is a line not parallel with any line Ip, P < a, and in any case P a £ U p< a lp. 
Again, for a < c if P a £ U p< a lp, then set l a = 0, otherwise select as l a a line 
through P a that is not parallel with any of the lines Ip, P < a. This selection 
is possible, just select l a so that P a £ l a and l a is different from the fewer 
than continuum many lines l'p that go through P a and are parallel with the 
corresponding l p’s. 

15. The proof below shows that it is indifferent if the intervals in question are 

open, closed, or semiclosed, hence without loss of generality we may assume 
A = [0,1], B = [0,6], 6 > 1. It is enough to prove that there are a disjoint 
decomposition B = UpL 0 B, and a 1-to-l mapping F : B — > A such that the 
restriction of F to any Bi is a translation. In fact, let G : A — > B 

be the identity mapping. By Problem 3.1 there are disjoint decompositions 
A = A! U A" and B = B' U B" such that F maps B' onto A! and G maps A" 
onto B" . Let B\ = B,, n B' , B" = Bi n B" , A' = F [£?'], and A" = G~ X [B"]. 
Since F is translation on Bi and G is the identity, we obtain that A! i is a 
translated copy of B[ and A" is a translated copy of B", which, together with 
the disjoint representations 
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verifies the claim in the problem. 

To get the representation B = and the 1-to-l mapping F : B — > A, 

consider on R the equivalence relation x~yu-x — y£ Q. Clearly, each 
equivalence class intersects the interval [0,1/2]; therefore, we get from the 
axiom of choice that there is a set H c [0, 1/2] such that H intersects every 
equivalence class in exactly one point. Since the sets H + r with different 
Q are disjoint and every real number belongs to exactly one of these sets, 
it follows that 

U (R + r) C [0,1], 


|J (H + r)D[0,b], 

reQn[-l/2,6] 

and this latter shows that 

B= U ((jy + r) n [0, 6]) 

r£Qn[— 1/2,6] 

is a disjoint representation. Now let g : Q fl [—1/2,6] — > Q n [0,1/2] be a 
1-to-l mapping, and define F as F(x) = x + ( g(r ) — r) if x € ( H + r) fl [0, 6], 
r e Q fl [—1/2, 6]. This F is a translation on ( H + r) fl [0, 6], and maps this 
set into H + g(r) C [0, 1]. Thus, F maps [0, 6] into [0, 1] and it is left to show 
that it is 1-to-l. In fact, g is an injection, hence if F(x) = F(y'), then x and 
y both belong to the same ( H + r) fl [0,6], and since F is a translation on 
( H + r) fl [0, 6] , it follows that x = y. 




14 


Zorn’s lemma 


1. Let (V, <) be a partially ordered set satisfying the condition on chains. By 
the well-ordering theorem it can be well ordered as V = {p a : a < ip} for some 
ordinal <p. We construct a chain L by determining with transfinite recursion 
if p a £ L holds. First, put po into L. For a > 0, add p a to L if and only if 
p a is greater than any pp selected into L, with (3 < a. This obviously gives 
a chain L. By condition, there is an upper bound p 7 to L. We claim that p 7 
is a maximal element. Assume not. Then some p$ > p~ r When we considered 
Ps, we observed that it was bigger than every pp selected into L with [3 < 8, 
so we must have chosen it into L, that is, pg < p 7 , which is a contradiction. 

2. Let {Aj : i £ 1} be a system of nonempty sets. Define the partially ordered 
set (V, <) as follows. / £ V if and only if / is a function with Dom(/) C I and 
f(i) £ Ai holds for every i £ Dom(/). Set / < /' if f is a proper extension 
of /, i.e., Dom(/') is a proper superset of Dom(/) and f(i) = f'(i ) holds for 
every i £ Dom (/). Notice that V is nonempty as the empty function is in it. 

Let LCV be a chain in (V. <). That is, if /, f are two elements of L, then 
either f < f or f < f holds. In either case, if f(i), f(i) are both defined, 
then they are equal. With this in mind, we can define a function F as follows. 
Dom(F) = (J{Dom(/) : / £ L}, and for an i in this set we let F(i) be the 
unique value f(i) assume by all f £ L which are defined at i. Clearly, F £ V 
and / < F holds for every / £ L. 

We can now apply Zorn’s lemma and get a maximal element F of (P, <). 
We claim that Dom(F) = I (and that finishes the argument). If not, then 
there is some i £ I \ Dom(F). Pick an element x £ A t and extend F to F' 
as follows. Dom(F') = Dom(F) U {/<} and F'(i) = x. Then F' > F and that 
contradicts the maximality of F. 

3. Let A be a set for which we show, with the help of Zorn’s lemma, that it has 
a well-ordering. We first define a partially ordered set (V, <). The elements 
of V will be the ordered sets of the form (B. <b), where B C A, <b is a 
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well order on B. V is a set as it is a subset of V(A') x V(A x A). Partially 
order V the following way: {B \ , </},)< (B 2 , <b 2 ) if and only if C B 2 and 
{B 2 , <b 2 ) end-extends (B i, <73, ), that is, the ordering <g 2 extends <b 1 and 
for x £ Bi, y £ B 2 \ B\, we have a ■ <b 2 V- Let L C V be a chain, we show 
that it has an upper bound. Indeed, set C = (J{.B ; (-®> <b) £ L}, and for 
x, y £ C, set x -< y if and only if x < y holds for some/all (B. < B ) £ L with 
x,y £ B. 

We show that ( C , -<} is a well-ordered set. Pick some x £ C (if the set is 
empty, it is obviously well ordered). There is some (B, <b) £ L with x £ B. 
As every ( B ’,< b ') £ L with (B,< b ) < { B ’,< b ') end extends (£?,<), we 
have (C \x, -<) = {B\x, <), so every initial segment of (C, -<) determined by an 
element is well ordered. Hence by Problem 6.36 ( C , -<) is well ordered. 

Next we show that (B,< b ) < (C, -<) holds for every (B, < B ) £ L. For 
every ( B’,< b ’) £ L with (B,< b ) < { B ’,< b ') we have that ( B ’,< b ') end 
extends ( B , <b), so (C, -<) end extends {B, <b), as well. 

We now apply Zorn’s lemma and get some maximal (B,< b ) £ V. We 
claim that B = A, and so we are done. Assume otherwise, so B ^ A. Pick an 
element a £ A\B. Define ( B ', < B ') as follows. B' = BU {a} and let ( B ', < B ') 
extend ( B , <b) with making a greater than every element of B. Then clearly 
(B, <b) < (B 1 . <b'), so (B. <b) is not maximal, a contradiction. 

4. Assume that ( V , <) is a counterexample. By the axiom of choice there are 
functions F and G such that if L C V is a chain, then F{L) is an upper bound 
for L and if p £ V, then G(p) > p (we use the axiom of choice to choose an 
element from the nonempty set of elements bigger than p and similarly for 
the chains). Using transfinite recursion, define for every ordinal a the element 
p a £ V as follows. Let po £ V be arbitrary. For a limit then {pp : 0 < a} is 
a chain and then let p a = F ( [pp : [3 < a}). Further, let p a +i = G(p a ). It is 
easy to see that a *-> p a is a strictly increasing operation, and so it is defined 
for every a. But it is impossible to inject a proper class into a set; see the 
argument in Problem 3. 

5. From the previous problems. 

6. (a) Consider the partially ordered set (V. <) of the disjoint pairs (A, B) 
where A, B C R+, neither A nor B is empty, both are closed under addition 
and multiplication by a positive rational number. There are such pairs, for 
example, we can take A Q n R + and B = Q\/2 n R + . Order V as follows. 
{A, B ) < ( A B ') if and only if A C A! and B C B' . It is easy to see that the 
condition on chains holds, so Zorn’s lemma applies, and there is a maximal 
(A, E) £ V. We claim that AuB = R + . Assume not, say, a £ A U B, a > 0. 
We cannot extend A by a, so there is a rational number 0 < q £ Q and x £ A 
such that qa + x £ B. Similarly, we get a 0 < q' £ Q, and a y £ B such 
that q'a + y £ A. But then qq'a + q'x £ B, and qq'a + qy £ A. As A, B are 
closed under addition and multiplication by positive rational numbers we get 
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that qq'a + q'x + qy is both in A and B, so (A. B ) is not an element of V, a 
contradiction. [Zsigmond Nagy] 

(b) Assume that R is a ring with a unity and Jo is a proper ideal. Consider the 
following partially ordered set (P,<). I £ V if J is an ideal of R, Jo C J and 
1 ^ J. Clearly, Jo £ V, so V is nonempty. We show that the condition on chains 
holds. Assume that L = {I a : a £ A} is a chain. Then I = lJ{J a : a £ A} is an 
upper bound. Indeed, it is a proper ideal, as 1 ^ J holds. Let J be a maximal 
element of (V, <). Then clearly J is a maximal ideal in R. 

(c) Let A be some set, F C V(A) a filter on A. Then F has the finite inter- 
section property (f.i.p.), that is, if Ai , . . . , A„ £ F, then X\ D • • • (~l X n ^ 0. 
Set p £ Q if and only if F C p C V(A) and p has the f.i.p. Partially order 
Q by putting p < q if and only if p C. q. Then clearly, (Q, <} is a nonempty 
partially ordered set. 

We show the condition on chains. Let ICQ be a nonempty chain. We 
show that q = (J L is an element of Q (then obviously it will be an upper bound 
for L). Assume that A], . . . , X n £ q. Then for appropriate p\, ... . p n £ L we 
have Xi £ pi {1 < i < n). We can as well assume that p\ < ■ ■ ■ < p n ■ Then 
X i , X n £ p n so Xi n • • • fl X n ^ 0, and we are done. 

We can, therefore, apply Zorn’s lemma, and get a maximal p £ Q. We show 
that it is an ultrafilter. First, assume that X £ p, X C Y C A but Y p. 
Then, p U {Y} has the f.i.p., as if ,Y| , . . . . X n £ p, then X\ fl ■ • • fl X n fl Y D 
Xi D • • • fl X n nl^0, so p IJ {Y } was a proper extension of p, contradicting 
maximality. Next, assume that X,Y £ p but Any p. Again, p U {A n Y} 
has the f.i.p., so it was a proper extension of p. Finally, assume that AC A 
yet neither A nor A\ A is an element of p. Then, both pU {A} and pU{A\ A} 
fail to have the f.i.p., so there are Yi, . . . , Y n £ p and Z\, . . . , Z m £ p such 
that Yi n • • • n Y n n A = 0 and Z\ n • • • n Z m n (A \ A) = 0. But then 

Yi n • • • n Y n n Zi n • • • n z m = 0 


and so p fails to have the f.i.p. 

(d) Assume that V is a vector space, Jo a set of linearly independent vectors. 
Let V be the partially ordered set of all linearly independent sets Jo C J. We 
show the condition on chains. Indeed, if L C V is a chain, then the union of 
the elements of L is also a set of linearly independent vectors as any finite 
subset is in some I £ L, therefore a supposed counterexample to independence 
would appear in some I £ L. Applying Zorn’s lemma, we get a nonextendable 
J £ V. It is a basis, as should it not generate some x £V then J U {a:} would 
extend J. 

(e) Let G be a generating system of the vector space V. We cannot work 
with the reversely ordered generating subsets of G and seek for a minimal 
element (the intersection of decreasing sequence Go 2 G\ 2 • • • of generating 
sets may be empty). Instead we let V be the partially ordered set of linearly 
independent subsets J C G. We can now repeat the previous argument. If a 
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maximal element I £ V is not a basis then it does not generate some x £ G 
(recall that if every element of G is generated then so is the whole space) so 
we can extend it to I U {#}. 

(f) Let V be the set of those isomorphisms p that map some B\ onto some B 2 
where A < B\ < D\ and A < B 2 < D 2 and <p is the identity on A. Set y> < tp if 
and only if xf> extends ip. V is nonempty as it contains, for example, the identity 
on A. The condition on chains holds: if L is a chain, then (J L (the union of 
all elements of L) is an isomorphism extending every element of L. Let <p be 
a maximal element of (V, <). We show, and that suffices, that <p is defined on 
D]_. Assume not, and a ^ B { for some element a £ D 1 . Let n > 0 be the least 
natural number with na £ B\. Then b = ip(ria) £ B 2 : therefore, there is some 
a' £ D 2 , such that na' = b. We can extend <p to the generated subgroup (B i, a) 
as follows: ip(x + ka) = ip(x) + ka' for x £ B\, 0 < k < n. We claim that this 
is sum preserving, i.e., ip ((x + ka) + (y + k'a)) = il){x + ka)+ , ^{y + k'a). This 
is immediate if k + k! < n. However, if k + k' = n + (. for some 0 < l < n then 
ka+k'a = na+£a and this indeed is mapped to b+la' = na' + £a' = ka'+k'a' . 

(g) Assume that (F, 0, + , •) is a field. To get some elbow space let S 3 F be a 
set of cardinality greater than that of F if F is infinite, and of cardinality d-i 
if F is finite. Let V be the set of those fields (K, Ogffi-) where F C K C S and 
(K, 0, +, •) is an algebraic extension of (F, 0, +, •). Set (K, 0, +, •) < (K', 0, +, •) 
if ( K 0, +, •) is indeed an extension of ( K , 0, +, •). Notice that by the condition 
on algebraicity over (F,0, +,•), the inequality \K\ < |S'| always holds. It is 
easy to see that the condition on chain holds (i.e., if { ( K, , 0 , + , • ) : i £ 1} are 
algebraic extensions of (F, 0,+,-) then so is their union). Now let (K. 0, +, ■) 
be a maximal element in [V, <). If it is not algebraically closed, then there is 
some irreducible p(x) such that p(x) = 0 is not solvable in K. As \K\ < |.S'| we 
can extend K in the usual way to some ( K 0, +, •) in which there is a solution 
to p(x) = 0. So this would be a proper algebraic extension of (K, 0, +, •), a 
contradiction. 

(h) Let F be an algebraically closed field. Let V be the set of all subsets X C 
F that are algebraically independent, i.e., if oi, . . . ,a n are distinct elements 
of X and p(x i,...,x n ) is a nonzero polynomial over the prime field, then 
p(a i, . . . , a n ) 7 “ 0. Partially order V by making Xq < X\ if and only if Xo C 
X\. V is nonempty as 0 £ V. 

We show that (V, <) satisfies the condition on chains. Let L C V be a 
chain. Set Y = (J L. If we show that Y £ V, then it will be obvious that Y is 
an upper bound for L, and so we have our claim. Indeed, if a \ , . . . , a n £ Y, then 

ai £ X\ ,a n £ X n for some elements X\ X n of L, and as L is ordered, 

one of them, say X n is the largest among them. So we have a\ ,a n £ X n , 
and therefore they are algebraically independent. 

Applying Zorn’s lemma we get a nonextendable B £ V. B is a transcen- 
dence basis. Indeed, if a (fc B, then Blj{a} cannot be in V, so p{a \ . . . . , a n , a) = 
0 holds for some nonzero polynomial p(x±, . . . , x n , y) and elements a-i. ... . a n £ 
B. Therefore, a is the root of a nonzero polynomial over B. 
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(i) We first argue that it suffices to find a subset P C F which is closed under 
addition, multiplication, and division, 0 ^ P, and for every 0 / a £ F either 
a £ P or — a £ P. Indeed, given such a P C F we can define x < y exactly 
when y — x £ P. Easy arguments show that < gives an ordered field on F. 

In order to find such a set P C F, let V be the collection of those sets 
Po C P C F for which 0 £ P, x,y £ P implies x + y, xy,x/y £ P, and Po is 
the set of nonzero elements that can be written as the sum of finitely many 
squares. Observe that Po has the above closure properties: addition is trivial, 
multiplication follows from the identity (X^ a ?)(X^j) = XX a *h?) 2 > and for 
x/y we argue that x/y = ( xy)/y 2 so if xy = then x/y = XX a «/y) 2 - ^ i s > 
therefore, nonempty, and if we order it by P < P' if P C P' , then it obviously 
satisfies the condition on chains. We must show that if P is maximal, then 
F = P U {0} U (— P). Assume indirectly that a / 0 is such that a £ P and 
—a (/ P. We show that —a (f P implies that P can be extended with a, and 
that, with the maximality of P, implies a £ P. 

Let P' = {x + ya : x,y £ P}. We have to show that P' £ V. Indeed, if 
0 = x + ya, then —a = x/y £ P, a contradiction to our assumption. P' is 
manifestly closed under addition. If x + ya, x 1 + y'a £ P' , then ( x + ya)(x' + 
y'a) = (xx 1 + yy’a 2 ) + (x'y + xy')a £ P', and finally for division we argue that 
(x + ya ) _1 = (x + ya)(x + ya)~ 2 £ P'. 

(k) Let B be a subgroup of G maximal with respect to the property that 
AflB = 0 (the trivial subgroup). Such a B exists by Zorn’s lemma. We claim 
that A+B = G and therefore G is the direct sum of A and B. Assume that this 
is not the case, and x £ A+ B for some element x. Then (B, x), the subgroup 
generated by B U {x}, properly extends B, therefore by the maximality of the 
latter group we have A n (B, x) ^ 0. That is, for some a £ A, a ^ 0, we have 
a = b + nx with b £ B and n a nonzero integer. We found that there is some 
element x £ A + B such that nx £ A + B holds for some positive integer. 

Let p be the least positive number that occurs as such an n. Necessarily p 
is prime. Let x be such that x </ A + B yet px = a + b for some a £ A, b £ B . 
As A is divisible, there is some a' £ A such that pa' = a. Then py = b holds for 
y = x—a'. Notice that y ^ A+B as otherwise we had that x = a' + y £ A+B. 
Once again, A n (B, y) ^ 0, so a" = b" + ky for some 0 ^ a" £ A, b" £ B. 
k is not divisible by p, as otherwise b" + ky and therefore a" would be in B, 
which is not the case. As p is prime, rnk + p£ = 1 holds for some integers m, i. 
But then y = ( mk + pt)y = m(a" — b") + £ ■ b £ A + B, a contradiction. 

(l) Let X be (the edge set of) a connected graph. Consider the partially 
ordered set V of circuitless subgraphs Y of X with Y 0 < Yj if and only if Y 0 
is a subgraph of Y\. The condition on chains holds for this partially ordered 
set. Indeed, if {Y t : i £ /} is a chain, then Y = (J{L) '■ i £ 1} is in V (every 
purported circuit of Y would be in some Y,). Let Y be a maximal element of 
( V , <). Y has no circuits. If it is not a spanning tree, then, as X is connected, 
there is some edge e such that Y U {e} is still curcuitless, so properly extends 
Y, a contradiction. 
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(m) Let V be the partially ordered set of partitions of V that are good colorings 
(that is, vertices in the same class are not joined). Define P < Q in V if P is 
finer than Q, i.e., every class of P is a subset of some class of Q. Redefine V as 
those good colorings that are above a certain P which is a K-coloring. (This 
will ensure that every element of V is a K-coloring.) We show that (P. <) 
satisfies the condition on chains. Indeed, assume, that L = {Pi : i £ 1} is 
a chain. Define x ~ y in the graph if there is some Pi in which they are in 
the same class. Clearly, ~ is an equivalence relation. It is equally clear that if 
x ~ y, then x and y are not joined in X. ~ therefore defines a partition in V 
which is an upper bound for every element of L. By Zorn’s lemma, there is a 
maximal P in V. Clearly, P is a partition, as required. 

(n) Let ( V , <) be the partially ordered set of all closed, nonempty subsets 
F C X with F + F C F with the reverse inclusion as partial ordering. V 
is nonempty, as X £ V. We show that the condition on chains holds for 
(V, <). Indeed, if [F, : i £ 7} is a chain of nonempty closed subsets of X 
with the above property, then, by compactness, F = fj{fq : i £ 1} is closed 
and nonempty, and for every i £ I we have F + F C F, + F t C F t , so 
F + F C F indeed holds. Applying Zorn’s lemma, there is some minimal, 
nonempty F with F + F C F. Pick p £ F. Clearly, p + F 0 and by right 
continuity p + F is closed. Furthermore, (p + F) + (p + F) C p+ F + F + F C 
p + F, and p + FCF + FCF and so by minimality p + F = F. Hence 
there is some q £ F with p + q = p. Set F' = {q £ F : p + q = p}. F' is 
nonempty, by the right continuity of +, it is a closed set in X, and obviously 
F' + F' C F\ so again by the minimality of F we have F' = F, therefore 
p + p = p. [S. Glazer, see: W. W. Comfort: Ultrafilters — some old and new 
results, Bull. Amer. Math. Soc., 83(1977), 417-455] 

7. Define the partially ordered set {V, <) as follows. Q £ V if and only if 
Q C T and for every finite X C S there is a subfamily of Q which is an exact 
cover of A. V is nonempty, as T £ V. Set Q < Q' if and only if Q' C Q, that 
is, we consider the reverse of the natural order. 

We show that the condition for chains holds. Assume that some {Qi : i £ 1} 
is a chain in (V,<). We have to find a Q £ V such that Qi<Q holds for every 
i £ /, that is, Q C Qi holds for every i £ /. Therefore, we have to show 
that Q = P | {Qi : i £ 1} is an element of V. Let X be a finite subset of S. 
Consider some x £ X. Let i = i(x) £ I be such that {F : x £ F £ Q,\ has 
the least possible number of elements. Then, if i > i(x) and x £ F £ Qp x ), 
then necessarily F £ Qi holds as well. Set i* = rnax{i x : x £ X} (exists, as 
we consider the maximum of finitely many elements of an ordered set). By 

condition, Qi* includes a subfamily F\, F t which is an exact cover of X. By 

the above arguments each Fj is in every Q , , so each F 3 is in Q = Q\{Q, : i € I}, 
so Q itself includes a subfamily which is an exact cover for X, therefore we 
proved that Q £V. 

We can therefore apply Zorn’s lemma and let Q £ V be a maximal element. 
We argue that Q is an exact cover of S. It is clearly a cover (that is, S = \JG)- 
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Assume that some x G S is covered twice: x G Fi G 0, & G F 2 € Q . Then by 
the maximality of Q , neither Q \ {Fi} nor Q \ {F 2 } is an element of V, that is, 
there are finite X\, X 2 C S that Q \ (Fi }, resp. Q \ {F 2 } does not include an 
exact cover of. But, by condition, some Q' C Q is an exact cover of X\ U X 2 
and Q' surely misses either Fi or F 2 , and we reached a contradiction. 

8. (a) Let V be the set of partial orders on P that extend <. That is, R £V 
if R C P x F, {x, x) ^ R (x G F), {x, y ) G R, ( y , z) G R imply (x, z) G R, and 
if x < y, then ( x , y) G R. Set R,\ < R 2 if and only if R,i C R 2 . The condition 
on chains holds for ( V , <): indeed, if L C V is a chain, then (J L (the union 
of the elements of L) is an upper bound for L. By Zorn’s lemma, there is a 
maximal element R G V. In order to show that R is an order on F, assume 
that x ^ y are elements of P with (x,y),(y,x) ^ R. Let R' be the partial 
order “generated” by ( x,y ), that is, 

R' = R U {(u, v ) : (u, x) G R or u = x, (y, v) G R or v = y} . 

Inspection shows that R' G V and it is strictly larger than R. As this is 
impossible, R is indeed an order of F. 

(b) If x, y G P are incomparable, by the closing argument in part (a) there is 
a partial ordering <' on P extending < and with x <' y, and another one <" 
for which y <" x. As <’ and <" can both be extended to an order, we are 
done. 

(c) Let (F, <) be a well-founded partially ordered set. Let r be a rank function 
on F, i.e., an order-preserving map from F to the ordinals (see Problem 31.5). 
Let < w be any well-ordering of the set P. Define x <! y if and only if either 
r(x) < r(y) or else r(x ) = r(y) and x < w y. As the well-ordered union of 
well-ordered sets is well ordered, this will give a well-ordering of P. Also, if 
x < y, then r(x) < r(y) and so certainly x <' y. 

(d) It doesn’t. If (F, <) consists of incomparable elements and P happens to 
be an unorderable set, then (a) is false for (F, <) yet (b) holds vacuously. 

9. Assume that X is not compact. There is a base B such that every element 
of B is the intersection of finitely many members of S and by our indirect 
assumption there is some UqXB that covers X but includes no finite subcover. 
Let V be the partially ordered set of those covers Uq C U C B, which do not 
include finite subcovers. Set U < U' if U C U' . The partially ordered set (P. <) 
satisfies the condition on chains: indeed, if { Ui : i G 1} is a chain in (V. <) and 
we set U = (J {Ui : % G /}, then U G V as any possible finite subcover would 
be included in some lii . By Zorn’s lemma there is a maximal element IA in V. 
Pick some G &U. G can be written as G = S\ D • • • fl S n with Si,..., S n G S. 
We claim that one of Si, . . . ,S n must be in U. Otherwise, by maximality of 
IA, for every 1 < i < n there would be a finite subfamily IA, of IA such that 
Ui U {S'*} is a cover of X. But then U\ U • • • U U n is a finite cover of X \ G, 
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so li\ U • • • U I4 n U {&'}, a finite subfamily of 14 covering X, a contradiction. 
We have that for every G € 14 there is some G C S £ S C\ 14, so S C\ 14 
covers X, but no finite subfamily covers X, which is in contradiction with the 
assumption. [J. W. Alexander: Ordered sets, complexes, and the problem of 
compactification, Proc. Nat. Acad. Sci. USA, 25(1939), 296-298] 

10. Assume that X is the topological product of the spaces {X, : * £ 1} so 
the elements of X are the choice functions f(i) £ X, (for i £ I). By the 
previous problem it suffices to find a subbase which has the property that 
every cover includes a finite subcover. We show that S = (J{<S, : i £ 1} is 
such a subbase where G £ Si if there is a nonempty open set U in X t such 
that G = Gi(U) = {f £ X : f(i) £ 17}. Notice that if {Uj : j £ J} cover X u 
then {Gi(Uj) : j £ J} cover X. Assume that some S' C S covers X. Clearly, 
S' = |J{<S' :i£ I}, where S' C S f . Let S' = {G0 | : U £ &}. 

If for some i £ I C h is a cover of A}, then we can choose a finite subcover 
C[ of Ci, (as Xi is compact) and then {G,(£7) : U £ C'j is a finite subcover 
of X. Otherwise, for every i £ I there is some f(i) £ Xi uncovered by C, , so 
f £ X is not covered by S', a contradiction. [A. N. Tychonoff: Uber einen 
Funktionenraum, Math. Ann., 111(1935), 5] 



15 


Hamel bases 


1 See Problem 14.6(d). 

2 See Problem 14.6(e) 

3. Let the cardinality of some Hamel basis be k. We can easily calculate the 

cardinality of the generated vector space: it is Kq(k + k 2 H — •) = = k and 

since this must be equal to c, we obtain k = c 

4. Assume {bi : i £ 1} is a Hamel basis. From the previous problem we know 
that I is of cardinality c. Observe that if X C I then 

{26; : i £ X} U { 6 ; : * e I \ X} 

is also a Hamel basis. As we have produced one Hamel basis per every subset 
of /, there are at least 2 C Hamel bases. On the other hand, the total number 
of subsets of R is 2 C , so there cannot be more than 2 C Hamel bases. 

5. Let B be a Hamel basis and separate some infinitely many elements { 6 ;} 

so that as B = . . .} U B' be a Hamel basis. Enumerate the intervals 

with rational endpoints as Io,Ii, Choose the rational numbers Ao, Ai, . . . 

in such a way that A; 6 ; £ li holds for i = 0, Then {Ao 6 o, A 161 , . . .} U B' is 

an everywhere-dense Hamel basis. 

6 . Let C be the Cantor middle-third set. It is well known that C is nowhere 
dense and of measure zero. It is also known that C + C contains every real in 
[0, 1] so C is a generating set in R. By Problem 2 it includes a Hamel basis, 
which then must be of measure zero. 

7. B is a Hamel basis with full outer measure if B intersects every perfect 
set of positive measure. As the number of perfect sets of positive measure 
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is continuum, we can enumerate them in a well-ordered sequence of length 
continuum: {P a : a < c}. In a transfinite recursion of length c we select the 
elements b a the following way. If Y = {bp : fJ < a} have already been selected, 
let X be the linear hull of Y. As |Y| < c, we have | A| < c, as well, so we 
can pick b a £ P a \ X. This will give a linearly independent set [b a : a < c} 
intersecting every perfect set of positive measure. Extend it to a Hamel basis 
(see Problem 1). [W. Sierpinski] 

8. Assume that B is a measurable Hamel basis with positive measure. Pick bo £ 
B. B' = B \ {bo} is still measurable with the same measure. By Steinhaus’s 
theorem, if h > 0 is small enough, then h is the difference of two elements of 
B' . But then this is true for some qbo with q ^ 0 rational, so B is not linearly 
independent. 

9. Assume that B C R is a Hamel basis that is an analytic set. Let bo 6 B be 
an arbitrary element, and A the set linearly generated by B' = B \ {&o} over 
Q. We claim that A is also analytic. In fact, B' is analytic. Now if H, K are 
analytic sets, then H+K, being the projection of the plane analytic set H x K 
onto the line y = x, is also analytic. By induction, if Hi, H 2 , ■ ■ . are analytic, 
then so is Hi + • • • + H n for finite n. Finally, A = (JjAiB' + • • • + \ n B' : 
Ai,...,A n £ Q}, hence it is analytic. Every analytic set is measurable, in 
particular A is measurable. Since A — A = A^R, A must be of measure 
zero (recall Steinhaus’ theorem that the difference set of any set of positive 
measure includes an interval). But then R = (Jlg&o + A : q £ Q} would 
be the union of countably many sets of measure zero, a contradiction. [The 
results of the last three problems are from W. Sierpinski: Sur la question de 
la the mesurabilite de la base de M. Hamel, Fund. Math., 1(1920), 105-111; 
see also F. B. Jones: Measure and other properties of a Hamel basis, Bull. 
Amer. Math. Soc. 48(1942), 472-481. A. Miller proved that if the axiom of 
constructibility is assumed, then there is a coanalytic Hamel basis. A. Miller: 
Infinite combinatorics and definability, Annals of Pure and Appl. Logic 41 
(1989), 179- 203] 

10. By CH, there is a Hamel basis of the form {b a : a < uj\ }. Every nonzero 
real x can be written as 

x = \i(x)b ai{x} + • • • + A n {x)b an(x) 

with nonzero rational numbers Ai(a;), . . . , X n (x) and ordinals ai(x) < ■ ■ ■ < 
a n {x) for some natural number n. Denote a n (x) by fi(x). We define the de- 
composition R\ {0} = Ao U Ai U • • • as follows. For every ordinal a < uq there 
are exactly Kg reals with (3(x) = a. We distribute them such that every A t 
gets one and only one of them. 

We claim that each Ai is a Hamel basis. Indeed, let pi , . . . , p n be nonzero 
rationals and xi, . . . , x n £ A i: different elements. The ordinals fi{x\), . . . ,0(x n ) 
are different, and if /3{x n ) is the largest of them, then the coefficient of &/ 3 ( Xn ) 
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is n n X ^ 0 with some A ^ 0 in the linear combination p x X \ + ■ • ■ + p n x n , hence 
this linear combination cannot be zero. Thus, Aj is a rationally independent 
set. 

To show that Aj is a generating set, it suffices to verify that it generates 
every b a . This we prove by induction on a. Assume we have reached b a , and 
we have already proved the statement for all earlier basis elements. There is 
one xgi; with 6(x) = a. x can be written as x = y+Xb a with y generated by 
earlier elements, hence, in view of the induction hypothesis, by Aj. Therefore, 
b a = (1/A) (a; — y) is also generated by Aj. [P. Erdos, S. Kakutani: On non- 
denumerable graphs, Bull. Amer. Math. Soc., 49(1943), 457-461] 

11. Assume indirectly that c > N 2 yet R \ {0} = Bo U B\ U • • • is the union of 
countably many Hamel bases. As tfy + N 2 = N 2 < c we can find sets 1,7 CR 
such that | A" | = tfy, |T| = N 2 , and even X U Y is independent. Color the 
complete bipartite graph on classes X, Y as follows. For x £ X, y £ Y let the 
color of {x,y} be that n < ui for which x + y £ B n . By Problem 24.27 there 
are xi,x 2 £ X, y x , y 2 € Y, and some n < lo such that ay. + ijj £ B n holds for 
i,j = 1, 2. But then, as (x x + y x ) + (x 2 + y 2 ) - (xi + y 2 ) ~ {x 2 + yi) = 0, B n 
is not independent, a contradiction. 

12. We are going to construct a Hamel basis B such that B + is a Lusin set, i.e., 
it is of power continuum but intersects every set of first category in a countable 
set. This suffices, as every Lusin set is of measure zero (see Problem 16.20(b)). 
Let D = {d a : a < u> x } be an arbitrary Hamel basis and enumerate the first- 
category F<,. sets as { H a : a < u x }. Recall that every first-category set is 
included in a first-category F„ set; therefore, it is sufficient to consider the 
sets H a - Suppose that at step a < uj\ we have already constructed a countable 
part Bo of B, and we have countably many sets { Hp : 0 < a} to worry about 
in the sense that in the continuation of the construction we should not select 
any point from these sets. That is, we have to ensure that no element of B + 
with positive coefficients in B \ Bo will be in H = (J { Hy : f3 < a}. Let d 
be the first element of D, not generated by Bo- The idea is that we add two 
elements to Bo, namely x and x+d for some x G R. This way, B will generate 
every element of D, so it will be a Hamel basis. Of course, we need to make 
sure that x,x + d are not linear combinations of elements of Bo, moreover, 
no element of the form u + px + q(x + d) is in H where u £ Bq, p,q £ Q, 
p, q > 0, p + q > 0. The first condition excludes countably many real numbers 
x. The second can be rewritten as x £ K, where if is a first-category set. 
Hence x can be chosen to satisfy all conditions above, and then we can set 
B a + 1 = B a U {x, x + d}. This completes the construction (for limit a’s let B a 
be the union of all Bp with fi < a). [P. Erdos and S. Kakutani, Bull. Amer. 
Math. Soc., 49(1943), 457-461, P. Erdos, Coll. Math. X(1963), 267-269] 

13. (a) Let B = {6j : i £ 1} be a Hamel basis, {c,; : % £ 1} arbitrary reals, 
indexed with the same index set I. We claim that there is one and only 
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one additive function / with /(&*) = c*. As the mapping A,/j,; t Y', A ,;c ? ; 
is additive, one direction is clear. For the other direction we have to show 
that if / is additive and the coefficients Aj are rational, then / (]T) A,6j) = 
y^Aj/(6j), which boils down to showing that f(Xx) = X f(x) if A is rational. 
From additivity, we get f(nx) = nf(x) for n = 1,2,..., and /( 0) = 0 is also 
clear. As f(—x) = —x, the equality f(nx) = nf(x ) also holds for negative 
integers. Finally, if | is a rational number, x € R, then f(^x) = l q f(x) and 
f(^x) = | f(x ) by the previous remarks. 

(b) If there is some x with f(x) = 0, then / is identically 0. Otherwise, as 
f[x) = / (|) , / is everywhere positive. Then f(x) = e 9 ^ x \ where g : R — » R 
is additive, and so is described in (a). 

(c) /( 0) is either 0 or 1 and its value is independent of the other values of /. 
If for some i ^ 0 we have f(x) = 0, then / is identically 0 on all nonzero 
reals. As for x > 0 we have /( x) = f (\/x) 2 , we may assume that f(x) > 0 
for x > 0. /(— 1) = ±1 so either f(—x) = f(x) or f(—x) = —f(x) holds. 
Therefore, we can restrict to the calculation of / on positive reals. There, if 
we set f(x) = e®( losx ) then g(logx + log y) = ^(loga;) + g{\.ogy), that is, g is 
additive, and is described in (a). 

(d) If g(x) = f(x) - /( 0) then we find that = • j(x) ^' /(?/) holds, and 

5(0) = 0. Substituting y = 0 we obtain g(x/2) = g(x)/2 and that transforms 
the identity into g(x + y) = g( x) + g(y). So the general solution is f(x) = 
g(x) + c, where g is an additive function, described in part (a). 

(e) For F(x) = f(x) + c the functional equation takes the form F(x + y) = 
F(x) + F(y), hence part (a) can be applied. Thus, the solutions are the ones 
from part (a) with some constant c added to them. 

(f) /( 0 ) = 5 ( 0 ) + h( 0 ), hence 

f(x) - /( 0) = f(x + 0) - /( 0) = g(x) + h( 0) - (g(0) + h( 0)) = g(x) - g( 0), 

and similar computation gives f(x)—f( 0) = h(x) — h((Y). Thus, for the function 
F(x) = f(x) — /( 0) we have F(x + y) = F(x) + F(y), hence part (a) can be 
applied. Thus, the solutions are as follows: take any solution F from part (a) 
and let f(x) = F(x)+a, g(x) = F(x) + 6and h(x) = F(x)+c, where a = b+c 
are constants. 

(g) We have /( 0) = (a + b)f( 0); thus, if a + b ^ 1, then /( 0) = 0, and 
we get from the equation (by setting y = 0) f(x) = af(x), and similarly 
f(x) = bf(x). Thus either f(x) = 0 or a = 6=1 and / is an arbitrary solution 
from part (a). On the other hand, if a + b = 1, then for F(x) = f(x) — /( 0) 
we get the equation F(x+ y) = aF(x) + bF(y), and as here already F(0) = 0 
we obtain F(x) = 0 as before (in this case a = b = 1 is not possible). In 
summary: if a + b = 1, then / is constant; if a = b = 1, then / is a solution 
from part (a); and for all other a, b, the function / is identically zero. 
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14. a, (3 are not commeasurable exactly when they are rationally independent, 
hence by Problem 1 they can be embedded into a Hamel basis, and by Problem 
13(a), we can arbitrarily prescribe / on that basis. 

15. Let a, b be two noncommensurable reals. By Problem 1 there is a Hamel 
basis B with a. b 6 B. Every real x can uniquely be written as x = Ao&i 0 + 
• • • + A n bi n where B = (6,; : i £ 7}, A * £ Q. Separate the term containing a; 
x = Aa + (the remaining terms) = f(x) + g(x). As the first term of x + b is 
Ao = /(#), the first term of x + a is (A + l)a, and the remaining terms are 
unchanged, we get that f(x) is periodic with period b and g(x) is periodic 
with period a 

16. Let a, b, c be 3 reals, linearly independent over Q. By Problem 1 there is 
a Hamel basis containing them. Every real can be written in this Hamel basis 
as 

x = Aid + A 2 b + (some other terms) = f(x) + g(x) + h(x) 

and here (see the preceding proof) f(x) is periodic with period b and c, g(x) 
is periodic with period a and c and h(x) is periodic with period a and b. So 
x 2 can be written as the sum of nine terms (like f(x)g(x), g(x)h(x), etc.), 
each periodic by either a, or b, or c (e.g., f(x)h(x) is periodic with period b). 
Grouping this representation of x 2 so that the functions with the same period 
get into a single group, we get the desired representation as the sum of three 
periodic functions. 

To prove that F(x) = x 2 is not the sum of two periodic functions, assume 
that F(x) = /( x) + g(x), where f(x) is periodic with period a > 0 and g(x) 
is periodic with period b > 0. We claim that for every real x, 

F(x + a + b) — F(x + a) — F(x + b) + F(x) = 0 

holds. Indeed, by rearranging, we get 

F(x + a + b) — F(x + a) — F(x + b) + F(x) 

= (f(x + a + b) - f(x + b) - f(x + a) + f(x)) 

+ (g(x + a + b) — g(x + a) — g(x + b) + g(x)) = 0. 

But the left-hand side is 

(x + a + b) 2 — (x+ a) 2 — (x + b) 2 + x 2 = 2 ab ± 0, 
which is a contradiction, and this contradiction proves the claim. 

17. The proof is similar to the previous one. As in the preceding proof let 
ai, 02 , . . . , cife+i be k + 1 reals linearly independent over Q. By Problem 1 
there is a Hamel basis containing them. Every real can be written in this 
Hamel basis as 
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x = Aiai + A2U2 + • • • + AfcOfc + (some other terms) 

= fi(x) + h{x) H f fk(x ) + (f k +i(x)) 

and here (see the preceding proof) fi(x) is periodic with period a,j, j = 
1.2,...,/;:+ 1 for every j 7^ i. Now raising this expression to the fcth power 
we find that x k can be written as the sum of (k + l) fe terms each periodic by 
either 01, 02, ... ak or ak+i (the point is that when we multiply out x ■ ■ ■ ■ x, 
no product can contain all of the /*’ s, and if /j is missing from a particular 
product then this product is periodic with period a*). As we have seen in the 
preceding proof, that is enough if we collect the terms with the same period. 

To prove that F(x) = x k is not the sum of k periodic functions, let 
A a f(x 1 = /( x + a) — f(x). Note that for a 7^ 0 if / is a polynomial of 
degree m with leading term cx m then A a f(x) is a polynomial of degree m— 1 
with leading coefficient cmo. It is also clear that if / is periodic with period 
6, then A a f is also periodic with period 6, while if / is periodic with period 

a then A a f(x) = 0. These imply that if x k = fi(x) H b fk(x), where fi(x) 

is periodic with period a* 7^ 0, then on the one hand 

A ai A a2 ' ' ' A ak x = k\a-ia 2 • • ■ u/c 7^ 0, 
and on the other hand, 

A ai A a2 ■ ■ ■ A ak x k = A ai A a2 ■ • -Z\ afc (/i(x) H f fk(x)) = 0. 

This contradiction completes the proof. 

18. Let Bbea Hamel basis, b € B, and let A be the linear span of B\ {6} over 
Q. Then R =? Uagq(A + A b) is a disjoint decomposition and A + A b, A € Q 
are the only subsets of R that are congruent to A (note that —A = A). [W. 
Sierpinski, Fund. Math., 35(1948), 159-164] 

19. Let B be a Hamel basis, and let A be the linear span of B over Z, i.e., 
A consists of those elements y & R such that if y = 7161 + • • • + 7 m 6 m is the 
representation of x in terms of the basis B with rational coefficients, then all 
7 i are integers. Clearly, if b G B, then 6/2 0 A, so A 7b R. Now let x € R 

be arbitrary, and let x = A ib[ H + A n 6' n be a representation of x in terms 

of elements from B with nonzero rational coefficients A j. If N denotes the 
common denominator of Ai, . . . , A„, then Nx £ A, and since A is closed for 
addition it follows that A + Nx = A, hence A + (k + N)x = A + kx for all 
k £ Z. Thus, only A, A + x, A + 2x , . . . , A + (n — l)x can be different in the 
sequence A, A + x, A + 2x, A + 3x. . . .. [E. Cech, see W. Sierpinski, Cardinal 
and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, XVII. 1] 

20. Let B = {bi : i £ 1} be a Hamel basis and assume that + is an ordering 
of I. If x £ R, x 7^ 0, write it as x = Ao6 io + • • • + A n 6j n , where io -<■■■-< i n 
and none of the rational coefficients Aq, . . . , A„ is zero. Set x £ A if and only if 
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Ao > 0. Assume that a € R\{0}. If the least (by -<) coefficient of a is positive 
then A + a C A, if it is negative, then A + (— x) C A, so A C A + a, and it is 
easy to see that A and R \ A are both everywhere dense. 

21. Let B = {bi : i £ 1} be a Hamel basis with bj = 1. Let -< be an 
ordering of I in such a way that j is the maximal element (but otherwise -< is 

arbitrary). If x £ R\Q, write it as x = Ao H b A„ 6 , n where io ■ <i n 

and none of the rational coefficients Ao, . . . , A n is zero. Set x 6 A if and only 
if x tfL Q and Ao > 0, and let B = (R\Q) \ A (that is, when Ao < 0). A and B 
are both closed under addition, as if Ao and Aq are the leftmost coefficients of 
x and y, respectively, and they are both positive/negative, then the leftmost 
coefficient of x + y is either Ao, Aq, or Ao + A' 0 . 

22. Let B = {bi : i £ 1} be a Hamel basis that contains positive as well 
as negative elements. If x £ R + , write it as x = Aq 6, 0 + • • • + A r ,h (n where 
bi 0 < bfa < ■ ■ ■ < bi n and none of the rational coefficients Aq , . . . , A n is zero. 
Set x e A if and only if x > 0 and Ao > 0, and let C ~ R + \ A. Both A and C 
are closed under addition. Indeed, if Ao, A(, are the leftmost coefficients of x, y, 
respectively, and they are both positive/negative then the leftmost coefficient 
of x + y is either Ao, Aq, or Ao + Aq. If a is a positive element of B then a € A, 
while if c is a negative element of B then — c G C. Thus, A and C are not 
empty. 

23. We remark first of all that if {oi,...,ai 7 } satisfy the property in the 
problem, then so do the systems {a\ — b , . . . , an~b} and {cai, . . . , CCI 17 }, where 
b, c are real numbers. Assume first that the numbers { 01 , . . . , 017 } are integers. 
By adding the same integer to them, we can achieve that they are natural 
numbers and one of them is zero. The decomposition property implies that 
upon removal any of them the remaining 16 numbers have an even sum, so all 
numbers have the same parity, in this case, they are even. Dividing by 2, we get 
a family of 17 numbers with exactly the same properties, i.e., they are natural 
numbers, one of them is zero, and they have the decomposition property. 
Again, they are even, we can divide by 2, etc. Division by 2 unboundedly 
many times is only possible if all the initial numbers are equal to zero, so we 
have the result for integers. 

Assume now that the numbers a \ , . . . , ai 7 are rational. By multiplying 
them with an appropriate natural number we get a system of 17 integers that 
must be equal by the preceding argument so our original system also consists 
of equal numbers. 

Assume finally that we have a system a ±, . . . , ai 7 of real numbers. If B = 
{bi : i £ /} is a Hamel basis, then our numbers can be written as 

a J=^2 X i b i 

iei 
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and now for each i € I the system {A 7 : 1 < j < 17} is a system of 17 rational 
numbers with the original property. We get, therefore, that Aj = A,, that is, 
our original numbers are equal. 

24. Let B = {6j : i £ 1} be a Hamel basis. Every nonzero real number x can 
be uniquely written as 


x — Ai 0 bi 0 +■■■ + A i n bi n , 

where Aj 0 , . . . , A )n are nonzero rational numbers and b, u < ■ ■ ■ < b ln . Notice 
that there are countably many possible ordered (Aj 0 , . . . , Aj n ) sequences, so 
we can decompose R into countably many classes in such a way that reals in 
the same class have the same ordered sequence of rational numbers (and let 
0 alone form a class). We show that this decomposition of R is as required. 

Assume that the distinct elements x, y, z of some class, say the one as- 
sociated with (Aj 0 , . . . , Aj n ) form a 3-element arithmetic progression, i.e., 
2 y = x + z. Although the sequence (A,; 0 , . . . , A* n ) is the same for x, y, z, the 
associated sequences of reals (if 0 , . . . , bf n ), (&V , (frf o , . . . , bf n ), can be 

different. 

Let b be the least of all the occurring elements, that is the minimal element 
of { b? , . . . , 6 ? ,b V ; ,bf .... ,bf }. Let the coordinate of b in x, y, and 2 

1 *0' 7 7 *0 7 7 ®n 7 *0 7 7 J 7077 

be a, (3, and 7 . Each of a , j3 , 7 is either 0 or A* 0 . Also, 2/3 = a + 7 . But these 
two latter properties imply that either a = (3 = 7 = 0 (which is impossible) or 
a = 13 = 7 = A, {J . We have, therefore, that bf o = b\ o = bf g . We can continue, 
and get 6 ? = = 6 ^, etc.; finally, all the coordinates of x,y,z are equal, 

that is, x = y = z. [R. Rado] 

25. In this solution we only consider rectangles with sides parallel to the xy- 
axes. First we remark that every rectangle with commensurable sides can be 
decomposed into the union of squares so what the problem states is to show 
that if a rectangle can be split into squares then it has commensurable sides. 
Let / and g be two additive functions on the reals, cf. Problem 13(a). 

We associate with a rectangle R the value t(R) = f(a)g(b), where a, b are 
the lengths of the sides of R parallel to the x-, resp. y-axis. We claim that 
this function is additive on the rectangles, that is, if some rectangle R is split 
into R \, . . . , R n , then t(R) = t(Ri) + • • • + t{R n ). In fact, draw all the lines 
that include one of the sides of one of the rectangles i?j. These lines divide the 
rectangle R into smaller rectangles, say Q 1 , . . . , Q m , and each Rj is the union 
of some of the Qi s. Actually, these representations in terms of the Qi s are 
regular in the sense that if Ri = [a, 6 ] x [c, d] then Ri is the union of rectangles 
of the form [p, q] x [c, d] (i.e., they have their [c, d] side equal to the [c, d] side 
of Ri), and each such rectangle [p, q] x [c, d] is the union of rectangles Q. t of the 
form [p, q] x [r, s] (i.e., the [p, q] side of Q, equals the [p, q] side of [p, q] x [c, d]). 
Since the same is true of R, the additivity can be reduced to the case when 
a rectangle R is split with side-to-side cuts to smaller rectangles (i.e., with m 
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horizontal and n vertical cuts into the union of mn rectangles) and that can 
further be reduced to the case when a rectangle is split with either horizontal 
or vertical cuts. Then the statement follows from the additivity of / and g. 

If an a x b rectangle is divided into the union of squares Si,. .. ,S n , then 
these squares can be rearranged to form a b x a rectangle (just make a 90- 
degree rotation of the whole picture). With our previous statement this implies 
that f(a)g(b) = f(b)g(a). In particular, with the choice g(x) = x it follows 
that 

/(«) = f /(&) 

must be true. At this point / is still an arbitrary additive function. By Problem 
14 if a and b are not commensurable, then we can choose the additive function 
/ so that this relation does not hold, and this proves that, indeed, a and b are 
commensurable. [Max Dehn: Uber die Zerlegung von Rechtecken in Rechtecke 
Math. Ann., 57(1903), 314-332] 

26. We first show that for every natural number n > 1 the set {1,2,..., n} 

carries such an ordering. This we do by induction. It is clear for n = 1,2. 
We assume that (1,2,..., n} has such an ordering -< and define one -<' for 
{1,2,..., 2n}. The idea is to put first the even numbers and then the odd 
numbers, that is, if i ~< j, set 2 i 2 j and 2/ 1 2 j — 1, and for any i, j, 

make 2 i 2 j — 1. If x,y,z form a 3-element arithmetic progression, and all 
three of them have the same parity, then x y z is not possible because 
of the induction hypothesis (on the even and odd numbers is a transform 
of -<). If not, then x + z = 2y shows that only y can have a different parity 
from the other two, and in this case x <' y z is again not possible, for any 
number lying (with respect to -<') in between two numbers of the same parity 
has the same parity. 

From this case we immediately get the statement for every finite subset of 
Q, and from that, using Konig’s lemma on infinity (Problem 27.1), for Q. 

Assume now that B = {bi : i £ 1} is a Hamel basis. Fix -<, an ordering 
with the required property for Q. If x,y are real numbers, write them in the 
form x = Ai&i + • • • + A n b n , x = X^bi + ■ ■ ■ + A ' n b n with bi < ■ ■ ■ < b n and 
rational A,;, A' (notice that for each i one of Aj, A' may be zero). Put x -<' y if 
A i -< A' for the first i with Aj ^ A'. It is easy to see that this is an ordering. 
Assume that x, y, z form a 3-element arithmetic progression, and x -<’ y z. 

Write them as x = Ai&i + - • -+A n b n , y = A^friH \-\’ n b n , z = \’{bi-\-- ■ -+A 

and let i be the first coordinate with some two of A,, A', A" different. Then, 
as x,y,z form a 3-element arithmetic progression, the values Aj , A' , A" are 
different, only one of them can be zero, and this is the coordinate which is 
decisive in the comparison of x,y, and z, i.e., we must have X, -< A' A". 
Furthermore, 2 A' = Aj + A" and such a Aj , A' , A" triplet is impossible by the 
choice of -<. This contradiction proves the claim. [Geza Kos, Gyula Karolyi] 

27. Let B be a Hamel basis in R and C a similar basis in C, i.e., C is a 
basis of the vector space C over the field Q. Both B and C are of cardinality 
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continuum (see Problem 3); therefore, there is a one-to-one correspondence 
/ : B — > C between them. Now it is clear that the mapping 

F(X 1 b 1 + • • • + A nbn) = Ai/(6i) + • • • + A„/(6 n ) 

(Ai, . . . , A„ G Q) is an addition-preserving bijection between R and C. 



16 


The continuum hypothesis 


1. If CH holds we can enumerate R as R = {r a : a < 0 J\}. If we are given 
(x,y) £ R x R, then x = r a , y = rp for some countable ordinals a and 
(3. Set (x, y) £ A if and only if a < p. Assume that L is a horizontal line, 
L = {(x,c) : x £ R} for some c £ R. If (3 < u>\ is the ordinal such that 
r@ = c, then (a;, c) £ A if and only if x = r a for some a < (3 and there 
are countably many ordinals like that. Assume now that L is a vertical line, 
L = {(c, x) : x £ R} for some c S R. If a < Wi is that ordinal for which 
r a = c, then (c, x) £ B if and only if x = rp for some (3 < a and there are 
countably many ordinals like that. 

For the other direction assume that c > N 2 and there is a decomposition 
R 2 = A U B as above. Pick a subset 1/CRof cardinality Ni. By condition 
on A, for every y £ R there is some u = u(y) £ U such that (u,y) £ A, 
so ( u,y ) £ B. As |R| > \U\, there is some u £ U that occurs uncountably 
many times as u(y), so in this case the vertical line L = {(u, y) : y £ R} has 
uncountably many points in B, a contradiction. [W. Sierpinski] 

2. If CH holds, there is a Sierpinski decomposition, R 2 = A U B (see the 
previous problem). By adding points to the sets A and B we may assume 
that A intersects every horizontal line and B intersects every vertical line in 
d 0 points. For every y £ R the countably infinite set {x : (x,y) £ A} can 
be counted as {go(y) , gi{y) , • • •} and similarly, for every x £ R the countably 
infinite set {y : {x,y) £ B} can be counted as {fo(x), fi(x), . . .}. Now R 2 = 
A U B is the union of the graphs of the partial functions x k* /„ (x) and 

y '-t g n (y)- 

For the other direction, if R 2 is the union of countably many x \ y and 
1 / 4 1 functions, then letting A be the union of the graphs in the second 
class, B that of in the first class, we get a Sierpinski decomposition, and we 
conclude with the second part of the previous problem. 

3. Assume first that CH holds and R = {r a : a < Wi}. Fix, for every a < u> 1 , 
an injection ip a : a + 1 — > u>. Assume we are given (xi, X 2 , X 3 ) £ R 3 we 
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determine where to put it. Assume x\,x 2 , .'£'.3 are r a ,rp, r 7 in some order with 

a, (3 < 7 . Compare ^ 7 (a) and y> 7 (/3). Assume that < <^ 7 (/3) (say). If 

now r a = Xi then put faq , x 2 , x :i ) into A t . We show that Aj n L is finite if 
L is a line in the direction of the a:, -axis. For definiteness’ sake assume that 
i=l. The elements of L are triples of the form ( x,b,c ) with some fixed 

b, c £ R. If ( x , b, c) = ( r a , rp, r 7 ), then it is added to Ai if either a, (3 < 7 and 
1 £ 7 (a) < <p. y ((3) or else a, 7 < (3 and pp(a) < <pp( 7 ). Given (3 , 7 there are only 
finitely many a that satisfy either one of the requirements. 

For the other direction assume that c > N 2 and R 3 = A] U A 2 U A 3 
is a decomposition as claimed. Pick U,V,W C R of cardinality Mq. d-[ , d- 2 , 
respectively. For any given (it, v) € U x V there are finitely many z £ W with 
(u,v,z) £ A 3 so, as \U x V\ = N 0 N 1 < K 2 = \W\, we can find some c € W 
that ( u,v,c ) ^ A 3 for u £ A x , v £ A 2 . For any given u £ U there are only 
finitely many y £ V that ( u,y,c ) £ A 2 , so, as \V\ = Ni > = \U\, we can 

choose some b £ V that ( u , b, c) ^ A 2 holds for every u £ U. Finally, the set 
{u £ U : ( u,b,c ) £ Ai} is finite, so we can choose some a £ U not in it, 
and then, (a, b, c ) is not in any of Ai, A 2 , A 3 . But this contradicts the choice 
of the sets Aj and this contradiction shows that we must have c = Ni. [W. 
Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 1965, 
XIV. 9. Theorem 1] 

4. Assume that there is such a decomposition R 3 = Ai U A 2 U A 3 . Pick [ICR 
with \U\ = 3m + 1. Then \U x U x U\ = (3m + l ) 3 but for i = 1,2,3 we 
have that \A t n (U x U x U)\ < m(3m + l) 2 , i.e., (3m + l ) 3 < 3m(3m + l) 2 , 
a contradiction. 

5. The proof is similar to that of Problem 3. For an alternative proof utilizing 
induction, see the solution to Problem 10.15. 

Let us assume first that c < u> n . For each U C R let <u be a well- 
ordering of U in order type \U\. For (xo, . . . ,x n+ i) £ R n+2 let *o be such 
that Xi 0 is the maximal element of {xq, . . . , .'£' n +-i } in the ordering <r, and 
set Uq = {x £ R : x < Xi 0 }. Note that | L/o | < and {xj : j ^ io} is a 
subset of this set. Let us suppose that for some 0 < k < n — 1 the numbers 
io, ... ,ik and the sets Uq, . . . ,Uk have already been selected, \Uk\ < x> n -k, 
and the set {xj : j ^ io, ■ ■ ■ , ik} is part of Uk- Let ik+i be such that Xi k+1 
is the maximal element of {xj : j j^io,... ,ik} in the ordering <u k , and set 
Uk+i = {x £ R : x <u k %i k+1 }- Since the index of Xi k+1 with respect to <u k 
is necessarily smaller than \Uk\ < u n -h, we get |C7fc + i| < w n -k- 1 , and the 
induction runs through. It follows that U n is finite, and if 0 < i n+ 1 < n + 1 is 
the index that differs from every ij, j < n, then Xj n+1 is an element of U n . Note 
that everything (ij, Uj, j = 0, . . . , n) depends on the point X = (xo, • • • , x n ), 
and to show this dependence we write fA, C/A. 

This way we get an ordering i * , . . . , i ^ +1 of the set 0, 1, . . . , n + 1, and let 
us put the point X = (xo, ■ ■ ■ , x n+ i) into the class A in+1 . We show that each 
Aj is finite in the Xj-direction. For simpler notation let i = 0, and l be a line in 
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the direction of the xo- axis. The points on l are of the form X = (x,ci, , c n ) 
where ci , • • • , e„ are fixed reals. Such a point belongs to A 0 if and only iftj* > 1 
for all j <n and i*+\ = 0, which implies x £ U* . There are only finitely many 
permutations of the form io, i\, ■ ■ ■ ,in, 0 of the numbers 0, 1 , . . . , n + 1, and 
if for another point X' = (x' , a,..., c n ) on l we have the same permutation, 
i.e., 4$ — iff , . . ., i* = i* , then for these two points the sets Uj are the 
same for all j < n, in particular U* = U* . Then we have x' £ U* = U* , 
and since U* is finite, there are only finitely many such points X' in A 0 . 
Since this is true for all permutations i n , 0, altogether there are 

only finitely many points of Aq on the line l. This completes the existence of 
the decomposition. 

Suppose now that R n+2 = A 0 U • • • U A n+1 and each A, is finite in the 
.'redirection. On the contrary to the claim let us suppose that c > and 
for i < n let X| C R be a set of cardinality d, : . Every line of the form 
(xo , . . . , x n , y ) , Xi £ X.j. y £ R intersects T n+1 in finitely many points, and 
since there are only NoNi ■ ■ ■ = K n < c such lines, there is a c„ + i £ R 

such that all points (xo, . . . , x n , c„ + i), x* £ Xi, i < n, lie outside ^4 n +i- 
In a completely analogous manner there is a point c n £ X n such that all 
points (xo, • • • , x n _i, c n , Cn+i), Xj £ Xi, i < n — 1, lie outside A n , etc.. This 
way we get numbers ci, . . . , c n _|_i such that all points (xo, ci, . . . , c^+i), xo £ 
Xo, lie outside Ai , . . . , A n+ \ . Hence all these points should lie in Aq, which 
is impossible since Ao intersects the line (x, Ci, . . . , c„+i), x £ R in only 
finitely many points. This contradiction proves that we must have c < N n . 
[W. Sierpinski, Cardinal and Ordinal Numbers, Polish Sci. Publ., Warszawa, 
1965, XV. 9] 

6. Let us assume first CH, and let A, B be the sets from Problem 1. We 
may assume that A has countably infinitely many points Xq , x\ , . . . on every 
horizontal line y = r and B has countably infinitely many points j/q, yf, . . . 
on every vertical line x = s. We set /i(t) = t sin t for t £ (— oo, 1) and 
fi{t) = t sin t for t £ (—1, oo). Then whatever the definition of these functions 
are on the rest of the real line, one of them is always differentiable. The idea 
of the proof is to choose fi(t) on [l,oo) in such a way that 
t £ [1, oo), cover the points of the set A, while to choose f 2 (t) on (— oo, —1] in 
such a way that t £ (— oo, — 1], cover the points of the set B. For 

example, the first one can be done as follows: the function / 2 (f) = tsinf takes 
every value r infinitely many times on the interval [1, 00 ), let us list them as 

t r , o,ir,i) Now let fi(t r ,j) = x r j, i.e., if f 2 (t ) takes a particular value r jth 

time, then we choose /i(f) in such a way that f 2 (t)) be the jth point 

(xj, r) from A on the line y = r. With this choice of f\ we clearly cover the set 
A by the points f 2 (t)), t £ [1, 00 ). The selection of /2 for t £ (— 00 , —1] 

is similar: if the points t £ (— 00 , — 1] with /i(t) = tsinf = s are listed as 
t*Q,t* 1 , . . ., then let /'lit* s ) = y* . With this choice of /2 we cover the set B 
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by the points {fi(t),f 2 (t)), t £ ( —oo,—l], and the first part of the problem 
has been verified. 

Now let us assume that there is a surjection t — l f 2 (t)) of R onto the 

plane in such a way that for all t one of the functions /i or f 2 is differentiable 
at t. Let Hi, i = 1,2 be the set of points where /., is differentiable. Then 
R = H\\JH 2 . By Problem 5.15 the set Y t of those y for which the intersection 
/~ 1 (t/) (~l Hi is uncountable is of measure zero. Let R R \ (Vf U Y 2 ). Then 
R*, as the complement of a set of measure zero, is of cardinality continuum, 
and if 

A* = {(/i(t),/ 2 (f)) : t £ H 2 }, B* = {(h(t),f 2 (t)) : t £ H,}, 

then for every horizontal line l the set R* x R* fl A* fl £ is countable: if 
£ has the form y = r, r £ R*, then there are only countably many t £ 
H 2 with f 2 (t) = r by the choice of the set R* C R \ Y 2 . In an analogous 
manner, for every vertical line l the set R* x R* fl B* n l is countable. Thus, 
R* x R* = (R* x R* n A*) U (R* x R* n B*) is a decomposition of the 
“plane” R* x R* as in Problem 1, hence CH must hold (if we want to apply 
1 directly to R 2 then let g : R* — > R be a bijection between R* and R 
and consider the sets A = {(g(x) , g(y)) , : ( x,y ) £ R* x R* fl A*} and 

B = {(g(x),g(y)), : (x, y) £ R*xR*(~lR*}) [M. Morayne: On differentiability 
of Peano type functions I, Colloq. Math., 53 (1988), 129-132] 

7. If CH holds, then R = {r a : a < uq}. If we set A a = {rp : (3 < a}, then 

: a < Wi} is an increasing chain of countable sets with R as the union. 

Assume now that {A, : i £ /} is an increasing chain (i.e., there is an 
ordering -< on / and if i < j then A t C A :/ -) of countable sets, and (J{A, : 
i £ 1} = R. Let B C R be a set of cardinality Mi. For x £ B there is 
some i(x) £ I such that x £ A^ x y Should there be an index j £ I such 
that i(x) A j held for every x £ B we would get B C Aj, a contradiction. 
We have, therefore, that for every j £ I there is some x £ B that j A i(x), 
so R = (J{T, : i £ /} C {J{A l(x) : x £ B}, a set of cardinality at most 
MiM 0 = M!. 


8. For the forward direction if CH holds and R = {r a : a < uj±}, then we can 
set f(r a ) = {rp : fJ < a}. If X C R is uncountable, then for every r a £ R 
there is some /3 > a, r@ £ X, and so r a £ f(rp) C f[X]. 

For the other direction, if / is as required, choose some X C R of cardi- 
nality Mi then, as f[X ] = R, we get c = |R| < |X|Mo = MiMo = Mi. 

9. Suppose CH, and let {x a } a<LUl be an enumeration of the reals, {y Q } Q <^i 

another enumeration of them in which each number is listed infinitely often 
and for each a < oq let be an enumeration of the set {/J : 3 < a}. 

Define fk(x a ) as fk(x a ) = y^ ■ If a is a real number then there are 6q , /A , . . . 
such that yp t = a for alii = 0, 1, 2, . . ., and for every a > supj Pi there are 
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fcg , kf , . . . such that = pi- For each such k = kf we have fk(x a ) = y = 
yr) t = a, hence for all such a. the set A Xa „ = {n < ui : f n (x) = a} is infinite. 

Conversely, let us suppose that the sequence with the stated 

properties exists, but c > Hi. Let K c R be a set of cardinality Hi, and 
for each a £ K let H a be the set of those x € R for which A xa is finite. 
By the properties of the functions fi then each H a is countable, so U a( zp(H a 
is of cardinality at most Hi, hence, by the assumption c > Hi, there is an 
x* € R \ (U c^kHo). Now each A x > X1 , a € K is infinite, which is impossible 
since these are disjoint subsets of u>. This contradiction proves the claim that 
c<Hi. 

10. Suppose CH, let {x a } a<ull be an enumeration of the reals, and let {yf}jfL 0 , 

a < wi be an enumeration of all real sequences in such a way that every 
real sequence is listed infinitely often. For each a < u>i let be an 

enumeration of the set {/? : /3 < a}. Define fk(x a ) as fk(x a ) = y\ k ■ If 
{dk}kLo a re& l sequence then there are /% , /3i , . . . such that {yf* }£T 0 = 
{afc}£T 0 for all * = 0,1,2,..., and for every a > sup i /J* there are kg , . . . 
such that £“<* = Pi- For each such k = kf we have 

fk{x a ) = yl k = Vk = Ofc, 

hence for all such a the set A Xo <A = {k < u> : fk(x) = a^} is infinite. 

The converse follows from the preceding problem if we just consider con- 
stant sequences. 

11. If CH holds then with the functions fk from the preceding problem the 
family T = {{f k ( x)}^L 0 : x 6 R,} is clearly appropriate. Conversely, suppose 
that T with the stated properties exists. Then T must be of cardinality con- 
tinuum (otherwise we can define a sequence {o n } such that a n is different from 
the nth element in the sequences in T). Thus, we can index the sequences in T 
by the elements of R, say T = {{a xt }fA 0 : x e R}. Now if we set f n (x) = a * 
for x € R and n = 0, 1, . . ., then this sequence {/„} of functions satisfies the 
properties set forth in Problem 10. Now we can conclude CH from Problem 
10. 

12. Suppose CH, and let {x a } a<Ul be an enumeration of the reals, and 

{{Vk I/& 0 ’ K}r=o)> a < w i> enumeration of all the pairs consisting of a real 
sequence and a subsequence of u>. For each a < cui let be an enu- 

meration of the set {/? : fi < a} in such a way that = 0. We define the 
values fi(x a ) as follows. For each k = 0, 1, 2, ... we define a natural number 
mf and together with it the function value / m « (x a ): let rnf = 0, fo(x a ) = 0, 
and suppose that . . . . mf_ l are already defined. Let rnf be any ele- 

ment in the sequence {n^ k }jif 0 different from every rrif , i < k, say rrif = n x - k , 
in which case we define /„,« (x a ) = y| fe (note that by the choice of rnf the 
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value of f m %(x a ) has not been defined before). If m is not of the form rrik , 
k = 0, 1 , . . then let f m (x a ) be arbitrary. 

We claim that this system of functions satisfies the requirements. Suppose 
to the contrary that X c R is an uncountable set such that f nk [X] ^ R for 
k = 0, 1, . . and for each j let yj £ R \ f nj \ x \- The pair ({y fc }£l 0 , {«*}**$ 
is listed above, say it is ^{j/fc}/K= 0 ’ Let x a £ X be a number with 

a > ft. Then ft is one of the numbers ££, say ft = Now to£ o is one 

of the numbers rij = rij, say m% o = nj 0 . But then f njo {x a ) = y? o = yj 0 , 
which is impossible since yj 0 0 /„ [X] . This contradiction proves the necessity 
direction in the problem. 

Conversely, suppose that the /„’ s with the stated property exist. If X is 
any subset of R of cardinality Hi, then there is an n (actually all but finitely 
many n are such) with /„[X] = R, hence c = |R| < |X| = H-i . 

13. One direction is clear, for if CH holds then there are only uq infinite subsets 
of ui, so we can list all of them in : a < u’i }. Conversely, suppose that 
there is a family {A a : a < oq } of infinite subsets of u> such that if X C w 
is infinite then there is some ax < uq with A ax \ X finite. If X and Y are 
infinite subsets such that X n Y is finite, then we must have ax 7 ^ ay, for 
X and Y contain all but finitely many points of A ax and A av , respectively. 
But there is a family T of cardinality c of almost disjoint subsets of to (see 
Problem 4.29), and since then the mapping X — »• ax, X £ T is an injection 
of T into wi, we must have c < w\. [F. Rothberger, Fund. Math., 35(1948), 
29-46] 

14. If CH holds and x a , a < uq is an enumeration of the reals, then A a = 
[xg : ft < a}, a < u>± = c is clearly appropriate. Conversely, if c > io\ 
and J C / is a subset of cardinality Hi of the index set I, then U is of 
cardinality at most Hi, hence B = R \ (lJj G jA ( ) is infinite but it does not 
intersect any of the A t , i £ J, and the number of these latter sets is not 
countable. 

15. Assume CH. Let {b a : a < wi} be a Hamel basis (see Problem 15.3). If 
x ^ 0, it can be written as x = \\b ai + ■ ■ ■ + X n b an where the coefficients 
Ai, . . . , A„ are nonzero rational numbers and a\ < • • • < a n . Denote by /j(a:) 
the largest index a n . Put x £ Ait and only if /i(x) is an even ordinal (i.e., of 
the form a + 2k where k < u> and a is a limit ordinal). To show the property 
required one has to notice that if a £ R is given, then iftx + a) = y (x) holds 
if iftx) > which in turn holds for all but countably many x £ R. Thus, 
if x £ A (x £ B), then x + a £ A (x + a £ B) for all but countably many x. It 
is clear that both A and B are of cardinality continuum, so these sets satisfy 
the requirements. 

For the other direction assume that c > H 2 and R = AuB is a decomposi- 
tion as claimed. Select A! C A and B' (ft B of cardinality Hi. Let [r a : a < 0 J 2 } 
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be distinct reals. By the assumption on the sets A and B for every a < u >2 
there are a a £ A! and b a £ B' such that a a +r a £ A, b a + r a £ B. There are 
a £ A', b £ B' such that for d 2 many a we have a a = a, b a = b. Then, for these 
a, b + r a £ (A + (b — a)) n B so the latter set is uncountable. But this con- 
tradicts the hypotheses on A and B, and this contradiction proves the claim. 
[St. Banach: Sur les transformations biunivoques, Fund. Math. 19(1932), 10- 
16. L. Trzeciakiewicz: Remarque sur les translations des ensembles lineaires, 
Comptes Rendus de la Societe des Sciences et des Lettres de Varsovie Cl. III., 
25(1932), 63-65] 

16. Assume CH, and let x a , a < uq be an enumeration of the reals. For a set 
A C R 2 let D(A) denote the set of distances between points of A. Let us call 
a set C C R 2 “closed” if the following is true: if y is a point such that there 
are two points u,v £ A with dist(y, u), dist(t/, v ) £ D(A), then y £ A. First of 
all let us remark that for any countable set B there is a “closed” countable set 
B* including B (the smallest of which may be called the “closed” hull of B). 
In fact, starting from Bo = B, for each k = 0,1,2,... let B k +i be obtained 
by adding to Bk all points y for which there are two points u, v £ Bk with 
dist(y,u), dist(y, v) £ D(B k ). Clearly each Bk is countable, and it is easy to 
see that B* = L>^L 0 Bk is the smallest “closed” set including B, and clearly 
B* is countable. 

Now we define an increasing sequence of “closed” and countable subsets 
C a , a < u > i of R 2 : let Co = 0, for limit ordinal a let C a = Up <a Cp and other- 
wise for a = /3 + 1 let C a be the “closed” hull generated by Cp and the point 
x a . Induction shows that each C a is countable. Using these “closed” sets we 
can define the decomposition R 2 = Aq U A\ U • • • by defining a decomposition 
C a = Aq U Af U ■ ■ ■ in such a way that each Af, a < oj-i is increasing in a, 
and neither of these sets contains 4 distinct points a, b, c, and d such that 
dist(a, b) = dist(c, d). Clearly, if we can do that, then A, : = U a<ull Af will be 
an appropriate decomposition of R 2 . 

Suppose that A f have already been defined for all * = 0, 1, . . . and all (3 < a 
with the property above. If a is a limit ordinal, then set Af = U p <a A^ . Since 
C a = Cp <a Cp, these give an appropriate decomposition of C a . Now consider 
a = 0+1. The set C a \ Cp is countable. Furthermore, for each y £ C a \Cp 
there can be only one j = j y such that in A^ there is a point u such that 
dist(y, u) = d for some d £ D{A 9) C D(Cp) (a second j* ^ j and v £ A?, 
would imply y £ Cp since Cp is “closed”). So y cannot be put to the set 
A? , but it can be put to any other set Af since Af U {y} will not have 4 
distinct points a, b, c, and d such that dist(a, b) = dist(c, d). Thus, we can 
put the points y £ C a \Cp into different sets Af with k y ^ j y , k y ^ k z if 
y,z £ A a \ Ap, y ^ z, and setting A k = A k U {y} completes the definition 
of the sets Af . 

To prove the other direction let us assume that c > K 2 and let R 2 = 
W£L 0 A n be a decomposition of R 2 into countably many classes. Consider the 
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complete bipartite graph G with vertex sets {x : x G (0, 1)} and {y : y € 
(1, 2)}, and let us color an edge (x, y) by the color i if the point (x, y) belongs 
to Ai. By Problem 24.27 there are xi,x$ € (0,1) and t/i ,?/2 € (1,2) and an 
i such that all the edges ( Xj,yk ), j,k = 1,2, are of color i. But the points 
a = (xi,yi), b = ( xi,y 2 ), c = ( X 2 ,yi ), and d = ( # 2 , 2 / 2 ) form a rectangle and 
all belong to Aj. This shows that if CH is not true then there is no partition 
of R 2 with the properties in the problem. 

17. Assume CH. Then R is the union of an increasing family of countable 
sets A a , a < co i (Problem 16). By enlarging each A a if necessary, we may 
assume that each A a is closed for addition and subtraction. Furthermore, we 
may assume that if a is a limit ordinal, then A a = U p< a Ap (if this is not the 
case, then rename each A a as A a+1 , and for limit a set A a = U p <a Ap). We 
define by transfinite recursion a coloring f a :A a ^com such a way that f a 
extends fp if (3 < a , and there is no monochromatic solution of x + y = u + v 
in A a . For a = 0 color the elements of Aq with different colors. If a is a limit 
ordinal, just take f a = U p <ol fp. Finally, if a = f3 + 1, then under f a color 
the elements of A a \ Ap by different colors arbitrarily (and on Ap keep the 
coloring fp). This satisfies the requirement, for if x + y = u + v with different 
x, y,u,v G A a , then three of these numbers cannot belong to Ap for then the 
fourth would also belong to Ap. Hence at least two of them belong to A a \ Ap 
and then these get different colors. Now U Q<Ul f a is a coloring of R without 
monochromatic solutions to the equation x + y = u + v. 

If CH is not true, then under any coloring of R there is a monochromatic 
solution by Problem 24.37. 

18. Call a subset H C R “closed” if x, y G H implies (x + y)/ 2 G H and 
2y — x G H, i.e., if two of the points x,x + 6 are in H, then the third one is 
also in H. It is clear that any countable set is included in a countable “closed” 
set; therefore, if we assume CH then, starting from H 0 = {0}, we can represent 
R as a strictly increasing union of countable “closed” sets: R = U „< Ul ff a . We 
may also assume that for limit a we have H a = Up <a Hp (otherwise redefine 
H a to this union). Let /o(0) = 1, and by induction we define functions f a on 
H a in such a way that for f3 < a the function f a is an extension of fp, and 
for each a and x G H a 

lim max (f a (x — h n ), f a (x + h n )) = oo. (16-1) 

h n —> 0 , x±h n £H a 

First let a = (3 + 1, and let us assume that fp with this property has already 
been defined. Let us enumerate H a as xq, x-i , . . where the X 2 -fs are the 
elements of Hp and the a^+i’s are the elements of H a \ Hp (for which we 
have to define the value f a ( x 2 i+i), since f a (x 2 i) = fp(x 2 i) are given). Define 

fa( x 2 i+i ) = ( min I Xj - a; 2 i+i 
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Note that if x = x m , and either x + h n = x s £ H a \ Hp, s > to, or x — h n = 
x s £ H a \ Hp, s > to, then 

ma x{f a (x + h n ),f a ( x — h n )} > l/2h n . (16-2) 

Furthermore, this is also true (regardless if s > m or not) provided both x+h n 
and x — h n belong to H a \ Hp (consider the maximum of the indices s, l for 
which x + h n = x s and x — h n = x{). Now let x € H a and let h n — > 0 in such a 
way that x±h n € H a . By selecting a subsequence we may assume that either 
x±h n £ Hp for all n, or for all n one of the points x + h n and x — h n belongs 
to H a \ Hp. In the former case x £ Hp (recall that Hp is “closed”), so by the 
induction hypothesis (16.1) is true. In the latter case (16.2) is true for all but 
finitely many n, hence (16.1) holds again. 

Next let a be a limit ordinal. To verify (16.1) it is enough to show that 
from any h' m — >• 0 with x ± h! m £ H a we can select a subsequence {h n } 
for which (16.1) is true. Now for each h! m let /3 m be the smallest index with 
x ± h' rn £ Hp m . Then ,6 m < a, and there are two possibilities: sup TO [i rn < a 
or sup TO fl m = a. In the former case for 6 = sup TO fi m the point x as well as 
all the points x ± h' m lie in Hp, hence (16.1) is true for the whole sequence 
h n = h! n by the induction assumption. In the second case there is an increasing 
sequence m o < m\ < m 2 < ■ ■ ■ such that P m „ +1 > /3 mn and sup n /3 mn = a, 
and then we set h n = h' mn . Since in this case both x + h n and x — h n belong to 
Hp m \ U 7 <p m H y , the inequality (16.2) is true for all n > 1, and this proves 
(16.1). 

This completes the definition of the functions f a . Set f(x) = f a (x) for 
some a for which f a {x) is defined. The proof that this satisfies 

lim max ( f(x — h n ), f(x + h n )) = 00 

h n —> 0, x±h n £H a 

is completely analogous to what we have just done. 

19. Assume first that c > Ni and T is an uncountable family of entire func- 
tions. Select T' C T of cardinality d-j . If /, g are distinct entire functions 
then the set {x £ C : f(x) = g(x)} is countable so there are at most Ni < c 
points in which two members of T' may agree. If a is outside this set, then 
{ /(a ) : / £ T'\ is uncountable (since all the values /(a), f £ T' are different). 

For the other direction assume the continuum hypothesis and enumerate 
C as {c a : a < uq}. Let Q* = Q + Qi be the set of complex numbers with 
rational real and imaginary parts. Our goal is to define the distinct entire 
functions {f a : a < oj\} such that for any 3 < uji 

{fa(cp) :a<Wi}CQ*U {f-y(cp) : 7 < /?}• 

As this set is countable, we will be finished. Assume we have arrived at the ath 
step. Reorder { cp : /? < a} as {d n : n < u>} and {fp : (3 < a} as { g n : n < u>}. 
Our function f a will have the form 
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fa(z) = £o(z — do) + Ei(z — do)(z — di) H 

for some numbers £q, sq, . . . selected inductively. If Eq, , e n _i are selected, 
we choose e n in such a way that for 

fa(d n + 1 ) = eo(d„+i — do) + ■ ■ ■ + e n (d n+ 1 — do)(d n+ i — d\) ■ ■ ■ (d n+ 1 — d n ) 

we have g n (d n+ 1 ) ^ / a (d n+ i) and f a (d n+ 1 ) G Q*, and besides these also let 
\e n \ small enough to ensure that the series for f a (z) converges for all z. For 
example, if we have 

| £ „|(2nr(l+|d 0 |)---(l + KI) <1, 

then we have convergence: if n > \z\, then 

I £ n (z -d 0 )---(z- d n ) I < \e n \ (n+ |d 0 |) • • • (n+ |d n |) 

< f£„|n(l. — |d 0 |) • • • -\dn\) 

= t£„|n”(l + |d 0 |) •••(! + |d„|) < ^ 

so the series uniformly converges on every disc. [P. Erdos: An interpolation 
problem associated with the continuum hypothesis, Michigan Math. Journ. 
11(1964), 9-10] 

20. (a) Every first category set is included in a first-category F CT set. The num- 
ber of the latter sets is c = Ni. Let {A a : a < wi} be a list of first-category 
F^. sets. Notice that for every a < u i the set (J {Ap : (3 < a} is of first cat- 
egory. If we pick x a G R \ (UlAs : 0 < a D) then A = {x a : a < wi} is a 
Lusin set for AflA a is included in the countable set {xp : /3 < a}. [P. Mahlo: 
Uber Teilmengen des Kontinuums von dessen Machtigkeit, Sitzungberichte 
der Sachsischen Akademie der Wissenschaften zu Leipzig, Mathematisch- 
Naturwissenschaftliche Klasse, 65(1913), 283-315. N. Lusin: Sur un probleme 
de M. Baire, Comptes Rendus Hebdomadaires Siences Acad. Sci. Paris, 
158(1914), 1258-1261] 

(b) There is a decomposition R = lUb where X is of the first category and 
Y is of measure zero. Indeed, for every n we can cover the rational numbers by 
open intervals of total length < 1/2”, and the intersection of all these covering 
sets is of measure 0, while its complement is of the first category (since it is 
the union of countably many nowhere dense sets). 

Now if A is a Lusin set, then A n X is countable, so all but countably 
many elements of A are in Y, so A is of measure zero. 

21. One direction is clear by Problem 20 and by the fact that if CH holds then 
every set of cardinality < c is countable. 

Conversely, suppose that A is a Lusin set and every subset of R of cardi- 
nality < c is of first category. Let us enumerate the reals into a sequence r a , 
a < c, and consider the sets 
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A a =A^{rp : 0<a}, a < c. 

By the assumption the set in the bracket is of first category, and hence by the 
Lusin property of A each set A a is countable. But U a < c A a = A, hence we 
have a representation of a set of power continuum as the union of an increasing 
chain of countable sets. Now apply Problem 7. 

22. Every set of measure zero is included in a Ga set of measure zero. The 
number of the latter sets is c = Mi. Let {A a : a < be a list of the sets 
of measure zero. Notice that for every a < u > i the set \0{Ap : 0 < a} is of 
measure zero. If we pick x a £ R \ ((J{Ag : 0 < a}), then A = {x a : a < uq} 
is a Sierpinski set for A n A a is included in the countable {x:p : 0 < a}. 
[W. Sierpinski: Sur l’hypothese du continu (2 N ° = Mr), Fund. Math., 5(1924), 
177-187] 

(b) There is a decomposition R = X U Y where X is of first category and Y 
is of measure zero (see the solution to 20(b)). If A is a Sierpinski set, then 
A n Y is countable, so all but countably many elements of A are in X, so A 
is of first category. 

23. The proof is similar to that of Problem 21. One direction is clear by 
Problem 22 and by the fact that if CH holds, then every set of cardinality < c 
is countable. 

Conversely, suppose that A is a Sierpinski set and every subset of R of 
cardinality < c is of zero measure. Let us enumerate the reals into a sequence 
r a , a < c, and consider the sets 

A a =A^~ s \{rp : 0 < a}, a < c. 

By the assumption the set in the bracket is of measure zero, and hence by 
the Sierpinski property of A, each set A a is countable. But A a<c A a = A, 
hence we have a representation of a set of power continuum as the union of 
an increasing chain of countable sets. Again apply Problem 7. 

24. A set B C [0, 1] is of outer measure 1 if it intersects every compact set 
K C [0, 1] of positive measure. Let us assume CH and let K a , a < uq, be an 
enumeration of the compact subsets of [0, 1] of positive measure. We define 
by induction the increasing sequence of sets B a , C a , a < uq, in such a way 
that for all a both B a and C a are countable, B a n Kp ^ 0, C a n Kp 0 for 
0 < a and B a x C a c A. Then clearly B = U a < Ul B a and C = A a<utl C a are 
suitable. In order that the induction run through we also require that for any 
b € B a the set {y : ( b , y) € A} is of linear measure 1 and for any c € C a the 
set { x : (x, c) € A} is of linear measure 1. 

For limit ordinal a < uq just set B a = U p <ot Bp, C a = U p <a Cp. Now 
let B a and C a be defined and we define the next sets B a+ \ and C a+ \ by 
adding one-one points to B a and C a . By the hypothesis for each b £ B a 
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the set {y : ( b,y ) £ A} is of linear measure 1, therefore the same is true 
of n beB a {y '■ (b,y) S A}. Thus, this set intersects K a in a set of positive 
measure, and for almost all points c of the intersection K a n (fl beB a {y '■ 

( b , y) £ A}) the set {x : (x, c) £ A} is of linear measure 1. Pick such a c = c a 
and let C a+ \ = C a U {c a }. By the choice of c a we have B a x {c a } C A, hence 
B a x C a+ 1 C A. Select in an analogous way a point b a in K a n (n ce c a+1 §£ : 
(x, c) £ A}) and let B a+ l = B a IJ {b a }. The construction gives that these sets 
satisfy all the requirements. 

25. Enumerate the rationals as Q = {% : i < ui}. By CH we can enumerate 
the sequences of positive reals as {(e“ : i < w) : a < uq}. The set 

G a = [J — Qi + 

i<u 

is dense and open. By the Baire category theorem the set X a = P|{G,g : f3 < 
a} is a dense set of cardinality continuum. We can therefore inductively 
select a a £ X a different from every ay, ft < a. Now the set A = {a a : a < aq} 
is as required. [A. S. Besicovitch: Concentrated and rarified sets, Annals of 
Mathematics, 62(1934), 289-300] 

26. A Lusin set (Problem 20) A has this property: if B C A is not dense in any 
interval, then it is nowhere dense in R, hence B = A n B must be countable. 

27. If L is a Lusin set (Problem 20) then A = L U Q has this property: if 
B C A is nowhere dense in the interval topology, then it is nowhere dense in 
R, hence B = A n B must be countable. 

28. Let A be a set as constructed in Problem 20. Assume that we are given 

the positive reals eo,£i, There are intervals do, h, I a, ■ ■ ■ (one around each 

rational point) of length e 0 , £ 2 , £ 4 , ■ ■ ■ such that A\(IoUl 2 Ul 4 U- ■ •) is countable 
. This countable set can be covered by some intervals of the respective lengths 

£l,£ 3 , 

29. Assume CH, and enumerate the first-category F„ sets in R into a sequence 
I a , a < oji , and the Gg sets of measure zero into a sequence O a , a < u>\. 
We may also assume that do = Oo = 0 and that these sequences of sets 
are increasing. It is easy to verify that the complement of a first-category 
set includes a first-category set of cardinality continuum, and likewise the 
complement of a set of measure zero includes a set of measure zero and of 
cardinality continuum. Thus, for every a > 0 there is an index 7 a such that 
both sets I la \ I a and O 7oi \ O a are of cardinality continuum. Define now the 
sequence r Q , a < uj\, as to = 0, r a = sup ;3<a r a if a is a limit ordinal, and 
T a _j_i = 7 ro otherwise. Then 

U ( J r a+ AIr J= U J ^ +1 = U 7 « = R 

Qt<UJl OL<LO l Ot<UJl 
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and 

U (Or.* \ °rj = U °r a+ i = U = R 

a<ui a<w i a<u> 1 

are decompositions of R into disjoint subsets of power continuum. Thus, any 
one-to-one correspondences between the sets I Ta+1 \i Ta and 0 To+1 \0 To induce 
a permutation tt of R. If A is of first category, then A c I a for some a, hence, 
as 7 r[4] C O a , the set 7 r[A] is of measure zero. Similarly, it follows that if B is 
of measure zero, then 7t _1 [R] is of first category. 




17 


Ultrafilters on up 


1. Let F be a maximal filter and A C u>, A £ F. If the intersection of A with 
any member of F is nonempty, then F U {A} generates a filter that is larger 
than F, but this is not possible. Thus, there is an F G F with A n F, but 
then F C u \ A, hence uj\AgF. 

Conversely, if for every A C to either AgF or oj\AgF, then for every 
A £ F there is an F G F, namely F = u> \ A, with An F = 0. Thus, there 
cannot be a filter that would include F as its proper subset, hence F is an 
ultrafilter. 

2. See Problem 14.6(c). 

3. By Problem 4.43 there is an independent family F of cardinality continuum 

of subsets of w i.e., F is such that if T 5 * 7 ) , F n G F are different elements of 

F and F* = Fi or w\Fi independently of each other, then n" =1 F* ^ 0. This 
means that if g : F — > {0,1} is an arbitrary mapping and F g is the family 
that contains F G F if g(F) = 1 and contains u \ F if g(F') = 0, then F g 
has the property that any finite subset of F g has nonempty intersection. But 
then F g generates a filter which is included in a U g ultrafilter, and it is clear 
that if g h then U g / Ui, because there is an F G F with g(F) ^ h(F), and 
then F is contained in one of lA g and Uh, and ui \ F is contained in the other 
one. Since there are 2 C possibilities for g, this shows that there are at least 
2 C ultrafilters on u. But the total number of systems of subsets of u is 2 C , so 
there cannot be more than 2 C ultrafilters either. 

4. Partition u; into n+1 infinite sets: u) — TqU- • -U A n . For each 1 < i < n there 
is some 0 < fcj < n that A^ G Hi. The union of these sets is in every <T,, and is 
coinfinite, as is disjoint from the A 3 for which j 0 {0,1,... ,n}\{ki,---,k n }. 

5. Note that of the two sets A = U*[n 2 i,n 2 i+i) and B = U,|n 2 i+i, U 2 %+ 2 ) 

exactly one of them is in li. If, say, A G U. then is appropriate for A n 

[^ 2 »+i, ^ 21 + 2 ) = 0 for all i. 
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6. This follows from the preceding problem if n,+i/rij — > oo as i — > oo. 

7. The set T of all subsets of u> of density 1 is a filter. Let U be an ultrafilter 
including T . Then no A £ IA can have zero density, for then co \ A would be 
of density 1, hence it would also belong to IA. 

8. There is no translation-invariant ultrafilter on u> as exactly one of the sets 
of the odd, resp. even numbers is in any ultrafilter. 

Assume now that U is a translation- invariant ultrafilter on Q. Then exactly 
one of Q fl (— oo, 0), Q fl [0, oo) is in U, say the latter. Now exactly one of 

Qn([0,l)U[2,3)U---) 

and 

Qn ([1,2) U [3,4) U • ••) 

is in U and that contradicts translation invariance. So there is no translation- 
invariant ultrafilter on Q. 

9. Let us suppose that the second player II has a winning strategy cr. Let 

player I select first no = 1, for which player II responds with some number m. 
Now from this point on if until the fctli step the game proceeds as no < ni < 
ri 2 < ■ ■ ■ < ri 2 k-u then let player I respond with the number n^k, which would 
be the second player’s response (under <j) for the play n\ < < ■ ■ ■ < n^k-i 

(in other words, I plays the strategy <r as if no has not been played). Since a is 
a winning strategy for player II, and player I is playing the a strategy, the set 
[0, ni) U [n 2 , n 3 ) U • • • does not belong to U , hence the set [0, no) U [ni , n 2 ) U • • • 
must belong to U. Thus, with this strategy of player I he/she wins, so <7 cannot 
be a winning strategy for player II. 

The same consideration shows that player I cannot have a winning strategy. 

10. By recursion on a < Wi we build the increasing, continuous sequence 

\Q a : a < u>i} of countable centered subfamilies of V(oj) (i.e., each Q has the 
property that any finite subset of Q has infinite intersection, and the continuity 
means that if a is a limit ordinal then Q a = Kift< a Gp) ■ At every step we perform 
one of two possibilities. Either regard some ACu) and add A or u> — A to Q a 
to get G a +i or make sure that for a given sequence Aq D Ai D A -2 ■ from 

Ga there is a B £ G a +i with B\A n finite for all n < lu. This will clearly work, 
as by CH there are many such “tasks” so it suffices to treat one at a time. 

There is no problem with the first type, given A C u> and the centered 
Ga, either A or its complement can be added to G 0 and still keep it centered. 
Assume, therefore, that we are given Ga and the decreasing sequence Aq D 
A\ D; AU-2 • • • from Ga- Enumerate G a as G a = {C'o, Ci, . . .}. Pick 

a n e A n n (C 0 n Ci n • • • n C n ) 

and set B = (oq, cq, . . .}. Now G a +i = G a U {£?} will be fine. 
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Finally, {J{G a • oi < u)i} is clearly appropriate. 

11. Enumerate the triplets (r, n, f) where 1 < r < u>, f : [ui\ r — > {1, . . . , n} as 
{(r a , n a , f a ) : a < uq} (this is possible since the number of such triplets is c 
and we have assumed CH, i.e., c = oq). We construct by transfinite recursion 
infinite sets A a C u>, a < oj\ such that each A a is monochromatic with respect 
to f a and [A a : a < uq} is centered, i.e., any finite subset of it has infinite 
intersection. In fact, we choose A a so that A a \ A@ is finite for /3 < a, which 
clearly implies that {A a : a < aq } is centered. Assuming that at step a < oq 
we have the set {Ap : fJ < a} with this property. Select an infinite set B 
such that B\Ap is finite for all 0 < a (enumerate the sets {Ap : (3 < a} 
into a sequence Aq, A *, . . ., and select one-one different points from the sets 
Aq n A* n • • • n A* , n = 0, 1, . . .). By Ramsey’s theorem (Problem 24.1) there 
is an infinite B' C B on which f a is monochromatic, and let A a = B' . 

Since {A a : a < oo} is centered, it can be extended to an ultrafilter U. 
Now if / : [ ui\ r — > {1, 2, . . . , n} is a coloring of all r-element subsets of ui with 
finitely many colors, then (r, n, f) = (r a ,n a , f a ) for some a < uq, and then 
A a € U is monochromatic with respect to /. 

12. Let / : A — > u> be a bijection. This induces an ordering ~<f on A: x ~<f y 
if and only if f(x) < f(y). Color pairs of A by 2 colors as follows. For x <y 
in A let g(x,y) = 0 if and only if x ~<f y, otherwise set g(x,y) = 1. As IA is 
a Ramsey ultrafilter, there is a monochromatic B £ li with respect to g. If 
the pairs in B have color 0, then on B the two orderings -< and -< f coincide, 
hence {B, -<) is of type u> (note that with respect to <f the type of A is oj). 
If, however, the pairs in B have color 1, then on B the two orderings -< and 
-</ are each other’s reverses, so in this case (B, -<) has type ui* . 

13. Color [ccj] 2 as follows: let g(x,y) = 0 if f(x) = f(y), and otherwise set 
g(x,y) = 1. Let A e U be a monochromatic subset with respect to g. If the 
pairs in A have color 0, then / is constant on A, and if they have color 1, then 
/ is one-to-one on A. 

14. Color [w] 2 by two colors: let g(x,y) = 0 if x and y belong to the same 
interval [n*, rq+i) . i = 1,2,.. ., and otherwise let g(x. y) = 1. A monochromatic 
infinite set B C u can only be of color 1, in which case it intersects every 
interval of the above type in at most one element. Add to B elements so that 
every intersection has exactly one element. 

15. Apply the previous problem by making no = 0 and with n,; so large that 
(ij < e/2* +1 is true for j > ri, . li B is such that it intersects every interval 
[rij, n i+i ) in exactly one element, then for A = B \ [0, no) G U we clearly have 
EieA a i < Ei e / 2i+1 = e - 

16. First solution. Instead of u>, work with S = : n < u>} as the 

underlying set, where the 5 n ’ s are disjoint, finite sets, | S n \ = n 2 . For X C S, 
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set X G T if and only if \X n 5„| > n 2 — cn for some constant c > 0 and all 
n. Then T is a filter. Extend it to an ultrafilter IA. Now define a* = 1/n for 
i G S n . Then, if X G U, \X fl S„| > n holds for infinitely many n (otherwise 
the complement of X would belong to X), so 

Y a-i = oo. 
iex 


[I. Juhasz] 

Second solution. Let a* = l/(i + 1) for i = 0, 1, . . ., and consider the family 
I of those subsets H c u> for which 

F di < oo. 

iGH 

This I is clearly an ideal, so the family 

J f={lfCw : u\K€l} 

is a filter, which can be extended to an ultrafilter hi. Since no H £ I can 
belong to !F, we are done. 

17. Let H = {H a : a < c} be an independent family of subsets of ui (cf. the 
solution to Problem 3 above). For S € [H\ w set 

x(S) = u\(nS)=u\(n HeS H). 

We claim that the set 

x = n\J{x(s) : 5 e [nn 

is centered, i.e. if ai, . . . , a n < c and Si, ... , S m £ [H] u , then 

z = H ai n • • • n H an n w(S'i) n • • • n x(S m ) 

is infinite. Indeed, if G S\ \ {H ai . . . . , H (Xn } for i = 1, . . . , m, then every 
element of the infinite set 

H a i n • • • n H an n (u> \ ) n • • • n (u> \ Hp m ) 

is in Z. Extend T to an ultrafilter U. If U was generated by W C U, \1A'\ < c, 
then LA' would generate every member of 77 as well. So, as \IA'\ < \H\, there 
would be cci, (* 2 , . . . such that H ai , H a2 , . . . are generated by the same element 
T of LA’, i.e., T c H ai n H a2 n • • •. But this is impossible as 

TnX({H ai ,H a2 ,... }} = ®, 


though these are two elements of LA. 
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18. Suppose to the contrary that Xu is Lebesgue measurable. If x £ (0, 1) is 
not diadically rational, then it has a unique binary expansion, thus if x = xa 
then 1 — x = x u \a and these are the only representations for the numbers x 
and 1 — x as an xb, B c w. Since exactly one of A and u \ A belongs to li, 
we get that exactly one of x and 1 — x belongs to Xu- Thus, the mapping 
x — 1 1 — x maps Xu into [0, 1] \ Xu with the exception of countably many 
points, so X u must have measure 1/2. 

Note also that the nonprincipality of U implies that adding to or deleting 
from A finitely many elements does not change the fact if A £ U or not. This 
means that Xu is periodic (mod 1) with period a for any diadically rational 
a. Now let x £ Xu (~l (0, 1) and y € (0, 1) \ Xu be two points of density 1 for 
the sets X u and (0, 1) \ Xu, respectively, and let S > 0 be so small that 

\(x-6,x + 6)nX u \ >35/2 and \(y - 6, y + 6) n ((0, 1) \ X u )\ > 3(5/2. 

If a is a diadically rational number such that \y — (x + a)| < 6/8, then 

\{X U + a) n (y - S,y + S)\ > 36/2 - 26/8 > 6, 

hence 

(X w + a)n([O,l]\X w )^0, 

which is impossible, since Xu + a = Xu (mod 1) and Xu and [0, 1] \ Xu are 
disjoint. 

19. (a) Let K be so large that —K< x n < K is true for every n. Set x € A 
if {n : x < x n } £ D, and y £ B if {n : x n < y} £ D. Then A U B = R, 
—K £ A, K £ B and if x £ A, z < x, then z £ A while if y £ B and 
z > y then z £ B. There is therefore a unique real number — K < r < K 
such that r — e £ A while r + e £ B for all e > 0. This means that the set 
{n : r — e < x n < r + e}, being the intersection of two elements in D, lies in 
D, and so liiri o x n = r. This shows the existence of the D-limit. 

Since any two real numbers can be separated by disjoint neighborhoods, 
the unicity of the D-limit is clear. 

(b) This immediately follows from the definition of ordinary and D-limits. 

(c) For c > 0 we have p < x n < q if and only if cp < cx n < cq. For c < 0 
we have p < x n < q if and only if cq < cx n < cp, and finally {cx n } is the 
constant sequence for c = 0. Now just apply the definition of D-limit. 

(d) Let a = lim DX n , b = lim Dy n and c = a + b. For e > 0 the sets {n : 
a — e/2 < x n < a + e/2} and {n : b — e/2 < y n < b + e/2} are in D, hence so 
is their intersection, which is included in the set {n : c— e < x n +y n < c+e}. 
Thus, this latter set is in D for any e > 0, which means that lim D(x n +y n ) = c. 

(e) This is immediate from the definition of D-limit. 
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(£) This is a consequence of parts (b) and (d) (but also immediately follows 
from the definition of 13-limit). 

(g) Let a = lim o x n and e > 0. There is a S € >0 such that for x £ ( a—S e , a+S e ) 
we have f(x) £ ( f(a ) — e, f(a) + e). Thus, 

{n : a — 6 e < x n < a + S e } C {n : f(a) — e < f(x n ) < f(a) + e}. 

Since here the set on the left-hand side belongs to D for all e > 0, the set on 
the right-hand side also has to belong to D, which proves part (d). 

(h) Let A c u> be an infinite set such that the sequence {x n } ne A converges to 
r. Now for any nonprincipal ultrafilter D with A £ D we have lim q x n = A. 

(i) For a sequence {x n } let y n = arctan(x„) and let us also set arctan(±oo) = 
±7r/2. If we copy the proof of part (g) with the monotone and continuous 
functions f(x) = arctanx, x £ [—00,00] and / _1 (x), x £ [— 7 t/ 2, 7 t/ 2] we can 
easily see that lim# x n = r exists if and only if lim D y n = arctan(r) exists. 
But {y n } is already a bounded sequence, hence we can apply part (a). 

20. Let D be a nonprincipal ultrafilter on u and let f(A) = \vai D (x n ), where 

lAnnl 

x n = J L 

n 

for n > 0. The properties (b) and (d) from the previous problem show that 
this / is suitable. 

21. Formally, we consider functions / : u — »• {0,1,2} and an operator 
assigning to every such / a value in {0,1,2}. The property is that if /o,/i 
differ everywhere, then <£(/o) 7^ <P(/i). We have also assumed that if g, is the 
identically constant function g t (j) = i, j = 0, 1,2,.. ., then c P(g,) = i. 

First, assume that d C w, S = w\A If / : {0, 1, 2}, g : B — » {0, 1, 2} 

we simply write fg for the union of the functions / and g, and we also 
use the notation ( c)a for the function that is identically c on A. Then 
«?((0 )a( 0 )b) = 0, «P((1 )a( 1 )b) = 1, hence we must have «£((0 )a( 0 )b) 7 ^ 
<£((1)a(0)b) or <£((1 ) a ( 0) b ) + #((1)a(1)b)- By interchanging the sets A,B 
we may assume that the first of these holds, i.e., n) 7^ 0. Also, 

^((1 )a( 0 )b) ± <£((2) a (2)b) = 2, so we must have <£((1 )a( 0 )b) = 1- If 
g : B —7 {1,2}, then (2 )a<? is pointwise different from both (0 )a(0)b and 
(1 )a(0 ) b so necessarily <£((2 )a9) = 2. This we denote by «P((2 )a(1 — 2)b) = 2. 
If now g : B — >• {1, 2} and g(i) = 3 — g(i) for every i £ B, then the func- 
tions (0 )a(0)b, (1)a<?j (2)a 5 assume 3 different values everywhere, so we get 
*((1 )a(1 - 2)b) = 1. Similarly, $((0 )a(1 - 2) B ) = 0. 

From this we get that <P((0 — 1)a<7) is either 0 or 1, and similarly for 0, 2 
and 1, 2. The first of these gives <P((2 )a9) = 2, and similarly we get from the 
other ones that <?((*)aa) = i for all i £ {0, 1, 2}. 
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Assume finally that for some functions / : A — > {0, 1, 2} and go , g\ : B — » 
{0, 1, 2} we have <£(/p 0 ) + #(/0i), say, 3>(/p 0 ) = i 0 , #(/pi) = H- Then there 
is a function / : A — >• {*o,ti} which is everywhere different from /, and a 
function h : B — > {0,1,2} which is everywhere different from po,Pi> then 
$(fh) 7 ^ *o,ii but must be in {io,h} by the above, a contradiction. 

What we showed is that if u = A U B is a decomposition, then one and 
just one of A, B has the property that <£(/) depends on f\A (say). Let IA be 
the system of those sets with this property. We get that exactly one of A, B 
is in IA. Clearly, 0 ^ IA, moreover if A g U and A c B, then B E IA. It is 
also immediate that IA is closed under intersection. This implies that U is an 
ultrafilter. To conclude the proof let Cj(/) = {j : f(j) = i}, i = 0,1,2. 
These are disjoint sets with union cj, hence exactly one of them, say C io , 
belongs to U. Since on Cj 0 the function / coincides with the constant function 
= *0) and <?(/) depends only on we have <£(/) = $(gi 0 ) = io as 

was claimed. [D. Greenwell-L. Lovasz: Applications of product colouring, 
Acta Math. Acad. Sci. Hung, 25 (1974), 335-340] 

22. First let us consider the case when there are only finitely many voters (I 
is finite). We call a voter dominant if the outcome of the vote is always her 
list. 

First we show that if there are two voters A and B, then one of them 
is dominant. Let us agree in the following notation: the fact that candidates 
a, b, c are listed in A’s list in some order like . . . , a, . . . , c, . . . , b, . . . and in B’s 
list in another order like . . . , c, . . . , a, . . . , b, . . ., and then in the outcome their 
order is like . . . , b, . . . , c, . . . , a, . . . will be denoted by 

A : acb 
B : cab 

outcome : bca 

Suppose now that A is not dominant. Then there are some candidates ab 
on his list in this order such that in the outcome their order is ba. Then 

necessarily on B’s list their order is ba (otherwise a and b would be listed in 

both lists in the order ab, which should be the outcome as well). We show that 
B is dominant. Since the order in the outcome is the result of the order of the 
pairs of the candidates, it is sufficient to show that B is dominant for each 
pair of candidates. Let c be a third candidate. Each column in the following 
table implies the next one: 

A : ab acb ac abc be bac ba 

B : ba eba ca cab cb acb ab 


outcome : ba eba ca cab cb acb ab 

This proves that B is dominant for the pair a, b. But applying what we have 
obtained to column 3 resp. 5 we can see that B is also dominant for the pairs 
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a, c resp. b, c. Thus, the dominance of B for the pair a, b has been established, 
and here a and b can be replaced by any other c ^ a,b. By at most two such 
replacements we can get to any pair of candidates, and the dominance of B 
has been established. 

Next we show that if there are 4 voters A,B,C,D, then one of them is 
dominant. In fact, suppose first that A and B form a block, i.e., they always 
vote the same way and C and D also form a block. Then we have two block 
voters, hence one of them is dominant, say the AB block. We claim that if A 
and B vote the same way, then they are dominant. If this is not the case, then 
there are candidates p, q such that A and B vote them in the order pq, but 
in the outcome the order is qp. In the following table p'q' and p"q" denote 
permutations of p, q, and again each column implies the next one: 


A : pq paq aq 

B : pq paq aq 

C : p'q 1 p'q'a qa 

D : p"q" p"q" a qa 


(17.1) 


outcome : qp qpa qa 


contradicting the dominance of the block AB over CD. Now fix the votes of CD 
in some order 7r(ci), . . . , 7r (c„) (for both of them), where n : {cj, . . . , c„} — >• 
{ci, . . . , c n } is some permutation, but A and B vote as they wish. Then we 
get a two-member voting scheme, hence either A or B is dominant, say A. 
We claim that A is dominant in the original 4 voter scheme. Suppose this is 
not the case. Then there are some candidates p, q such that A votes them in 
the order pq, but their order in the outcome is qp. Since the block AB was 
dominant, this is possible only if B votes in the order qp. Then, if the last 
element of the fixed order is b, each column in the following table implies the 
next one: 


A 

B 

C 

D 


pq pbq bq 
qp qpb qb 
p'q' p'q'b qb 
p"q" p"q"b qb 


outcome : qp qpb qb 

contradicting the dominance of A when C and D vote in the fixed order 
7r(ci), . . . , 7r(c„) (if one of p, q is the largest element b, then work symmetrically 
with the smallest element in the fixed order, and if p and q agree with the 
largest and smallest elements, then first replace one of them in the indicated 
manner by a third element and then we are back to the previously considered 
cases). With this the claim that in a four-member voting scheme there is 
always a dominant voter has been verified. 

The same argument shows the same claim if there are three voters. 

Now let I be an arbitrary set of voters. We call a subset F C I dominant 
if it is true that if all members of F vote the same way then this is always 
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the outcome. An argument similar to that in Table (17.1) shows that if F 
is dominant in the two-block voting scheme consisting of the blocks F and 
I\F, then F is dominant. Let F be the set of dominant subsets of I. We 
show that it is an ultrafilter on I. It is clear that 0 ^ F (that would mean a 
fixed outcome irrespective of the votes) if F £ F, F c F', then F’ £ F, and 
out of F and I\F only one can belong to F. That one of them is actually in 
F follows from the dominance in the two-member voting schemes. Thus, to 
show that F is an ultrafilter, it is sufficient to show that if Fi,F 2 £ F then 
F\ fl F$ € F . Consider the 4- member block voting scheme when the blocks are 
FinF 2 , / \ ( F\ U F' 2 ) , Fi \ F' 2 , and F 2 \F\ (i.e., the voters in each block vote the 
same way, and if one of these sets is empty then the appropriate block voter is 
missing). We know that one of them is dominant (we have verified dominancy 
if there are at most four voters). Since both F\ and F 2 are dominant, this 
dominant block cannot be any of the last three ones, so it must be F± fl F 2 , 
hence Fi fl F 2 £ F. 

Now let us consider an arbitrary voting, and for a permutation 7r of the 
candidates consider the set F n of those voters i £ I who voted in the order 
given by n. Since I = U n F n is a disjoint decomposition, exactly one of the F n 
belongs to F, say F Wo £ F. Then F Vo is dominant, so the outcome must be 
7 Tq. [K. J. Arrow] 




18 


Families of sets 


1. For each a < k + let f a : k — >• a + 1 be a surjection, and let 

A t,ri = {a ■ foci 0 = v}- 

Since f a is single- valued, the elements in each row are disjoint. If for q < k + 
and a < k + there is no £ < k with f a (Q — Vi then a < rj; therefore, the 
union of the sets in the rjth column is k + \ q, and we are done. 

2. First solution. We replace the ground set k with k x k. Our sets will 
be k — ^ k functions, so it is enough to construct a sequence {f a : a < /t + } 
of k — ^ k functions, such that any two differ from a certain point onward. 
We construct the functions by transfinite recursion on a. If { fq : 0 < a} are 
already given, enumerate a as a = { 75 ( 0 ) : £ < k}. Then select the value of 
fa (0 to be different from every Ac (a) (£),£<£( “the first £ values” ) . Having 
defined the functions, if we have 0 < a < k + , then 0 = 7 ^( 0 ) for some £ < k 
and then fp{£) fa{f) for £ > C- [Erdos, 1934] 

This is a condensed form of the solution for Problem 12.5. 

Second solution. Let A be the smallest cardinal with the property k x > k. 
By Cantor’s theorem (Problem 10.16) A < k. Let X be the set of all transfinite 
sequences of length < A of ordinals £ < k. For each p < A there are at most 
k p = k such sequences of length p, hence X is of cardinality k. Furthermore, 
let %* be the set of all transfinite sequences {q^}^<a of type A of ordinals 
£ < k. Then, by the definition of A, H* is of cardinality bigger than k. For 
every s = £ H* let H s be the set of initial segment subsequences of 

s, i.e., the set {{a^}£<? 7 }r)<A- Then H s C X, and if s' = £ H is a 

different sequence in %*, then there is a r < A such that a T ^ a' T , hence the 
elements in the subsequences {ot^}^ <v and {Q:^}^< r; are different for all r <r). 
This shows that H s n H s > is of cardinality smaller than A < n, hence the set 
'H = {H s } se -H* satisfies all the requirements. [W. Sierpinski, Mathematica, 
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14(1938), p. 15, Tarski, Func. Math., 12(1928), 188-205 and 14(1949), 205- 
215] 

3. Let us decompose X as a disjoint union of the sets Xo,Xi, and X% each 
of cardinality k, let / : X\ —i X 2 be a 1-to-l correspondence between the 
elements of X\ and X 2 , and let us also decompose X\ into a disjoint family 
of sets X l o , a < « of cardinality k. Now for any subset A of k consider the 
set 

H A = X o IJ (Ua€A*l,a) IJ (*2 \ (U„ 6 A/[^l, a ])) • 

It is clear that if A and B are different subsets of k, say a £ A \ B, then 
Xi ta c Ha \ Hb, and f[X i >a ] c Hb \ Ha, and since Xq is part of every Ha, 
the family of the 2 K sets Ha, A C k satisfies the properties set forth in the 
problem, [cf. W. Sierpiriski, Cardinal and Ordinal Numbers, Polish Sci. Publ., 
Warszawa, 1965, XVII.4. Theorem 1] 

4. This is a special case of Problem 6.90, since out of two initial segments one 
of them includes the other one. 

5. The statement follows from Problem 3. 

6. We show by transfinite induction on a that there is a mapping ip a : [a] K — > 
2 K such that for every £ < 2 K the set <p -1 (£) is an antichain. For a = k 
we can take a bijection. Assume that cf (a) > k and tpp exists for every 
/3 < a. For X e [a] K set <^*(X) = (tp (X), ip^ X ){X)) where tp(X) is the 
order type of X and /3(X) = sup(X). If X C Y and gf a (X) = <p* (X), then 
specifically tp (X) = tp (V) so by X C Y we have /3(X) = (3(Y) and then the 
inductive assumption on tpp(x) gives X = Y. Thus, X c f , X / 7 implies 
<^>*(X) 7^ 92* (T), i.e. , the inverse image under ip* a of any set is an antichain. 
This 32* is a mapping to k + x 2 k , which can easily be transformed into a 
mapping ip a to 2 K . 

If cf (a) < k, then a can be decomposed into the union of at most k disjoint 
intervals {Ij : j £ J} where the order type of each Ij is smaller than a (this 
covers both the successor and the limit cases). By the inductive assumption 
for each j £ J there is a t/jj : [Ij] K — 2 K such that ipj 1 (^) is always an 
antichain. Define ip : [a] K — >■ (2 K ) K by ip(X) = ( ipj(X fl Ij) : j £ J). We 
show that ip is a mapping with the required property (as it maps into a set of 
cardinality (2 K ) = 2 K we are done). Assume that X C Y and ip(X) = ip(Y). 
Then X fl Ij C Y fl Ij and ipj(X fl Ij ) = ipj(Y fl Ij) hold for every j £ J, so by 
hypothesis X fl Ij = Y fl Ij for all j £ J, and therefore X = Y. [Erdos-Milner] 


7. Let H = k x {0,1}, and for an / : k —> {0,1} set Af = {(a, f{cx))} a<K , 
Bf = H\Af. There are 2 K such pairs of sets, and if / 7^ g then for some a < n 
we have f(a) 7^ g(a), say, f(oe) = 0 and g(a) = 1, and then (a,0) £ Af fl B g , 
i.e., Af n B g 7^ 0. 
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8. See Problem 24.31. 

9. Let us enumerate the infinite subsets of N into a transfinite sequence A^, 

£ < c. By transfinite induction we define different infinite subsets c A%, 

£ < c such that and Cf are different from every B n , C n , iff < £. Since 
has c infinite subsets, at each step £ < c we can select ^ with this 
property. Now if X is the set of the B^s and Q is the set of the s, then 
these are clearly suitable, since every infinite subset of N is one of the A^’s, 
and this includes B £ and C | . 

10. Let H be a maximal set of almost disjoint countably infinite subsets of X, 
i.e., if Hi , H'2 £ H, then \H\\ = jjj^l = Ho but Hi n H^ is finite, and there 
is no family with this property that properly includes H (the existence of H 
follows from Zorn’s lemma; see Chapter 14). Thus, if A c X is countably 
infinite, then A fl H is infinite for some H gH. 

For each H gH fix families Xh- Qh C V(H) with the properties from the 
preceding problem, and let X be the union of all the Xh s and Q the union 
of all the Qh s for all H £ H. These are disjoint families. In fact, if we had 
S G X C\ Q, then S would belong to some Xn t and also to some Qh 2 - Here 
Hi = H 2 is not possible since Xh l and Qn, are disjoint. If, however, Hi / H 2 , 
then S would be a common subset of both Hi and of i/ 2 , which cannot be 
the case because Hi n H 2 is finite. 

Finally, if A C X is infinite, then A has a countably infinite subset A- ; 
which intersects one of the iTs in an infinite set. By the choice of Xh there is 
an F G Xh such that F C Ai n H, i.e., this F £ X is a subset of A. A similar 
argument shows that A contains an element of Q, and the proof is over. [A. 
Hajnal] 

11. First solution. Obviously, the existence of an appropriate family depends 
only on the cardinality of the ground set. Rather than working on k we work 
on the set X = {(s, h) : s G [«] <a ’, h C 'P(s)}. As there are k finite subsets of 
k each carrying finitely many families of subsets, we have |Aj = k. If A C k, 
then we associate the set Y(A) = {(s,h) : s £ [k] < w , A fl s G h} Cl with A. 
This way we have created the family X = {Y(A) : A C k } . If we show that it 
is independent, then, in particular, we find that the elements of X are distinct 
and so \X\ = 2 A Toward showing independence, assume that we are given the 

different sets Ai, . . . , A n C k and £1 e n < 2. To any two sets there is a 

point which is in one but not in the other, so there is a finite set s C k such that 
the intersections A* fl s are different. Now set h = {Ai fl s : 1 < i < n, £* = 1}. 
Clearly, (s, h) G Y{Ai) £l n • • • C T(A n ) e ”. 

Second solution. For every £ < n and natural number l let us choose l sets 
A^jj, j < l that form an independent family over a finite set A^j (e.g., if 
Aj C l {(l 1}, j < l is the set of those 0-1 sequences of length l which have 
1 at the jth position, then Aj, j < l is an independent family of sets over 
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*{0,1}). Let us also assume that these sets are selected in such a way that 
the ground sets A^i are disjoint for different (£,Z)’ s. Now with the functions 
/ from Problem 13 consider the sets 

H f = U A:, /(£))> /e-F. 

£<k, le N 

If fi /„ are different, then there is a <f* < k such that all the values /*(£*) 

are different, and let us choose l* so large that all these values are less than 
l*. Now for gj = 0 or 1 the intersection 

//}; n . . . n 


includes the nonempty set 

n • • • n A T*, 

(where in the latter case complements are taken with respect to the set 
Af t i*). [F. Hausdorff, Studia Math., 6(1936), 18-19, A. Tarski, Fund. Math., 
32(1939), 45-63] 

12. (See also the solution to Problem 17.3.) By Problem 11 there is an in- 
dependent family T of cardinality 2 K of subsets of k. This means that if 
g : T — > (0, 1} is an arbitrary mapping and F g is the family that contains 
F € T if g(F) = 1 and contains k \ F if g(F) = 0, then T g has the property 
that any finite subset of T g has nonempty intersection. But then T g generates 
a filter which is included in a U g ultrafilter, and if g ^ h, then U g ^ Uh, so 
we get this way 2^ = 2 2 " different ultrafilters. In fact, if g ^ h, then there is 
an F £ F with g(F) ^ h(F), and then this F is contained in one of U g and 
Uh and k\F is contained in the other one. 

13. Without loss of generality, we may assume that A is the set of the 
nonempty finite subsets of k, and for a function g : {£o)£i; • ■ • ,£ m } ~ ^ {0, 1}, 
£o < Ci < £2 < • • • < let 

t{9) — 9(^0) + 25(^1) + • • • + 2 n g(£m)- 

Note that if g' : • • • >£m} -> (0, 1} is another function and t{g) = t(g'), 

then we must have <?(&) = fj'(Ci) f° r all i = 0 , . . . , m. 

Now if / : k — > {0, 1} is arbitrary, then associate with it that function 
F on A for which F{I) = t(f | j) for every I € A, and let T be the set of 
all these functions F. If F t , ... . F n are different functions that correspond to 

/j , /„, then these are also pairwise different, hence for each 1 < i < j < n 

there is a < k with fiiCi.j) 7^ Thus, for the set I consisting of all 

these we have t(/i|j) ^ t{fj j) for all 1 < i < j < n, which means that 
the values Fi{l) are all different. 
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14. We may assume that A = K {0, 1} is the set of infinite 0-1 sequences of 
length k, and for a finite subset / of k let A/ be the set of all functions 
h : I —1 {0, 1} that map the given finite set I into {0, 1}. Any mapping 
g : Aj — >• k generates a mapping f g : A— > k defined as 

f g (h) =g{h\j). 

Now there are k many ways to map Aj into k, and the set of finite subsets 
I of k is also of cardinality k, so if T is the set of all f g s with all possible 
g : Aj — i k and all possible I C k, |/| < u, then F is of cardinality k. If 
F : A — > k is any given function and hi, , h n are different elements of A, 
then there is a finite subset I of k such that hi | j are all different. Now if we 
define the function g as g{h t j) = F(h t ) for i = 1, ... ,n and g(h) is arbitrary 
for other h : I {0, 1}, then F(/ij) = f g (hi) for all 1 < i < n, so T satisfies 
the requirements. (See also the solution to Problem 4.27.) 

15. See the solution to Problem 4.28, and apply Problem 14 instead of 4.27. 

16. Set T = {Ao,Ai , . . .}. By induction on n < ui we build the finite sets 
X 0 C X 1 C • • • with the property that 1 < \X n fi A, \ <2 holds for * < n and 
\X n fl Aj | <2 holds for * > n. If we can do this, then X = (J{A„ : n < uj} 
will be good. Assume therefore that we have reached step number n and we 
have the finite set X n . The choice A rt+1 = X n is good unless X n n A n = 0. 
In this latter case we have to choose some x G A n so that X n+l = X n U {x} 
is good. This requires that | (X n U {a:}) fl Aj| <2 should hold for every i ^ n, 
that is, x ^ A, for every i < a; for which \X n fl A*| = 2 holds. We argue that 
only finitely many elements x € A n are disqualified by this requirement (and 
this concludes the proof). Indeed, for any pair Y C X n there can be only one 
Aj with Y C Aj (by our intersection condition on the family) and for that i 
there is only one a; € Aj fl A n (again by the intersection condition). 

17. Let T = {A 0 , Ai, . . .}. For each k > 3 we construct some finite disjoint 
sets Ek and F^ so that 

for i < k either | A j fl | = 1 or | Aj fl Fk\ = 1 (18.1) 

and 

for i > k either | Aj fl E^\ < 1 or | Aj fl F^\ < 1 (18-2) 

is true. It will also be true that E k C E ^ + 1 and F k C F fe+1 and so the sets 
X = U/t E k Y = U k F k will have the desired property. 

For k = 3 it is easy to construct such sets E 3, F3. Let us suppose that 
E k , Fk have already been constructed with the above properties. First let us 
assume that A k + 1 intersects both E k and F k . In view of (18.2) this is possible 
if, say, | Afe_|_i fl E k \ = 1, in which case E k+X = E k and F k+ 1 = F k is suitable 
for k + 1. 
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Now suppose that A k +i does not intersect one of the sets E k , Fk, say 
Ak+ 1 fi E k = 0. Consider all the sets A,- that intersect Ek U F k in at least 
three elements. Since three given elements can be only in one Aj (recall that 
| A, fl Aj | < 2 for i ^ j), and E k U F k is finite, there are only finitely many 
such i, let these be io, il , *m- Let ek+i be an arbitrary element of the set 

^vj(U^)U(U^)w^ 

l r=0 i= 0 

and let E k +i = E k U {ek+ 1 }, F k +i = F k . These sets obviously satisfy (18.1) 
with k replaced by k+ 1, and if i > k + 1 and ek+i £ Ai then (18.2) is true, as 
well. Finally, if ek+i € Ai, then Ai differs from the sets A . ([J , . . . ,Ai m by the 
choice of ek+i, and so \ AiC\{Ek^ F k )\ < 2. Now this yields that if \AiC\Fk\ = 2 
then |^4jfiFlfc + i| = |{efc + i}| = 1, while if |AjnFfc| < 1 then |Aj nFV|_i| < 1 is 
true because F k +\ = F k . Thus, in any case we have (18.2) for k + 1 , and this 
completes the proof. 

18. We prove by induction on Hi < k < the result for k. For k = Hi we 
can take the set {(3 : to < /3 < a}, a < wi, of all countably infinite initial 
segments of Assume we have the result for some k. As the existence of 
such a system is a property of the cardinality of the ground set, there is 
an appropriate system J- a on every set a for k < a < k + . We claim that 
T = (J {JF a : k < a < k + } is a good system for k + . The cardinality of T is 
kk + = k + . Assume that X C k + is countable. Then, as k + > Hq is regular, 
X C a for some k < a < k + . Then some Y g F a covers X, as required. 

To show that the same is not true for let A be a set of cardinality K w , 
and let T be an arbitrary system of cardinality of countable subsets of A. 
We represent it as T = Tq U T\ U • • • U T n U • • • where the F n 's are increasing 
subsets of T of cardinality d n . For each n the set F„ is of cardinality d n , hence 
there is an element a n+ 1 G A outside this set. Consider B = {a n }’^L 1 c A. If 
F £ T, then F g F n for some n, hence a n+ 1 g B\F, i.e., B is not covered 
by any one of the sets in T . This shows that for there is no system T with 
the prescribed properties. 

19. We can assume that k > fi. Let V be an enumeration of all functions 
/ : a -» k, a < k + , say V = {v(f) : f : a -»• k, a < k + }. Clearly, \V\ = 2 K . 
Let / : a — >• k, a < n + be one of these functions. If cf (a) = cf ((/,), and there 
is some cofinal set in a of order type /x which is monocolored by /, then let 
B C a be one such set, and define H(f) = {v(f |^) : fi g B}. If no such set 
exists, then leave H(f) undefined. Let T-L be the collection of all these sets 

H(f). 

We claim that ’H is as required. Assume first that | H(f) n = A*, 

with / : a — > k, f : oi — t k. If v(f |^) = v(f' |^j/) is a common element, then 
/? = /?' and / = /' As the common elements are necessarily cofinal in 
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a, a', we get that a = a' and / = /'. This shows that T-L is an almost disjoint 
family. 

Assume now that F : V — 1 k is a coloring. By transfinite recursion on 
a < k + we construct the increasing sequence of functions {f a : a < k + } with 
/„ : a — > k. fo = 0. If a is a limit ordinal, then let f a = {J{fp : 0 < o:}. Finally, 
set f a+ i(a) = F There is some / : k + — > n such that f a = f | holds 

for every a < k + . 

By the pigeon hole principle there is a value £ assumed by / on a set 
of cardinality k + . Let a be the supremum of the first /x elements of / -1 (£). 
Then for this a it is true that there is a cofinal set B C a of order type // 
that is monocolored by f\ a = f a - Therefore, H(f a ) is defined, using some set 
B' (possibly different from B) on which the color of f a is some But then 
H(f a ) is monocolored by F: 

F = F ( V ^ = = /a(^) = t 

for every 0 € B'. [G. Elekes, G. Hoffmann: On the chromatic number of almost 
disjoint families of countable sets, Coll. Math. Soc. J. Bolyai, 10 Infinite and 
Finite Sets, Keszthely (Hungary), 1973, 397-402] 




19 


The Banach— Tarski paradox 


1. A ~ A is obvious using the identity. If A ~ B then there are partitions 
A = Ai U • • • U A t and B = Bi U • • • U B t with Bi = fi[Ai] for some /* £ 
Then B ~ A holds using the same partitions as A t = /r 1 [B,]. What remains 
to be proved is that A ~ B and B ~ C imply A ~ C. As A ~ B, there 
are decompositions A = A\ U • • • U A n and B = B\ U • • • U B n such that 
Bi = fi[Ai] for some /, 6 < P. Similarly, by B ~ C there are decompositions 
B = B 1 U • • • U B m and C = C 1 U • • • U C m such that C :l = g :l [B 2 3 \ for some 
gj £ <&. Set Bij = Bi n for 1 < i < n, 1 < j < m. If now = f^ x [Bij], 
Cij = gj[B i:j ], then 


A = : 1 < i < n, 1 < j < m}, 

C = [J{ : 1 <i <n, 1 < j < to} 

are decompositions of A and C, respectively, and Cij = hij [Ajj] where hij = 
gj o fi £ $ (some of the pieces may be empty but that does not invalidate the 
argument). 

2. As A is equidecomposable to a subset of B, there is a decomposition A = 
Ai U • • • U A n , and there are functions fi,- ■ ■ ,f n £ $ such that fi[A\] U 
••• U f n [A n ] is a disjoint decomposition of a subset of B. Similarly, there 
are a decomposition B = B\ U • • • U B rn and functions gi,-.-,g m £ $ such 
that U • • • U g rn [B rn ] is a disjoint decomposition of a subset of A. Now 

define / : A B, as well as g : B — > A the following way. f(x) = fi(x) 
for x £ Ai and g(x) = gj(x) for x £ Bj. As / and g are both injective, 
by Problem 3.1 there are decompositions A = A! U A", B = B' U B” such 
that B' = f[A'], A’’ = g[B"]. As A! = (A' n A x ) U • • • U {A' n A n ), B' = 
( B ' n /-, [Aj]) U • • • U ( B ' n f n [A n ]) are decomposition of A', B', respectively, 
we get that A! ~ B' . Likewise, A" ~ B" and these two together give A ~ B. 
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3. As pA A qB there is a p-cover AiU- • -U A n of A such that /i[Ai]U- • -U f n [A n \ 
is a < q cover of B for some elements /i £ d>. Similarly, qB A rC is 
witnessed by a q-cover B± U • • • U B rn of B such that <?i[-Bi] U • • • U g rn [B rn ] is a 

< r-cover of C with some elements g \ , . . . , g m £ ( I>. For 1 < * < n, 1 < j < to, 
1 < s < q we define the set A,j S C A as follows, x £ Aij s if and only if x £ Ai, 
y = fi(x) £ Bj and {1 < u < i : y £ f u [A u ]} and {1 < v < j : y £ B v } both 
have exactly s elements. Set hij s = gj o f i . We claim that 

l<i<n, l<j<m, l<s<gr} 

is a p-cover of A and 

U {hij s [A ijs ] : 1 < i < n, 1 < j < m, 1 < s < q} 

is a < r - cover of C (and so they witness pA A rC). Pick some x £ A. For 
every i with x £ Ai set y = fi(x) and s=|{l<u<i:p€ / U [A„]}|. For these 
y, s there is a unique j such that y £ Bj and {1 < v < j y £ B v } has exactly 
s elements. That is, x £ A ijs , and this shows that the system of A y - S ’s is a 
p-covering of A (as so is the system of Aj’s). In a similar manner, if z £ C, for 
every j with z £ gj[Bj] (and there are < r of them) there are unique s and 
i such that 2 £ hij s [A t j S \, and so the system of /i,j s [d tJS ]’s is a < r-cover, as 
claimed. 

4. Assume that A = A\ U • • • U A n is a p-cover, /i[Ai] U • • • U f n [A n ] is a 

< q-caver of B, B = B\ U • • • U B m is a q- cover, gi [£?i] U • • • U g m [B m ] is a < p- 
cover of A. Refining the decomposition, if needed, we can assume that every 
x £ Ai is in the same number of sets among A\, A,;, say, in a(i) of them, 
for every x £ A*, fi(x) is in the same number of sets among fi [Ai], . . . , /j[Aj], 
say, in b(i ) of them, and similarly, we assume that every x £ Bj is in the same 
number of sets among B t , , Bj , say, in c(j) of them, and, finally, for every 
x £ Bj, gj(x) is in the same number of sets among gi[Bi], . . . ,gj[Bj], say, in 
d(j ) of them. 

Set A* = A x {1, . . . ,p}, B* = B x {1, . . . , q}. Notice that for every x £ A, 
r £ {1, . . . , p} there is a unique i such that x £ A t , r = a(i). Define, for 
{x, r ) £ A* , F ({x, r)) = {y, s), y = fi(x), s = b(i) where i is such that x £ Aj, 
r = a(i). Likewise, for (y,s) £ A*, define G({y,s)) = ( x,r ) where y £ Bj, 
s = c(j), x = gj(y), r = d(j). 

Notice that F : A* — > B* , G : B* — > A* are injective. In fact, let x, r, y, s, 
and i be as above, and suppose that F({x',r')) = (y, s) is also true. Then 
y = fj(x) for some j. Here i < j is not possible, for then b{j) > b(i) + 1 and 
hence b(j ) = s = b(i) cannot hold. For the same reason neither is j < i, hence 
i = j and then the bijective character of fi gives x = x'. By Problem 3.1 there 
exist decompositions A* = Aq U A\ , B* = B* } IJ B*, such that F is bijective 
between Aq and B* } and G is bijective between B* and A*. 
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Now define 


A' = {x € Ai : { x , a(i)) G Aq} (1 < i < n), 

A " = { 9j(y ) : (y , <?)) e s*} (1 < j < m). 

If we now apply /, on A' and g ~ 1 on A" then we get pA ~ qB. In fact, for 
any x € A each of the points (x,r), r = 1, ... , p lie either in Aj$ or in A \ , so 
{A', , . . . , A' n , A ", . . . , .4" } forms a p- cover of A. In a similar way we find that 
their images form a q-covei of B. 

5. This is an immediate consequence of the preceding two problems. 

6. Assume that kpA A kqB holds. There are, therefore, subsets A\ A t C A 

such that every x G A is in exactly kp of them, /, G A, B t = f,\A,] C B, and 
every y G B is in at most kq of the Bj’s. We construct a bipartite graph with 
the bipartition classes A, B, as follows. We join every x G A with an edge 
to each f t (x) (in case fi(x) = y for say s > 1 of the rs, we keep only one 
edge between x and y: but the number s appears below as f(x,y)). This way, 
we defined a locally finite graph (that is, every vertex has finite degree). By 
hypothesis, there is a function / from the edge set into the natural numbers 
(namely the one that associates with an edge e = (x, y) the number of i for 
which y = fi(x)) such that 


^( e ) = kp ( x e A ) 

xEe 

and 

Y,f(e)<kq (yeB). 

yee 

This implies, by simple counting, that for every finite A' C A the set r[A’] of 
points in B joined into A' has 

elements. Using Problem 23.15 we find that there is a function g from the 
edge set into the natural numbers such that 

5 Z p ( e )=P (zeA) 

x£e 


and 


5 (e) <9 (yeB). 

yee 


We define the sets A* , . . . , A* as follows, x G A* if and only if x G A, and 
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II 1 <j<i - fj(x) = fi(x)} | < g (x, fi(x)) . 

If x £ A, then for every y £ B, x is contained in exactly g(x,y) of the A*’s 
(namely, in the first g(x,y) of those A*’s for which fi(x) = y), so altogether 
it is in p of them. Similarly, if y £ B, the number of i’s for which y £ fi[A*] 
holds, is y) '■ x £ A}, which is at most q by condition. 

7. (d) -4 (c) (b) HS’ (a) and (e) -» (b) are obvious. 

(b) — > (c) Assume that A ~ 2 A, i.e., there is a partition A = A\ U • • • U A n 

and there are f\ /„ £ such that /i [Ajj [A n \ C A and every point 

in A is covered exactly twice. Set 

A[ = {x £ Ai: fi(x) (f: /i[Ai] U • • • U /j_i[Aj_i]} , 

A'l = {x £ Ai : fi(x) £ /i[Ai] U • • • U /j-i[A,_i]} . 

Consider A' = A! x U ■ • • U A' n , A" = A" U ■ • • U A". Then, A" = A\ A', and as 

A = /i [A'j U • • • U f n [A' n ] = h [A'l] U • • • U / n [A"], 
we have A! ~ A ~ A". 

(c) — >• (d) By induction on k. The case k = 2 is just (c). To proceed from 
k to k + 1 let A = Ax U • • • U A*, be a partition appropriate for k. As A*, ~ A 
there are partitions {B \, . . . , B t \ and {Ci, . . . , C t } of A;., A respectively such 
that Ci = fi[Bj\ hold for appropriate £ ( I>. By (c) there is a decomposition 
A = A'uA" with A' ~ A" ~ A. Set C' = QnA', C" = QnA", B' = 

B" = If we put A' fe = U • • • U B', A£ = Bf U • • • U Bf , then we get 

A' fc ~ A' ~ A and A' fc ' ~ A" ~ A. Hence A = Ai U ■ ■ ■ U Ak-i U A' k U A' k is a 

partition appropriate for k + 1. 

(a) — » (e) Assume that (n + 1)A A nA. Then by Problem 4 we have 
nA ~ (n + 1)A. If we add one-one copy of A to the covers on the two sides 
we can see that this implies (n + 1)A ~ (n + 2) A, and iteration gives 

nA ~ (n + 1)A ~ (n + 2)A ~ • • • ~ npA, 

and by Problem 5 we find that pA ~ A ~ qA for any p,q> 1. 

8. Using Problem 7 we find that 

2 B A 2nA A A A B 
and that suffices again by Problem 7. 

9. (a) We consider the complex plane. Let c g C be a transcendental number 
with |c| = 1. Let A C C be the set of all complex numbers of the form 
a„c n + • • • + ao with a n , ... ,a o nonnegative integer. Notice that A is countable 
and every element in A has a unique representation of the above form. Now 
the congruences z i-A z + 1, z i — > cz (a rotation, as |c| = 1) map A onto 



Solutions 


Chapter 19 : The Banach-Tarski paradox 


363 


disjoint subsets of itself so 2 A ~ A. [S. Mazurkiewicz, W. Sierpinski: Sur un 
ensemble superposable avec chacune des ses deux parties, Comptes Rendus 
Acad. Sci. Paris 158(1914) 618-619] 

(b) Let D = {z £ C : \z\ < 1} be the unit disc, e = (—1 + W 3)/2, c £ C 
again some transcendental with |c| = 1. For every z £ D one of z+ 1, z+e, z+e 2 
is in D so there is a function / : D — > D such that f(z ) £ {z + 1, z+€,.z + c 2 } 
holds for z £ D. Let A be the smallest set containing 0 and having the property 
that if z £ A then cz, f(cz) £ A. Again, A is countable and each element can 
uniquely be represented as a polynomial of c with coefficients 0, 1, e, or e 2 . As 
AC D, it is bounded. Set Ai = cA, 

A 2 = {z £ cA : f(z) = z + 1}, A 3 = {z £ cA : f(z) = z + e}, 

A 4 = {z£cA: f(z) =z + e 2 }. 

Now A = Ai U (A 2 + 1) U (A3 + e) U (A4 + e 2 ) is a partition, Ai = cA ~ A 
and A 2 U A3 U A4 = cA so 2 A ~ A. [W. Just: A bounded paradoxical subset 
of the plane, Bull. Polish Acad. Sci. Math 36(1988), 1-3] 

10. Let p be some rotation with an angle incommensurable to 27 t, such that 

no x £ A is a fixed point of p, and p n (x) 7^ x' holds for x,x' £ A,n= 1,2, 

Such a <p exists as the second and the third conditions disqualify only < c 
rotations, once we fix the angle of it. Now define B = {p n (x) : x £ A,n < lj}. 
Notice that every y £ B can uniquely be written in the form p n (x) with 
x £ A,n < u>. p now transforms B into B\A. As S 2 = (S 2 \B)UB, applying 
the identity on the first set and p on the second we find that S 2 ~ S 2 \ A. 

11. Let 0 < a < 1 be an irrational number. Let x n be the fractional part of 
an. Notice that xq = 0 and x n 7^ x rn holds for n 7^ m. Also, 

_ f x n + a if 0 < x n < 1 — a, 

Xn+1 }x n + a — l ii l — a < x n < 1. 

Set X = {x n : n = 0,1,...}, Y = [0, l]\I,T = In[0,l - a), X" = 
Jfn[i-o,i], 

Then, by according to what was said above the set X \ {0} decom- 
poses as ( X ' + a) U (X" — (1 — a)) so [0, 1] = X' U X" U Y and (0, 1] = 
( X ' + a) U (X" — (1 — a)) U Y. [W. Sierpinski: On the congruence of sets 
and their equivalence by Unite decomposition. Lucknow, 1954. Reprinted by 
Chelsea, 1967] 

12. Notice that Q = [0,1] x [0,1]. We know from Problem 10 that there are 
a decomposition [0,1] = Ai U • • • U A t and real numbers 04 , . . . , a t that the 
translates (Ai + ai), . . . , (A t +a t ) give a decomposition of (0, 1]. If we multiply 
these sets by [0, 1] we get the decomposition 


[0, 1] x [0, 1] = (Ai x [0, 1]) U • • • U (A t x [0, 1]) , 
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which can be transformed by translations in the direction of the rr-axis into 
((Ai + on) x [0, 1]) U • • • U {{At + at) x [0, 1]) , 
a decomposition of (0, 1] x [0, 1]. 

13. We notice that a proof virtually identical to the one given to Problem 12 
shows that if S' is a parallelogram that contains arbitrarily the points of its 
boundary, A is a subset of one of the sides of S, then S ~ S\ A. 

Given P, a planar polygon, decompose its boundary as A\ U • • • U A 2n 
where each At is a half of one of the sides. Then use the above argument to 
show that 


P ~ P\A\ ~ P \ {Ai U A 2 ) ~ . . . ~ p \ {Ai U • • • U A 2n ) 

(for every j we can find a small enough parallelogram in P \ {Ai U • • • U Aj) 

that includes A J+ i on its boundary). 

14. What we suppose is that P, Q can geometrically be decomposed into 
the subpolygons P[, ... ,P t . and Qi, . . . , Q t such that Q, is the ft- map of Pi 
via some congruences /j. The problem is with the boundary points. Each and 
every one of them can be multiply covered or not covered at all. First we assign 
the boundary points arbitrarily to one of the sets, so we have the partitions 
P = Pi U • • • U Pt and Q = Qi U • • • U Qt- (Notice that Qi = fi[Pi] does not 
necessarily hold.) Using Problem 13 we can equidecompose each Pi into its 
interior, Pi ~ int(P,) and similarly treat each Q t . Now we are done as clearly 
each fi maps the interior of Pi onto the interior of Q,. 

15. We show that E ~ Z if and only if A Z \ A for some finite A. For one 

direction, let A be finite. If A = {oi, . . . , a n } is its increasing enumeration, 
then Z \ A = (— oo, oi — 1] U [oi + 1 , 02 — 1] U • • • U [a n + 1, 00 ). To get a 
decomposition of Z it suffices to shift the second interval by 1 to the left, the 
next, by 2, etc., the last interval, [a n + 1, 00 ), will be shifted by n to the left. 

For the other direction, we show that if Z ~ Z\A then A is finite. Assume, 
therefore, that Z = Bi U • • • U Bk is a decomposition of Z and Z \ A = fi [£?i] U 
• • • U fk[B k ] where fc{x) = x + c* for i = 1, . . . , k. Put c = max(|ci|, . . . , | Cfc | ) . 
Let IV be a large natural number. Notice that /,;[£?,] n [—N,N] must include 
{Bi fl [—V + c, N — c]) + Ci so it has at least \B t n [—IV, N] \ — 2c elements. 
Adding up, we get that (Z \ A) fl [-N, N] has at least 


|(Bi U • • • U B k ) n [—IV, N] | - 2kc = 2N + 1 - 2 kc 


elements. As N can be arbitrarily large, |A| < 2 kc follows. 

16. (a) Assume that some nonempty H C Z n is paradoxical. By translating 
H we can assume that 0 £ H holds. By assumption, there is a decomposition 
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H = Hi U • • • U H t and there are vectors ci , . . . , c t £ Z" such that (Hi + ci) U 
• • • U (H t + c t ) covers every point of H twice and no other points. If we set 
/(x) = x + Cj for x £ Hi, then / : H — » H, /(x) — x £ {ci, . . . , c t } for every 
x e H, and every element of H is assumed twice by /. If g(N) = H^ j where 

H n = H n [—AT, AT]" for N = 0.1 then 1 = g(0) < g(l) < ■ ■ -. Let the 

natural number c be larger than all the coordinates of all the vectors ci c ( . 

As f~ l \H jv] C Hn+c we get g(N + c) > 2 g(N), which, by induction, gives 
g(Nc) > 2 N . But that contradicts the obvious inequality g(Nc) < (2Nc+l) n 
for N large. 

(b) Assume that the nonempty subset H of the Abelian group G is para- 
doxical. This means, that there is a partition H = Hi U • • • U H t and there are 
elements gi, . . . , gt £ G that the sets (Hi + g \ ) , . . . , (H t + g t ) cover every ele- 
ment in H exactly twice (and no other element). Set f(x) = x+gt for x £ Hi. 
Then f : H H , f(x) — x £ {gi, . . . , g t } for every x £ H, and every element 
of H is assumed exactly twice by /. We can assume that 0 £ H. Let A be 
the subgroup of G generated by gi, . . . , gt. Then / maps H n A to H n A and 
has exactly the same properties as /; therefore, the nonempty H n A is para- 
doxical, as well. We reduced, therefore, the problem to the finitely generated 
case. 

By the fundamental theorem of finitely generated Abelian groups, A is the 
direct product of finitely many cyclic groups, that is, isomorphic to B x Z” 
where n is a natural number and B is a finite Abelian group, n > 1 as a finite 
set obviously cannot be paradoxical. 

Set g(N) = \H n \ where H N = H n (B x [~N,N] n ) for N = 0,1, 

Again, 1 = g(Q) < g(l) < ■ ■ ■. Let the natural number c be larger than all the 
coordinates in the Z n part of all the vectors gi , . . . , g t . As / -1 [Hn] C Hn +c we 
get g(N + c) > 2g(N), which as above gives g(Nc ) > 2 N and that contradicts 
the obvious inequality g(Nc ) < |-B|(2AT + 1)” for N large. 

(c) Assume that the nonempty H C R is paradoxical with congruences. 
This means that there is a decomposition H = Hi U • • • U H t and there exist 
functions fi : Hi — > H of the form fi(x) = x + c,; or fi(x) = —x + c, such that 
fi[Hi ], . . . , ft[H t ] cover every element of H exactly twice. Pick a £ H. Let A 
be the additive subgroup of R generated by a, ci , . . . , Ct . A is isomorphic to Z n 
for some n > 1 and as A is closed under the functions fi, A n H is a similarly 
paradoxical set in Z ra where now in Z" we consider the bijections generated 
by translations and the reflection x i— >■ —x. Now, as above, if the coordinates 
of the elements ci, . . . , c* in Z n are bounded by c, and g(N) = \H n [-N, iV] n | 
then g(N) > 0 for N > N 0 , and g(N + c) > 2g(N), which gives rise to an 
exponential growth of g, an impossibility. 

17. (a) Let the generators of F 2 be x and y and let 1 C consist of those 
words that start with a power (positive or negative) of x. Then, the words in 
yA, y 2 A, . . . start with y, y' 2 , . . . respectively, so they are disjoint, dyA A Fy. 
On the other hand, xA contains 1 and every word that starts with a power of 
y, so A U xA = F 2 . 
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(b) Consider p, the rotation around axis z with angle cos 1 1 and ip, the 
rotation around axis x with angle cos -1 That is, 


1 =f2^0' 

1 

'3 0 O' 

±2s/2 1 0 

and ip ±x = - 

0 1 =F2-\/2 

0 0 3 

3 

0 ±2^ 1 


We show that no nontrivial product of powers of p and ip is the identity. 
Assume that w = g n ( Jn - i • • • gi is such a product. Suppose first that only ip 
occurs in it. We can assume that w = ip n with n > 0. By induction on n we 
get that ip n ( 0, 0, 1) = S(0, b n y/2, c n ) where b n , c n are integers, in fact bo = 0, 
Co = 1, b n+ i = b n — 2 c n , and c n +i = 4 b n + c n . Again, induction shows that if 
n > 0 is odd, then b n = c n = 1 (mod 3), if n > 0 is even, then b n = c n = 2 
(mod 3), so whenever n > 0 then ^"(O,!), 1) ^ (0,0, 1) holds. 

We can assume, therefore, that p ±A properly occurs in w. We show that 
w(l,0,0) ^ (1,0,0). As ^>(1,0,0) = (1,0,0) we can assume that g\ = p^ 1 . 
Set no = (1,0,0) and u* + i = <ji+\{vi) for 0 < i < n. Induction gives that 
Vi = (a*,6*-\/ 2,c,)/3* where a*, 6*, c* are integers, and in fact, if v* + i = ¥> ±:L (u*), 
then 

a*+i ^ di T 4 bi, 
bi + 1 = ±2a* + b t , 

Ci+ i = 3 c*, 

If, however, i>* + i = ip^ivp), then 
flj+i = 3a i, 
b i+ t = h - F 2c i; 

Ci+ 1 =Ci± 46*. 

We prove that bi is not divisible by 3 for i > 0 (and therefore it cannot be 
0). As gi = p ±r , (ai,&i,ci) = (1,±2,0), we have this for i = 1. We complete 
the induction by considering cases. 

• if gi = p ±x , g t - 1 = ip ±l , then b i+ 1 = ±2a* + bi = ±2 • 3a*_i + bi = bi 
(mod 3), 

• if gi = ip ±1 , gi-i = p ±x , then 6* + i = 6* = F 2 c* = 6, T 6c*_i = bi (mod 3), 

• if gi = g ^ i = p ±x , then 6*+i = ±2a* + 6* = ±2(a»_i =F 46*_i) + 6* = 
— 86*_i ± 2a*_i + bi = {pi i ± 2a»_i) + bi = 26* (mod 3), 

• if g t = g ^ i = ip ±x , then 6*+i = 6* =F 2 c* = 6* =F 2(c*_i ± 46*_i) = 6* =F 
2cj_i — 86*_i = bi =F 2cj_i + 6*_i = 26* (mod 3). 

(c) Let p, ip be two independent rotations around the center of S 2 as 
in part (b). Let x,y be the generators of F 2 . If w = x n °y rn ° ■ ■ ■ x TH y mt is 
some element of F 2 , set g{w) = p n °ip m ° ■ ■ ■ p nt ip mt , this gives an isomorphic 
embedding of F 2 into the group of rotations of S 2 . Notice that A = {x G 
S 2 : g{w){x) = x. some 1 p w 6 F 2 } is countable, therefore S 2 ~ S 2 \ A by 
Problem 10. Set B = S 2 \ A. It suffices to prove that B is paradoxical. Define 
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the following equivalence relation on B: x £ B is equivalent to y £ B if and 
only if g(w)( x) = y for some w £ FV Then B decomposes into (countable) 
equivalence classes; B = {J{Bj : j 6 J}, and pick an element bj £ Bj from 
every class (this is the point where we use the axiom of choice). 

As F 2 is paradoxical by part (a) and Problem 8, there are a decompo- 
sition F 2 = A\ U • • • U A t and elements uq , . . . , w t £ F 2 such that the sets 
W\A \, . . . , w t A t cover every element of F 2 exactly twice. 

Set 

31 = U {»(«■')(&?) '■ w £ Ai, j £ J} 

for i = 1 ..... /. Then B = B 1 U • • • U B f is such a decomposition that the 
rotated sets g(wi)[B 1 ], . . . , g(w t )[B t ) cover every point of B exactly twice, 
i.e., B ~ 2B. 

(d) It suffices to show that A ~ S 2 . As A has inner points, it includes 
a small open set, so finitely many, say n rotated copies of it cover S 2 . Thus 
S 2 A nA. As S 2 is paradoxical, nS 2 A S 2 , so we get nS 2 A ri A. By Problem 
6 this gives S 2 A A and as obviously A A S 2 , we get, using Problem 4, that 
S 2 ~ A. 

(e) First we show that the centerless unit ball, 

B' = {(x,y, z) : 0 < x 2 + y 2 + z 2 < l} , 

is paradoxical. By part (c), if A = {(2, y, z) : x 2 + y 2 + z 2 = l}, then A can 
be partitioned as A = AiU- • -UA n and there are rotations (around the origin) 
ipi,. . . ,ip n such that in tpi [Ai]U- • -U<pi [A n ] every point of A is covered exactly 
twice. We set 


B( = {(rx, ry , rz) : 0 < r < 1, (x, y, z) £ A*} . 

Then B' is partitioned as B' = Bj U • • • U B' n and in tp\ [B'i] U • • • U y> n [B' n ] 
every point of B' is covered exactly twice, that is, B' ~ 2B'. 

Finally, as clearly B' rf B 3 G 2B' we get that B 3 is paradoxical, by Prob- 
lem 8. (Alternatively, we can get B' ~ B 3 , by considering a segment inside 
B 3 one of whose endpoints is (0,0,0), and applying Problem 11.) [S. Banach, 
A. Tarski: Sur la decomposition des ensembles de points en parties respective- 
ment congruents, Fund. Math, 6(1924), 244-277] 

(f) Let D be a ball small enough such that both A and B include a trans- 
lated copy of D. Let n be a natural number large enough that both A and B 
can be covered by n copies of D. Then D A A A riD and, as D is paradoxical 
by part (d), nD ~ D, so A ~ D holds by Problems 2 and 3. Similarly B ~ D, 
so by Problem 1, A ~ B. 

18. We can assume that e < 5. Let A, B be subsets of the {( x,y,z ) : z = 0} 
plane. Let r > 0 be large enough that the disc D = {( x,y ) : x 2 + y 2 < r 2 } 
covers both A and B. Let E be the upper half-sphere above D, that is, 
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E = {{x,y,z) : x 2 + y 2 + z 2 = r 2 ,z > 0} . 

Notice that the projection n (x, y, z) = (x, y) is a bijection between E and D. 
Let S > 0 be a small number (<5 = ^ suffices). The mapping gg(x, y) = (6x, 6y) 
is a ^-contraction from D to Dg = {(x,y) : x 2 +y 2 < S 2 r 2 }, the disc of radius 
5r around the origin. Set F = 7r _1 [Dg], a small set around (0,0,r), the North 
Pole of E. The connecting line of any two points of F has angle < \ with 
our original plane. Therefore, 7r _1 on Dg can multiply distances by at most 
cos_1 (f ) = V2. This implies that the composed mapping i r _1 o gg is still an 
e-contract on A. 

The sets A* = 7r _1 o gg[A\ and B* = 7 r _1 [B] are subsets of E with inner 
points. Therefore, by Problem 17 part (d) A* ~ B*, that is, there are de- 
compositions A* = A\ U • • • U A* and B* = B* U • • • U B* and congruences 
fi : A * —> B*. If we set Ai = gj 1 o 7 r[A*] and B t = 7r[S*], then hi : A t -» B t 
is a bijection, where hi = n o fi o 7r _1 o g$. Also, /i, is an e-contract, as 7 r _1 o gg 
is an e-contract, fi and 7 r are 1-contracts. [W. Sierpihski: Sur un paradoxe de 
M. J. von Neumann, Fundamenta Mathematicae, 35(1948), 203-207] 
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Stationary sets in ui± 


1. If A C uq is finite then aq \ A is a club if and only if A contains only 0 and 
successor ordinals. Indeed, as the limit of any sequence (of distinct elements) 
is a limit ordinal, if A excludes limits then uq \ A is closed. On the other hand, 
if a £ A is limit, then every sequence a n — >• a has a tail in oq \ A so oq \ A is 
not closed. 

2. 

(a) Yes. Indeed, if A n C ^ 0 holds for every club set C, then it holds for B 
as well. 

(b) No. Set A = (w,uq) and B = [0,w) U (w,uq). A is a club, but B is not 
even closed. 

(c) Yes. This is just the contrapositive form of (a). 


3. Assume that Co , C \ , . . . are club sets, we are to show that C = Cq (~l C\ D • • • 
is a club set, too. 

Closure is immediate: if a n — > a, a n € C, then a € holds for / = 0 , 1 , . . .. 
so a € C, too. 

For unboundedness assume that 0 < u>\. Recursively choose 0 < a\ < 
a 2 < ■■■ such that if n = 2*(2j + 1) then a n € C{. This is possible as 
each Ci is unbounded. Set a = lim n a n . For every i < ui there is an infinite 
subsequence of {a\,a ^, . . .} from C), so as a n — )• a, we get a £ Ci, that is, 
a e C. 


4. Assume that Nq,N\,... are nonstationary sets. By definition, there exist 
club sets Co, Ci, . . . such that iVj n Ci = 0 (i < u>). Set N = Nq U Ni U • • •, 
C = C'o fl Ci fl • ■ ■ . By Problem 3, C is a club, clearly C fl N = 0, so N is 
nonstationary, as claimed. 
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5. One has to show that (S (~l C) fl D ^ 0 if D is a club. Indeed, C fl D is a 
club, so S n (C 0 D) ± 0. 

6. Closure is easy: assume that a n — > a and a n £ C = \/{C a : a < ui\ }. For 
every 0 < a an end segment of {«o, ai, . . .} is in Cp (namely all terms that 
are greater than 0) so their limit, a is in Cp, as well. As this holds for every 
0 < a, we get a £ C. 

For unboundedness let 0 < be given. Select, by recursion, the elements 
0 = ao < ai < ■■ ■ such that a n+ \ £ 01^7 : 7 < a n} (possible as by 
Problem 3 the intersection of countably many club sets is unbounded again). 
Let a = lim n a n . We claim that a £ C. Indeed, if 7 < a then, for some n, 
7 < a n < cr n+ i < • • • < a holds, so o. n +i , (* n + 2 - ■ ■ ■ are a H i n , therefore 
a £ C 7 . As this holds for all 7 < a, a £ C holds. 

7. For closure, assume that ocq < ai < ■ ■ ■ are from C(J) and a = lim n a n . 
in order to show that a £ C(f) assume that 0\, . . . , 0k < 01 . There is some n 
that 0i, . . . ,0k < a n holds, so f(0i, . . . , 0k) < a n < a and we are done. 

For unboundedness, let 0 < u)\ be given. Select 0 = op <07 < ■ ■ ■ in such 
a fashion that ak+ 1 is a strict upper bound for the countable set 

{/(/?!,..., 0 n ) 0 n <a k }. 

If a = Urn*, ai- then whenever 0i, ... ,0 n < a then for some k < u> we will 
have 0i, ...,0 n < ak so f(0i , . . . , 0 n ) < ak + 1 < a, so a £ C(f) holds. 


8 . For a < u> 1 let f(a) be the least element of C, strictly above a (and define 
/(a 1, . . . , a n ) arbitrarily for n > 2). We show that C(f) \ {0} C C. Assume 
that 7 £ C(f) \ {0}. 7 cannot be successor, as if 7 = 0+1 then 0 < 7, 
so f(0) < 7, an impossibility. So 7 is limit, and select a sequence 70,71, . . ., 
converging to 7. For every n < w, 7„ < /( 7 n ) < 7, that is, 7 is the limit of 
/( 70), /( 71), . . ., and, as these ordinals are elements of C, so is 7. 

9. Assume that / : uq — » u>\ is strictly increasing and C is its range. As 
/(a) > a for every a < tui, C is unbounded. Assume that oq < «i < ■ ■ ■ are 
from C and a = lim n a n . Then a n = f(0 n ) for some 0 n , and 0o < 0i < ■ ■ ■ as 
/ is strictly increasing. Set 0 = \im n 0 n . Then f(0) = a holds by continuity, 
and we are done. 

For the other direction let C C u> 1 be a club set. Define / : uq — > u>\ the 
following way: f(a) = the atli element of C. Clearly, C is the range of / and / 
is strictly increasing. For continuity, assume that 0o < 0\ < ■ ■ ■ and 0 n — > 0. 
Set a n = f(0 n )- Then ao < an < • • • and if a n — > a, then a £ C, so it is the 
/3th element of C, therefore a = /(/ 3). 

10. The continuity of / and g guarantees that {a : f(a) = g(ct)} is closed 
(if a n a then /(a) = lim n /(a n ) = lim n g(a n ) = g(o0). Toward showing 
unboundedness let 0 < u>i be given. Define the sequence ao < ai < • • • 
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the following way. ao = 0 and for n < u, a n +i is greater than f(a n ) and 
g(a n ). Set a = lim n a n . Then, by monotonicity, a < f(a),g(a), and also 
f(a) = lim„ f(a n ) < a, g(a) = lim„ g(a n ) < a hold. Therefore, 0 < a and 
f(a) = g(a). 

11. Assume that ao < £*i < • • • are epsilon numbers, a = lim n a n . Then 
a = lim a n = lim u) an = u > a , 


and this gives closure. 

Toward proving unboundedness assume that 0 < uq. Define the sequence 
0 = ceo < cti < • • • by taking a n+ i = w“ n . Unless 0 is an epsilon number (in 
which case we are done), this sequence is strictly increasing. Therefore, for 
a = lim n a n we have 


“ = limu>“ n = lima„_)_i = a. 


12. Assume the statement is false. Then for every ordinal a < ui i there is a 
bound g(a) < uq such that if £ is greater than g(a) then /(£) ^ a. Define 
the sequence 0 = ao < a\ < ■ ■ ■ as follows. For every n < ui, the ordinal a n +i 
is greater than g(0) for every 0 < a n . This is possible, as every countable 
set of countable ordinals is bounded below uq. Set a = lim n a n . Now we are 
in trouble with f(a): if 0 = f(a), then 0 < a by condition, so 0 < a n for 
some n, but then a, an element of f~ 1 (0), must be smaller than a n+ \ < a, a 
contradiction. 

13. If, on the contrary, every value is assumed only countably many times, 

then there is a function g such that for a < uq, g(a i) is an upper bound for 
the countably many elements of By Problem 7 there is a club set 

C(g) such that if a < 0 € C(g ) then g(a) < 0 holds. Pick a e S fl C(g), 
a > 0, and let 0 = f(a). Then 6 < a (as / is regressive) and a < g(0) but 
that contradicts a £ C(g). [W. Neumer: Verallgemeinerung eines Satzes von 
Alexandrov und Urysohn, Math. Z., 54(1951), 254-261] 

14. As N is nonstationary, there is a club set C, disjoint from N. For a € N, 
a > 0 let f(oe) = sup(Cna). Clearly, / is regressive. Notice that f(a) = 0 if a 
is smaller than the least element of C. To show the property required assume 
that 0 < oq. Choose some element 7 £ C, with 7 > 0. Then f(a) > 7 > 0 
holds for a £ N, a > 7 , that is, all elements of f~ 1 (0) are below 7 , and so 
f~ 1 {0) is countable. 

15. We first show that for every a < uq there is a regressive function g a : 
(0, a] — >• [0, a) that assumes every value at most twice. In order to prove this 
by transfinite induction, we will only consider ordinals of the form a = u> ■ 0, 
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indeed, if a < u> ■ 0, then the restriction of g u .p to (0, a] is appropriate. Also, 
we require that infinitely many values in [0, a) be taken at most once (this 
will be our inductive side condition). 

For 0 = 1 we can take f w (n + 1) = n, f u (uj) = 0. 

To proceed from 0 to /? + 1, if g^.p is given, we define 

f 9»*(0; for£<w-/l; 

9w-p+u(0 = < u ■ 0 + n, for £ = w • /? + n + 1; 

uj ■ 0, for £ = w ■ 0 + u). 

If 0 is limit, we can present it as a sum 0 = 0o + 0i H of nonzero smaller 

ordinals. Now set, for £ < u> ■ 0i, 

du-piy 1 • (0o + • • • + H-i) + £) = u> • (0o + • • • + 0i- i) + gwpM)i 


and let g u .p(w ■ 0) be any of the infinitely many values < ui ■ 0 that are taken 
at most once. 

Turning to the solution of the problem, let N be a nonstationary set. We 
can as well assume that 0 ^ N, and so 0 € C, where C is a closed, unbounded 
set, disjoint from N. Let C = {75 : ^ < Cl-'i} be the increasing enumeration of 
C. For every £ < u>i let <5^ be the unique ordinal such that 75+1 = If 

we now define 

/( 7£ + a) = 7? + gs ( (a) 

for a < <$£, then / is a regressive function on uq \ C, and as it maps (7^, 7^+1) 
into [7^,7|_|_i), and these intervals are disjoint, it will have the property that 
every value is assumed at most twice. [G. Fodor, A. Mate: Some results con- 
cerning regressive functions, Acta Sci. Math., 30(1969), 247-254] 

16. First solution. Let / be a putative counterexample on the stationary set 
S. Then for every a < uq there is a club set C a such that / _1 (a) fl C a = 0. 
Set C = V { C a : a < Wi}, the diagonal intersection. By Problem 6 this C is 
a club set. Pick a £ C fl S, a > 0. Let 0 = f(a). This gives a contradiction: 
0 < a, a £ Cp, so a ^ C, either. 

Second solution. We use the characterization of stationary sets given in 
Problems 13 and 14: a set A C uq is stationary if and only if every regressive 
function on A assumes some value on an uncountable set. For a proof by 
contradiction let S C oq be a stationary set and / : S — > uq a regressive 
function, such that every / -1 (a) is nonstationary, so let f a : f~ 1 (a) — > oq be 
a regressive function that assumes every value countably many times. Then 
g(£) = max (/(£), //(f)(0) is a regressive function on S, so there is a value, 
say 7, which is assumed on an uncountable set X. For £ £ X, /(£) < 7 holds, 
so by the pigeon hole principle there is an uncountable Y C X, such that 
/(£) = 5 for £ e Y. For £ e Y we have /$(£) < 7, so fs(£) = e for £ e Z, with 
Z uncountable, a contradiction. 
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17. First solution. Decompose S as 

S = S 0 US 1 U--- with S n = {a € S : |F(a)| = n} . 

As the union of countably many nonstationary sets is nonstationary, we 
can consider an S n that is stationary. For every a € S n , let F(a) = 
{/i( a) , . . . , f n (a)} be the increasing enumeration. With n successive appli- 
cations of Fodor’s theorem (Problem 16) we get a stationary set S* C S n and 
ordinals 71 < • • • < 7„ such that for a £ S*, fi(a) = 71 , . . . , /„(a) = 7 n hold. 
That is, F(a) = s for a £ S*, where s = {71 , . . . , j n }. 

Second solution. Let g be a function that codes, in a one-to-one fashion, the 
finite sets in uq into countable ordinals (identifying finite sets with increasing 
sequences). For example, 5(0) = 0, g( 71 , . . . ,7„) = uP n + • • • + u > 71 is one 
possibility. By Problem 7 there is a club set C that is closed under g, that 
is, if 71 < • • • < 7„ < a € C then g( 71 , . . . ,7„) < a holds. S' = S fl C is 
stationary, and on S' we consider the regressive f(a) = g{F{a)Y By Fodor’s 
theorem /(a) = 7 on a stationary subset S* of S', and clearly F assumes the 
finite set g~ x { 7) on S*. 

18. Suppose the player can play through uq steps. The coin that she inserts at 
step 0 < a < u>i must have been obtained at some step f(oe) < a. By Problem 
13 there are a value r and uncountably many a such that /(a) = r. But that 
means that at step r the machine returned uncountably many quarters, a 
contradiction. 

19. First solution. If not, then every subset of uq is either nonstationary or 
includes a closed, unbounded subset. If a < uq, let f n (a ) — > a be a sequence 
converging to a. By Fodor’s theorem (Problem 16) for every n < u> there 
is a 7 n such that X n = f~ 1 ( j n ) is stationary. By our hypothesis, every X n 
includes a club subset, hence so does X = f){X n : n < uj} (Problem 3). But 
then the elements of X are all the limits of the same convergent sequence 
(7 n) n<u , an impossibility. 

Second solution. If not, then every subset of uq is either nonstationary 
or includes a closed, unbounded subset. Let a i->- f(a) = (fo(a), . . .) 

be an injection of uq into “{0,1}. For every i < ui there is, by our indirect 
assumption, a unique e* = 0 or 1, such that A, = {a- : f,{a) = e , } includes 
a club subset. But then, as the intersection of countably many club sets is 
closed, unbounded again, for club many a we have f(ct) = (eo,ei, • • •) which 
is impossible, as there is at most one ordinal a with f(a) assuming this fixed 
value. 

20. We can assume that / maps into (0, 1) (by composing the original function 
with a monotonic R — » (0, 1) mapping). For every limit a < oq, 1 < n < u>, 
there is a g n {ot) < a such that the oscillation of / in (g n (a), a) is at most 
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By Problem 12 there are and uncountable X n such that g n {<F) = 7 n 
for a £ X n . As X n is unbounded, / oscillates at most ^ in (7„,oq), and if 
7 = sup n 7 ?( then the oscillation of / in (7, aq) is 0, i.e., it is constant there. 

21. See the previous proof. See also Problem 8.43. 

22. Assume that d is a metric on the ordered 07. For 1 < n < aq if a < oq 
is limit, there is some / n (a) < a, such that d( f n (a). a) < By Problem 12 
there exist 7„ and uncountable sets X n such that /„(a) = 7n for a £ X n . Let 
C n be the closure of X n . C n is closed and as X n C C n it is uncountable, so it 
is closed, unbounded. As d(7„,a) < } for a £ X n , the diameter of X n , and 
therefore of C n , is at most So the diameter of C = C± fl C 2 (~l • • • is 0, and 
this contradicts that G, a club set, has more than one point. 

23. (a) We start by noticing that a x /3 is normal for a, (3 countable (it can 

be embedded into R x R). Assume that Fq , Fi C a x oq are disjoint, closed 
sets. For (3 < a, i < 2 set K$0) = {7 < : (f3, 7) £ F*}, and set (3 £ Hi 

if Ki(/3) is uncountable. Notice that K i (f3) is always closed and so if f3 £ H t 
then Ki((3) is a club subset of u>i. As Fq, Fj are disjoint, so are Fo(/3), Ki(/3) 
for (3 < a, therefore Hq n H\ = 0. We further claim that Ho, Hi are closed. 
Indeed, let x n x, x n £ Hi ( n < u>). If 7 € Ki(x 0) fl Ki(x 1) fl - - -, then 
(x n , 7) £ Fi for all n, and since F t is closed, it follows that (2;, 7) £ Fi. Thus, 
C C Ki(x) where C is the closed, unbounded, therefore uncountable set of the 
limit points of Ki(xo) (~l Ki(xi) fl • • •, so x £ H,. Let 7 < wi be large enough 
to bound every bounded Fj(/3) (i < 2, fi < a). Now a x u>i splits into the 
open components ax (7 + 1) and a x [7 + l,u>i). It suffices to separate Fo, 
Fi in both of them, separately. The first space is normal, as we have seen. 

Let 7T denote the projection to the first coordinate in a x [7 + 

7 r((x, y)) = x. Then H 0 = 7t[F 0 ], Hi = -^[Fl] are disjoint, closed subsets of a. 
They can, therefore, be separated by disjoint open sets: Fq C Go, Fi C Gi, 
Go fl Gi = 0, and then the disjoint, open 7r _1 [Go], 7 t _ 1 [Gi] will separate Fo, 
Fi. 

(b) Let Fo, Fi be disjoint closed sets in ui\ x oj-i . Assume first that for every 
a < (jj\, both sets have points in [a, uj\) x [a, 07). Then, we can select by induc- 
tion the points ( xo,yo ), {x\,y\), . . . such that ma x(x n ,y n ) < min(x n+ i,t/„ + i) 
for n = 0,1,. .., (X 2 n,y 2 n) & F 0 and (x 2n +i,y 2 n+i) e Fl (n = 0,1,. . .). Then 
the two increasing sequences xo,xi, . . . and yo,yi, ■ ■ ■ converge to the same 
ordinal a and (a, a) £ F 0 n Fi a contradiction. We have, therefore, that for 
some a < oq, either Fo or Fi has no elements in [a,uq) x [a, aq). Then we 
have to separate Fq, Fi in the disjoint components [a + l,uq) x [a + l,aq), 
(a + 1) x aq, [a + 1, aq) x (a + 1). In the first set this is trivial (one of them 
is the empty set), the other two are treated in part (a). 

24. Set 

F 0 = {oq} xui = {(uq,a) : a < aq}, 
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Fi = {(a, a) : a < 07} . 

We show that they are disjoint, closed sets that cannot be separated. It is 
obvious that Fq n Fi = 0 . F 0 is closed as its complement is the union of the 
open sets of the form a x u>\ (a < u>i). fj is closed as its complement is the 
union of the open sets of the forms a x or (a,u> i] x a (a < 07). 

Assume that Go 2 -Fo, 2 Fi are disjoint open sets. For every limit 
oi < ui\ there is some f(a) < a such that 

(f(a),a\ x (/(o),a] C G t . 

By Problem 13 there are 7 and an uncountable X such that f(a) = 7 holds for 
a £ X. Then, Gi includes (7, u> 1) x (7, 07), the union of the sets (7, a] x (7, a ] 
for a £ X. But every point in {07 } x (7, 07 ) is a limit point of this latter set, 
so Go D Fq cannot be disjoint from Gi. This contradiction proves the claim. 

25 . Enumerate the sets as {A a : a < 07} with min(A a ) strictly increasing. 
Clearly, min(A a ) > a. We claim that the union 

A = |^J{A a+1 : a < 07} 

is nonstationary. If it was stationary, then the regressive function f(x) = a 
for x € A a+ 1 would assume a value on a stationary set by Problem 16 , but 
this contradicts the assumption that every A a+ i is nonstationary. [G. Elekes] 

26 . Fix, prior to the game, the distinct reals {r a : a < u\} C [ 0 , 1 ]. What 
II has to do in her nth step is to force {r a : a £ A ^ n+ -\ } into an interval 
of length l/2" +1 . We show by induction that this can be done. Assume that 
{r a : a £ A'2 n } is in some interval [x,y\ of length 1 / 2 ”. Then one of { a £ 
Ain '■ fa G [aj, ^y 1 ]} and {a £ A 2n : r a £ [^jjr^y]} is stationary so can be 
chosen as A 2 n+ i . Now Ao fl A\ D • • • can only contain one point. 

27 . Assume that the stationary sets {A a : a < u> 2} have pairwise nonstation- 
ary intersections. For a given a < u>2 enumerate a as a = {7^(0) : £ < 07 }. 
Define 

B a = A a n (J {A^ ia) \ (4+:l) : C < W }. 

This set is nonstationary for the following reason. If it was not, then for every 
x £ B a . there was a £ < x such that x £ A^^ a y The regressive function x i-> £ 
assumes — by Fodor’s theorem — a constant value £ on some stationary set, but 
then that stationary set would be a subset of the nonstationary A a n A rs ( ct ), 
a contradiction. 

We can now consider the system {A a \B a : a < 0J2} of stationary sets. We 
show that the pairwise intersections are countable: if (3 < a, say 6 = 7f(a), 
then 


(A f 3 \ Bp) n (A a \ B a ) CA 0 n (A a \ B a ) C ^ + 1 . 
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28. Assume that {C a : a < <u 2 } are closed, unbounded sets in lo\ . First, we 
claim that there is some a < u> 2 such that for every £ < uq there are H 2 indices 
0 that Cp (~l £ = C a fl £ holds. Indeed, otherwise, for every a there is some 
£ < such that only for at most Hi values of 0 does Cp fl £ = C a fl £ hold. 
By the pigeon hole principle, for H 2 many a < u > 2 the same £ < uq applies. 
As CH holds, for H 2 many a < w 2 the sets C a fl £ are identical (there are only 
Hi subsets of £). But this is a contradiction to the stated property of £. 

Let a < u >2 have the above property. Choose, by transfinite recursion, 
distinct ordinals {0£ : £ < uq } as follows. If {0^ : £ < £} are already chosen, 
then let 0£ £ [0^ : £ < £} be such that fl (£ + 1) = C a fl (£ + 1). Set A = 
P|{C/3 £ : £ < u> 1}. As it is the intersection of closed sets, A is closed. In order to 
show that A is also unbounded, we prove that C a \ A is nonstationary. Indeed, 
if x E C a , but x A then there is some £ that x £ C^. Here we cannot have 
a: < £ for then x E C a n(£+1) = Cp ( f~l(£+l) C Gp ( would hold, so £ < x. That 
is, the mapping a; 1 — ^ is regressive, and as clearly it assumes every value on a 
nonstationary set (£ on a subset of (ni\CpA, its domain must be nonstationary, 
as well by Problem 16. [F. Galvin, cf. J. E. Baumgartner, A. Hajnal, A. Mate: 
Weak saturation properties of ideals, Coll. Math. Soc. J. Bolyai 10, Infinite 
and Finite Sets, Keszthely, 1973, 137-158] 

29. Assume that {/ a : a < <u 2 } are oq — > u> functions such that // 3 and f a 
differ on the closed, unbounded Dp a for 0 < a < w 2 . By taking diagonal 
intersection (see Problem 6) of the sets {Dp a : 0 < a} we can get a closed, 
unbounded C a such that for 0 < a fsif) 7^ fa. (A) on 311 end segment of C a . 
Assume that for v < uq the function h v : v IJ {z/} — > cj is an injection. For 
a < w 2 , £ < uq let 8 = sup(C a fl£) (with sup(0) = 0), g a (£) = (h^(S), f a (S)). 
That is, g a : uq — t u x u. We show that if 0 < a < w 2 then g a , gp are 
eventually different. Assume that gpiQ = g a ( £)• Then, the corresponding S 
values are the same and also fp(8) = f a (S) holds for this common value 8. 
We get, therefore, that £ < S', where S' E C a is so large that fp( 7) ^ fail) 
holds for 7 E C a , 7 > S'. [R. Jensen] 

30. Define / with the following property: if 7 < uq is 0 or a limit ordinal, 

then let / restricted to [7, 7 + u) assume every value below 7 + u (and of 
course, we must make / regressive). To show that / is, indeed, as required, 
assume that a < uq is a limit ordinal. Then it is of the form a = uj ■ 0, 
and if here 0 is a successor ordinal, say 0 = 7 + 1, then a = (w • 7) + w. 
where u> ■ 7 is 0 or a limit ordinal. In this case simply select aq = ■ 7, then 

inductively find a n a n+ 1 < w ■ 7 + u with the property that f(a n+ 1) = a n . 
Clearly, this sequence converges to a. If 0 is not a successor ordinal then it 
is a limit ordinal, and then first select an increasing sequence 0 n —¥ 0. Then 
U) ■ 0 n converges to u> ■ 0. Set op = ■ 0o, and inductively let a„+i be the 

unique ordinal in [u>- 0 n ,u>- 0 n +u>) for which f{a n . |_i) = a n holds. This can be 
done, and the sequence {a n } must clearly converge to a. [J. E. Baumgartner] 
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1. Assume that n < n and {C^ : £ < /i} are club sets, we are to show that 
C = P|{Q : ^ < /i} is a club set, too. 

Closure is immediate, in fact, the intersection of an arbitrary number of 
closed sets is closed as well. 

In order to show unboundedness, assume that /3 < n. Recursively define 
p = ao < ol\ < • • • such that every Cj has a point in each interval [a,; , cq+i). 
This is possible as the C^’s are unbounded and every set of at most \x points 
is bounded. Set a = sup{aj : i < uj). Then, for each £ < /i, a is the limit of 
points in Cj, therefore a £ C^, so a £ C as well. 

2. Let B be the set of ordinals specified in the problem. It is immediate that 
B is closed. For unboundedness, let a < k be arbitrary, we are going to find 
P £ B, p > a. If a £ B, we are done. Otherwise, select inductively the ordinals 
a = ao < a.\ < • • • in such a way that the order type of C fl a n +i is exactly 
a n . As the order type of C is k, this is possible, and induction gives that this 
sequence is strictly increasing, and so C fl {ot n +\ \ a n ) ^ 0 for all n. Hence, if 
ft is the limit of the sequence, then C fl ; /3 is cofinal in /?, and the order type 
of C fl ft is the limit of the order types of C fl a n , i.e., it is fi. That is, /3 £ B, 
and we are done. 

3. For the forward direction, assume that / : [k] <w — [ k ] <k . To show 
that C(f) is closed, assume that a T £ C(f) for r < /q a T — >• a < k. If 
Pi , . . . ,P n < a, then pi, , p n < a T holds for some r < /i, and as a T £ C(f), 
f(Pi, ■ ■ ■ , P n ) C a T C a holds. 

To show that C(f ') is unbounded, let P < k be given. We define the 
increasing sequence p = a o < oq < • • • where a, + i > cq is a bound for every 
/(s), s £ \ai\ <w : f(s) C cq+i. Such an aj + i exists as the union of < k sets 
each of cardinality < k is bounded below k. If we set a = lim{a,; : i < w} then 
a. £ C(f), as every finite set s C a is in some on, therefore f(s) C cti + 1 C a. 
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For the other direction, let C C re be a club. Set f(a) = min (C\ (<*+!)), 
that is, the least element of C which is strictly larger than a. In order to show 
that C(f) \ {0} C C, pick 7 e C(f), 7 > 0. Clearly, 7 > /( 0). If 7 g C, 
then 7 > /( 0) 6 C, so <5 = sup((7 n 7 ) exists and clearly is in C. But then 
5 < 7 < f(S), and so 7 ^ C(f), a contradiction. Thus, we must have 7 £ C. 

4. By Problems 1 and 3 for almost all a the set {o 7 : 7 < a} is closed under 
all operations of A hence it is a substructure. 

5. Set C = {a < k : /3 < a — > a £ Cp}. For closure, assume that a T — > a for 
r < p, a T £ C. If (3 < a, then there is an rj < p such that (3 < a T < a holds 
for r] < t < /i, therefore a T £ Cp, so (as Cp is closed) a £ Cp. 

For unboundedness, let (3 < re. Define, by induction, the sequence (3 = 
ao < oil < ■ ■■ where a^+i > a, is in f){C^ : £ < a^} (possible, by Problem 
1). Set a = sup{a,; : i < a;}. Then, if 7 < a, there is some i < lo such that 
7 < ap Now, a!j+i, aj+ 2 , . . . G Cj by construction, so a £ C 1 . 

6 . Assume that {N a : a < p\ are nonstationary sets in k (// < k). By 
definition, there exist club sets C a such that N a n C Q = 0 (a < n). Set 
N = (J{-^a : ol < /r}, C = P| {C a : a < /r}. By Problem 1, C is a club, clearly 
C (~l N = 0, so N is nonstationary, as claimed. 

7. One has to show that (S fl C) fl D ^ 0 if D is a club. Indeed, C n D is a 
club, so S n (C O D) ± 0. 

8. We have to show that every club set C C k contains an element with 
cofinality /j. Indeed, choose a strictly increasing sequence [a T : t < p} of 
elements of C (possible, as C is unbounded in «), then a = sup{a T : r < //} 
is in C by closure, and obviously cf (a) = /i. The set in question will be a club 
set if and only if /i is the only regular cardinal below re, that is, if /i = cc? and 
n = u>\. 

The set {a < re : cf (a) < /r} is a club set exactly when p is the largest 
regular cardinal that is less than re, i.e., when n = . Finally, {a < re : 

cf (a) > /ii} is a club set exactly when p is the least (infinite) regular cardinal 
below re, that is, when p = u> and re > ui is arbitrary. 

9. Assume the stationary S C re and the regressive / : S — )• re contradict 
the statement. Then, for every a < re there is a club C a C re such that 
C a 0 f~ 1 (a) = 0. Set C = X/{C a : a < re}, the diagonal intersection of the 
(7 a ’s. As C is a club set (Problem 5), there is an ordinal a > 0, a e S fl C. If 
(3 = f(a), then (3 < a (as / is regressive), and a £ C implies a £ Cp which 
in turn implies that a (f: / - 1 (/3), a contradiction. [G. Fodor: Eine Bemerkung 
zur Theorie der regressiven Funktionen, Acta Sci. Math. (Szeged), 17(1956), 
139-142] 
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10. Set g(a ) = sup (/(a)) for a £ S. Then, g(a) < a, as cf (cr) = g + and 
|/(a)| < jj,. By Fodor’s theorem, there is a stationary set S' C S, such that 
g(a) = 7 for a £ S'. There are |?7p < re distinct subsets of 7 with cardinality 
at most g, this splits S' into 1 7' | /y subsets, if we consider those a £ S' which 
have a given image under /. One of them must be stationary (Problem 6), 
and so / is constant on that set. 

11. For each a < re there is a club set C a disjoint from A a . Let C be their 
diagonal intersection (Problem 5). If £ € B = (J{A a \ (a + 1) : a < re}, then 
£ € A a for some £ > a. Hence £ ^ C a and therefore £ 0 C. Thus, C is disjoint 
from B and so B is nonstationary. 

12. Clearly, if B is stationary then so is A D B. 

Assume A is stationary. Set f(x) = min(A a ) where x £ A a . Plainly, 
f(x) < x for x £ A. If f{x) = x on a stationary set, then the range of /, that 
is, B, must be stationary. In the other case, f(x) < x on a stationary set, so 
by Fodor’s theorem, f(x) = a on a stationary set, but this is impossible, as 
A a is nonstationary. 

13. Immediate from the preceding problem. 

14. Assume first that there are re sets; A a C re for a < k. Set 

A = {a < k : there is /3 < a, a £ Ap} 

(the diagonal union). We claim that A is the least upper bound for {A a : a < 
k}. First, for every a < k, A a \ A C a+ 1 , a bounded, therefore nonstationary 
set. Next, assume that B < A. Then A \ B is stationary, and for a £ A \ B 
let f(a) be the least 0 < a such that a £ Ap. By the Fodor theorem, for a 
stationary A! C A\B, f(a) = 0 holds, that is, A' C Ap \ B, so Ap B. 

The case when there are less than k sets is easier, and in fact it is covered 
by the above case if we repeat one of the sets k times. 

15. (a) As it must intersect every end segment. 

(b) Set re = cf (a), a regular cardinal. By the definition of cofinality, no un- 
bounded subset of a may have order type or cardinality less than re. For the 
other direction, let X C a be an arbitrary cofinal set or order type re. Let 
C be its closure in a. C is a closed, unbounded subset of a and its order 
type is still re as the following mapping / : C — > X is order preserving. For 
y £ C, f(y ) is the least x £ X, x > y. Indeed, if yo < yi are in C, then 
yo < /(2/0) <yi< f(yi)- 

(c) Let ao < a\ < ■ ■ ■ be a sequence converging to a. Then Co = {»o ; 012 , ■ ■ •} 
and Ci = {a-i , 0:3, . . .} are disjoint closed, unbounded sets. 

(d) Identical with the classical case (Problem 1). 
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(e) See (c). 

16 . (a) As C is unbounded, every subset unbounded in C is unbounded in a. 
As C is closed, every subset closed in C is closed in a. 

(b) Set E = {7 : c 7 € D}. As C fl D is unbounded (Problem 15 (d)), E is 
unbounded in k. Let /i < cf (k) be a limit ordinal, and assume that y T G E 
(t < fi), and lim{7 r : r < fi} = 7. As C is closed, lim{c 7r : r < /r} = c 7 
holds. As D is closed, c 7t G D for r < /i implies c 7 G D, so 7 G E. 

(c) If S C a is stationary then, by part (a), it intersects the closed, unbounded 
{c 7 : 7 G D) for every closed, unbounded D C k, so Y = {7 : c 7 G .S'} is 
stationary. Conversely, if Y C k is stationary, then, by part (b), S = {c 7 : 
7 G Y} meets every closed, unbounded subset of C, so it meets every closed, 
unbounded subset, therefore it is stationary. 

17 (a) Let C C a. be a closed, unbounded set of order type cf (a). We can as 
well assume that the first two elements of C are 0 and cf (a). Let g : C\{ 0 } — l 
cf (a) \ { 0 } be a bijection. Define the regressive function f : a \ { 0 } — >• a 
as follows. If 7 € C, then let /( 7) = g( 7). If, however, 7 ^ C, then set 
/( 7 ) = max(C 07). It is easy to see, that / is well defined and regressive. If 
7 < a, then either 0 < 7 < cf (a) and / -1 ( 7) consists of one point, or 7 £ C 
and then f~ 1 ( 7) is the open interval (7, 7') where 7' is the next element of 
C, or else / -1 ( 7) is the empty set. In all three cases, / -1 ( 7) is bounded. 

(b) Recall that if cf (a) = u> then there are no stationary subsets of a. Set n = 
cf (a), an uncountable regular cardinal. Let C C a be a closed, unbounded set 
of order type k, let C = {c 7 : 7 < k} be its increasing enumeration. As S C a. 
is stationary, then so is {7 < k : c 7 G S}. Even T = {7 < k : c 7 G S. 7 limit} 
is stationary, as we only remove the successor elements, a nonstationary set. 
For 7 G T, let g( 7) be the least $ such that /( 7) <cg. As c 7 is the supremum 
of {c| : £ < 7}, we have g( 7) < 7 by the regressivity of /. That is, we have 
a regressive function ( g ) on a stationary set (T), so we can invoke Fodor’s 
theorem, and get a stationary T' C T such that g( 7) = fJ holds for 7 G T' , 
for some (3 < k. Then, S' = {c 7 : 7 G T'} is stationary by Problem 16 , and / 
is bounded by cp on S'. 

18 let B be the set of those limit ordinals a < k for which C fl a is a club set in 
a. Since C is closed, B is just the set of limit ordinals a < k for which C fl a 
is cofinal in a. It is immediate that B is closed, and that it is unbounded, 
follows from Problem 2 . 

19 . (a) Assume that S < S. Then, there is a closed, unbounded set C such 
that if a G Cf)S, then S' Ha is stationary in a. Let C' be the set of limit points 
of C. Set 7 = min(C" fl S). Then, in 7, S' fl 7 is stationary, so, in particular, 
cf (7) > w. As 7 G C' , 7 is a limit point of C, and by cf (7) > w it is also a 
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limit point of C' . So C is closed, unbounded in 7, and also S fl 7 is stationary, 
therefore C' fl S fl 7 is nonempty, but this contradicts the minimality of 7. 

(b) Assume that S < T < U. There is, therefore, a closed, unbounded set C, 
such that if a € Cf\T then S fl a is stationary in a and if a G CnU then Tfla 
is stationary in a (and so cf (a) > co). Let C' be the closed, unbounded set 
of the limit points of C. We show that if a G C' fl U then S fl a is stationary 
in a and this will prove that S < U. Assume that for some a G C' fl U, 
S' fl a is nonstationary in a. There is, therefore, a club set D C a such that 
D fl S = 0. As cf (a) > u>, the set C' fl D' is a club set in a (here D' is the set 
of limit points of D ), and as T fl a is stationary in a, there is f3 G C' fl D' fl T. 
Then, on the one hand S fl /3 is stationary in [3, on the other hand, D is 
closed, unbounded in /3, and disjoint from S, so S fl fi is nonstationary in /3, 
a contradiction. 

(c) Assume that ,S' n+ i < S n for n = 0,1.... and this is witnessed by the 
closed, unbounded sets C n , that is, for a G C n fl S n , ,S' n+1 fl a is station- 
ary in a. Set C = fj {C n : n < w}, a closed, unbounded set. For every n, 
let 7 n = min(C" fl S n ) where C' is the set of limit points of C. By defini- 
tion, Sn+i is stationary in 7„, so in particular, cf (y n ) > and therefore 
C' fl 7„ is closed and unbounded in 7„. So C fl S n+ i fl 7„ ^0, that is, 
ln+i < In ; so 70 > 71 > • • • is a decreasing sequence of ordinals, a contradic- 
tion. [T. Jech: Stationary subsets of inaccessible cardinals, in: Axiomatic Set 
Theory (J. E. Baumgartner, D. A. Martin, S. Shelah, eds), Boulder, Co. 1983, 
Contemporary Math., 31, Amer. Math. Soc., Providence, R.I., 1984, 115-142] 

20. (a) If some stationary S' C S is the union of k disjoint stationary sets 
then so is S, by adding the difference S \ S' to any of the components. 

(b) Let the regressive / : S — > n be a counterexample. Then, for any 7 < k, 
the set {a € S : 7 < /(a)} is stationary. We now construct by transfinite 
recursion on ( < k an increasing sequence {7^ : £ < k} of ordinals. If 7^ is 
defined for £ < £, then by the above property the set 

S£ = {aeS: f(a) > sup{7 C : C < €}} 

is stationary. As / is regressive on S £, by Fodor’s theorem (Problem 9) there 
are a 7^ and a stationary S'^ C such that f(a ) = 7^ holds for a G 
As obviously 75 > 7^ holds for ( < £, the stationary sets {SI : £ < k} are 
pairwise disjoint, contrary to our hypothesis. 

(c) Assume indirectly that S' = {a £ S : cf (a) < a} is stationary. Then, as 

the function cf is regressive on S', using parts (a) and (b) we get that there 
is some /j < k such that cf (a) < /j holds for the elements of a stationary 
S" C S'. For a G S" let : £ < cf (a)} be a set cofinal in a. Again 

by (b), there are club sets C j and values 7^ < k such that if a G fl S" 
then /{(a) < 7^ (£ < fi). Define C = fjl^T : £ < h}; a club set. Notice that 
S* = C fl S" is stationary. But if a G S*, then 
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ol < sup {/|(a) : i < n) < sup{ 7 j : £ < /x}, 
that is, S* is bounded in n, a contradiction. 

(d) Assume indirectly that there is a stationary S' C S consisting of regular 
cardinals such that for a £ S' there is a closed, unbounded C a C a, such that 
C a (~l S = 0. Set, for £ < k, f\(a) = min(C Q \ £) (the least element of C a that 
> £). This is a regressive function for a £ S', a > £, so by part (b), there 
are a closed, unbounded D £ C k, and a 7 £ < n such that f\(a) < 7 ^ holds 
for a £ D % n S'. Set D = \/{D^ : £ < k}, the diagonal intersection (Problem 
5). Let E C k be a closed, unbounded set, consisting of limit ordinals, that 
are closed under 7 ^, that is, if £ < 5 £ D, then 7 £< 6 (cf. Problem 3). Pick 
a £ S' fi D. If S £ a fl E, then for £ < 5 we have /t(a) <7 4 < <5, therefore 
C a has an element in the interval [£, <5). As this holds for every £ < 6, S is a 
limit point of C a , so S £ C a . That is, if a £ S' fl D, then E fl a C C a , so 
(.En S) fl a = 0. As S' fl D has arbitrarily large elements below k, we conclude 
that E n S = 0, a contradiction, as E is a closed, unbounded set. 

(e) Assume that there is a club D C n as in (d). Let D' be the club set of 
limit points of D. Set a = min(E' fl S). Then, a is a regular, uncountable 
cardinal and S' fl a is stationary in a. D n a is a club set in a, but then so is 
D’ fl a. But then, ( D ' fl a) fl (S fl a) 0, so D' fl S has an element smaller 
than a, a contradiction. [R. M. Solovay: Real-valued measurable cardinals, 
in: Axiomatic Set Theory, Proc. Symp. Pure Math. XIII, Amer. Math. Soc., 
Providence, R.I., 1971, 397-428] 

21. By Problem 20 there are pairwise disjoint stationary sets {S a : a < k}. 
By increasing So, if needed, we can assume that (J{S a : a < k} = n. Set 
m = a if and only if £ £ S a . Assume now that X C k includes a club subset 
C. Then for every a < k there is some x £ X such that f(x) = a, namely, 
any element of (the nonempty) C fl S a . 

22. By the previous problem S can be decomposed into the disjoint union 
of k stationary sets, S = (J{S Q : a < k}. Let H be a family of 2 K subsets 
of k, none being a subset of any other (see Problem 18.5). Set, for A £ T-L, 
X(A) = (J{S a : a £ A}. Then {X(A) : A £ 77} is as required. Indeed, if 
A^ B are in 77, then a £ A\B for some a < k and then S a C X(A) \X(B). 

23. Fix an arbitrary closed, unbounded subset C a C a of order type /i, for 
every a < n, cf (a) = /x. For any closed, unbounded E C k consider the 
system C(E) = {C a fl E : a < k, cf (a) = // } . We claim that for some closed, 
unbounded E* the system C(E*) is as required in the sense that for every 
closed, unbounded E C k there is some a < k such that C a fl E* C E and 
C a fl E* is of order type /x. Assume that it is not the case. Then for every 
closed, unbounded set E* there is a closed, unbounded E such that for every 
a {a < k, cf (a) = /x) either | C a fl E*\ < n or C a fl E* % E. By replacing E 
by E* n E if needed, we can assume that E C E* holds. 
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Define the decreasing sequence {E 1 : 7 < y + } of closed, unbounded sets 
in k as follows. Set Eq = k. If 7 < is limit, set f? 7 = : £ < 7}. 

Finally, let £L +1 C E y be a set, as above which shows that C(E 7 ) is not good. 

Let a be the /itli element of the closed, unbounded set E = : 

£ < p + |. For every 7 < //+ the intersection C a fl E y is of order type /i 
(this holds even for E). Thus, necessarily C a fl F, ( % E 1+ 1 holds, but then 
{ C a nE~ f : 7 < /i+} is a properly descending sequence of sets, with the first set 
of cardinality y, and this is impossible. [S. Shelah: Cardinal Arithmetic, Oxford 
Logic Guides 34 , Oxford Science Publications, Clarendon Press, Oxford, 1994 ] 

24 . Fix, for every ordinal a < k with cf (a) = u> a sequence 0 = Xq < xf < ■ ■ ■ 
converging to it. If E C k is closed, unbounded, a is as above, then set 
n £ T(E, a) if and only if E fl (x“, a;“ +1 ] is nonempty, and then let ( E) = 
max(.E fl If we set X a {E) = {y%(E) : n £ T(E,a)} then our 

claim is that for some E the system 

H(E) = {X a (E):\T(E,a)\=u>} 

is as required. Suppose to the contrary that this is not true. If the closed, 
unbounded set D witnesses that ~H(E) is not good, i.e., X a {E) C D never 
holds, then E fl D also witnesses this, so we can assume that D C E. 

Construct the closed unbounded sets {E 1 : 7 < uq} as follows. Eq is 
arbitrary. If 7 < uq is limit, then let E 1 = f^{Ep : (3 < 7}. And finally, 
if E y is given, let E 1+ \ C E y be a closed unbounded set witnessing that 
'H{E^ 1 ) is not good, that is, there is no a such that T(E 1 ,a) is infinite and 
X a (E y ) C E J+ 1 holds. Let a be the cAli element of (the closed unbounded) 
P|{.E 7 : 7 < u)\}. In a every is unbounded, so every T(E 7 ,a) is infinite. 
Moreover, T(E 7 ,a) 3 T{Ey,a) holds for 7 < 7', so there is some 7* that 
T(E 7 , a) = T holds for 7 > 7*. We have 

{yZ{ E i) : n e T} % E 1+1 (7 >7*) 

so for some n £ T we have y%(E 7 ) £ E J+ 1 and hence y%(Ej) > y™(E 1 + 1). 
By the pigeon hole principle for infinitely many 7, say for 70 < 71 < • • • the 
same n applies here, which is impossible, as then t/“ ( F, f0 ) > y “ ( A 7l ) > • • •, a 
decreasing sequence of ordinals. [S. Shelah: Cardinal Arithmetic, Oxford Logic 
Guides 34 , Oxford Science Publications, Clarendon Press, Oxford, 1994 ] 
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1 . Induction gives that h a ( 7) = a for a < k. Next we get that h K ( 7) = 7 for 
almost every 7, namely for all 7 with the property 7 = sup r<7 a T . Further, if 
0 < a < k then h K+ol {pi) =7 + a holds for a.e. 7, and h K . 2(7) =7-2 again on 
a closed, unbounded set of 7. 

2 . This can be proved by induction on a. For a = (3 + 1 clearly h a ( 7) = 
hp( 7) + 1 > hpfff) holds for all 7. If a = a' + 1 with a' > ( 3 , then /i a ( 7) = 
^a'(7) + l > /w( 7), and by the inductive hypothesis, the last term > hp(pf) for 
a.e. 7. If a is limit with /x = cf (a) < k, a = sup{a T : r < /x}, then /3 < a T for 
some t < /x, and so by the induction hypothesis hp (7) < h ar (7) < h a ( 7) holds 
for almost every 7. If, finally, a is limit with cf (a) = n, a = sup{a T : r < k}, 
then again, (3 < a T for some t < k, and in this case if 7 > r and if 7 is in a 
closed, unbounded set, then hp( 7) < h aT ( 7) < h a ( 7) holds. 

3 . By induction on a. The step a i-> a + 1 is obvious: if / a +i(7) > f a ( 7), then 

foc+ 1(7) > fail) + 1 > /la (7) + 1 = /la+l( 7 ) 

and these are true for a.e. 7. Assume that a is limit, /x = cf (a) < k, a = 
sup{a r : t < nj. By condition, there is a closed, unbounded set C T C k, 
such that for 7 £ C T fail) > fa T ( 7) holds. Also, by the inductive hypothesis, 
there is a closed, unbounded set D T C «, such that /„ T (7) > h 0r (7) holds for 
7 e D t . If C is the intersection of all the C r ’s and D T ' s, then for 7 G C we 
have f a (7) > f aT ( 7) > h aT ( 7) for every r, that is, 

fa (7) > sup{/i ar (7) : r < /x} = /i a (7). 

Assume finally, that cf (a) = k, a = sup{a r : r < k}. Let C T C k be 
a closed, unbounded set such that if 7 € C T then fai'l) > fa T {l) > /i aT ( 7) 
holds. Set C = v{^V : r < k}, their diagonal intersection (see Problem 21 . 5 ). 
Then for 7 € C, if r < 7, then / a (7) > fa T { 7) > /ia T (7)j that is, 
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fail) > sup {h aT (7) : r < 7} = h^) 


holds. 


4. The statement is obvious if a is 0 or successor. Assume that it is a limit 
ordinal. If /z = cf (a) < k, a = sup{a T : r < fj , }, then, as /('y) < h a ( 7) for 
7 € S' (S a stationary set), for every 7 € S, we have /( 7) < h aT(7) (7) for some 
t( 7) < /x. For a stationary set 5' C S, t(j) = r for some r < /j (see Problem 
21.6) and we are done. 

If, however, cf (a) = k, a = sup{a T : r < k}, and for 7 G <5 (S a stationary 
set), we have 

/(7) < M7) = sup{h ar (7) : r < 7}, 

then for every 7 € S', there is r( 7) < 7 that /(7) < h aT(7) ( 7), and then by 
Fodor’s theorem (Problem 21.9) r(7) = r with some r and stationary many 
7 and we are done again. 


5. Let /3 < a be the least ordinal such that /( 7) < hp (7) holds on a stationary 
set (say, for 7 e S'). By Problem 4, {7 6 S : /(y) < h.3 (7) } is nonstationary, 
so / and h/3 indeed agree on a stationary set, namely, at a.e. point of S. 


6. By Problem 3, / a (7) > h a ( 7) holds for a.e. 7. If the conclusion is not true 
then there is a least ordinal a such that f a (7) > h a ( 7) holds for 7 € S, where 
S is some stationary set. Set 


/(7) 


h a ( 7), for 7 e S'; 
/« (7) , for 7 £ S'. 


Then / : k — > k contradicts property (c) of the Problem. In fact, if /3 < a then 
7) < f a (7) holds on a club set i?i (by property (b)), /^( 7) < ( 7) holds 

on a club set D2 (by the minimality of a) and hfj (7) < h a ( 7) holds for 7 G D3 
by Problem 2. Thus, 7) < min(/ a (7), /i a (7)) < /(7) for 7 S Difl^nDa, 
hence /(7) < fa (7) cannot hold for stationarily many 7. 


7. Suppose that the conclusion is false. Let a be the least ordinal, such that 
hail) > M + holds on a stationary set, say, for 7 € S. Clearly, a is limit. 
Assume first that fi = cf (a) < k, and a = sup{a T : r < /n}. If 7 G S, 7 > fx, 
then there is some r( 7) < //. such that h aT(7) (7) > / y + . For a stationary subset 
S' C S, t( 7) = r holds for some r (Problem 21.9), hence h ar ( 7) > |7| + for 
7 £ S', a contradiction to the minimality of A, . 

Assume finally that cf (a) = k, a = sup{a T : r < k}, and for a stationary 
set S, if 7 e S, then 


N + < K{l) = sup{/i ar (7) : r < 7} 

holds. As |7| + is regular, it is not the supremum of a 7-sequence of smaller 
ordinals, so for every 7 6 S there is some T(pf) < 7 such that h ar(7) (7) > |7| + . 
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By Fodor’s theorem (Problem 21 . 9 ) T(pf) = r holds for the elements of a 
stationary subset S' C S, and then again we get that h ar ( 7) > |7| + for 7 G S 
and here a T < a, a contradiction. 

8. For every 8 < k there are S', 8" such that g' a (S') = g a (S), g a (8") = g' a ( < 5 ). 
By Problem 21 . 3 , there is a closed, unbounded set C, such that if 7 G C, 8 < 7, 
then the corresponding 8 ' and 8" are also below 7. For 7 G C, g a [7] = g' a [ 7], 
so fa (7) = fail) holds as well. 

9 . For every 8 < k there are S', 8" such that g a (8') = gp(8) and if g a (8) < 13 
then gp(8") = g a (8)- By Problem 21 . 3 , there is a closed, unbounded set C, 
such that if 7 G C, 8 < 7, then the corresponding 8' and 8" are also below 7. 
If, now, 7 G C, then 5/3(7] = 5 a [7] H /3 holds. 

10 . We can assume (3 > 0 . Let C be a closed, unbounded set such that for 
7 G C, 5/3 [7] = g a [ 7] Cl (3 holds (see the previous problem). If <5 < k is such 
that g a (8) = (3, then for the closed, unbounded set C* = C \ (<5 + 1 ) we have 
g a [7] 2 5/3 H U {/?}, so surely f a ( 7) > fp{ 7) + 1- 

11 . Assume that /( 7) < f a ( 7) for 7 G S', 5 stationary. For 7 G S, there is 
T {l) < 7 such that g a (r( 7)) is the /(7)th element of g a [ 7] (which has type 
f a ( 7)). By Fodor’s theorem (Problem 21 . 9 ) there are a stationary S* C S 
and a r such that r( 7) = r holds for every 7 G S*. Set (3 = g a (T~) < a. By 
Problem 9 , there is a closed, unbounded set C, such that 5/3(7] = g a [ 7] Cl /3 
holds for 7 G C. If now 7 is in the stationary set S* fl C, then f(j) equals to 
the order type of 


gal 7] Cl 5a (t( 7)) = 5a[7] n /3 = 5/3 W, 


i-e-, /( 7 ) = //3 ( 7 ) - 

12 . By induction on a. The statement is obvious for a = 0 . Assume that a > 0 
and the statement holds for every (3 < a. Then, F = h a has the property that 
F( 7) > hpfy) for almost every 7 (/3 < a), and if F*( 7) < F( 7) holds for 
stationarily many 7, then F* (7) = hp{g') for stationarily many 7, for some 
(3 < a. The same properties apply to f a , by Problems 7 and 8 and by the 
induction hypothesis. But if F\, F 2 have the above properties, then fq = 
almost everywhere. Indeed, should, e.g., Fi (7) < F-2 (7) hold for 7 G < 9 , where 
S' is a stationary set, we could define the function F* equal to F[ on S, and to 
F2 otherwise, we would get a contradiction: F* (7) = hp (7) for some [3 < a and 
7 £ S' (S' is some stationary set), but hp (7) < min(Fi(7), ^2(7)) < F*( 7) 
a.e. 


13 . / a (7) is the order type of a well-ordered set of cardinality |7|, so it is 
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Infinite graphs 


1. Let V be the vertex set. We consider cases. 

First Case. Whenever W C V is infinite then there is a vertex v £ W that is 
joined to infinitely many vertices in W. Choose Vo £ V, which is joined to the 
infinite set Vo of elements. Then, applying the condition to Vo, pick v± £ Vo, 
which is joined to the infinite set Vf C Vo. Continuing the induction we get 
the vertices vo,vi, . . . and infinite subsets Vo 3 Vj 3 • • • and as any two of 
those vertices are joined, we are done. 

Second Case. There is an infinite W C V such that every v £ W is joined 
to finitely many vertices in W. 

In this case inductively choose the vertices vo,vi . . . £ W such that they 
form an independent set. This can be carried out, as when vo, ■ ■ ■ ,v n -\ are 
already given, each of them is joined to finitely many elements of W, therefore 
all but finitely many elements of W are not joined to any of them. 

2. Assume that / : [w] 2 — »• k. Let U be a nonprincipal ultrafilter on u). For 
x < lj set g(x) = i if and only if {y : f(x, y) = i} £ U. Clearly, g : u> — >• k is 
well defined. 

We are going to construct the vertex disjoint paths step by step. At step 
j we will have the vertex disjoint finite sets A J 0 , . . . , A 3 k l covering at least 
{0, ... ,j — 1} such that Aj is the vertex set of a path in color i, and if it is 
nonempty, we specify an end- vertex yf with g{y\ ) = i. 

To proceed from step j to step j + 1 assume that j £ A° 0 U • • • U A J k _ t 
(otherwise we do nothing). Set i = g(j). If Aj = 0 simply make Aj +1 = {j}, 
yj +1 = j, and Aj +1 = Aj for all other l. Otherwise, pick z £ A J 0 U • • • U A J k _ 1 
with 

ze{t: = f (yj , t) = *} 

(remark that this latter set is in U, so it is infinite). We can now extend 
the path Aj at its end at y{ with the vertices z and j and make yj +l = j. 
[R. Rado] 
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3. Let X be a graph on V with \V\ = k. Let LA be a uniform ultrafilter on V, 
i.e., with \A\ = k for every A € LA. [Such a U can be obtained by applying 
Problem 14.6, (c) to the filter T = {V\X : X e [U] <K }.] Either for Y = X or 
for Y = X (the complement of X) the following holds. There is a set A £ U 
such that for every x £ A the T (x) = {y : {x. y} £ T} is in U. We show that 
Y includes a topological K k . Notice that by uniformity |A| = k and |T(:e)| = k 
holds for every x € A. We recursively choose the nodes {v(a) : a < k} C A of 
the topological K k and the vertices {u'(/3, a) : p < a < k} such that w(/3, a) 
is joined to v ( a) and v( fJ) (and so there are disjoint paths of length 2 between 
the u(a)’s). We need to maintain, of course, that the vertices of the form v(a) 
and w(/3,a ) be all distinct. At step a. we first choose v(a) G A which is not 
in {v(P) : (3 < a} U {10(7, /?) : 7 < /? < a} (possible, as the first set is of 
cardinality k, the second is smaller) , then similarly by recursion on fi < a we 
choose an element of r(v(a)) fl r(v(/i)) (a K-sized set) which differs from all 
earlier elements. [P. Erdos, A. Hajnal] 

4. Well-order the vertex set of the graph as V = {v a : a < ip} for some ordinal 
ip. Define by transfinite recursion the coloring / : V — > {0, 1, . . . , n} so that 
each v a gets a color different from any of its already colored neighbors vp, 
f3 < a. Since there are at most n such neighbors, this is possible. 

5. For vertices u and v set u ~ v if u = v or they are connected by a path. This 
is clearly an equivalence relation, its classes are the connected components. 
The number of vertices reachable from a specified vertex by paths is at most 

1 + k + k 2 H => k. Therefore, each class has cardinality at most k and so it 

can be colored by k colors. As there are no edges between classes, this suffices. 

6. The proof is the same as that of Problem 4. 

7. If, for every vertex v, f(v) is the set of smaller vertices joined to v, then 
/ is a set mapping with |/(v)| < k for every v. By Problem 26.10 the vertex 
set is the union of k free sets and a free set is obviously an independent set 
in the graph. 

8 . First solution. The vertex set of the graph can be enumerated as V = 
{v a : a < p} for some ordinal p. Using transfinite recursion we construct f a : 
{vp : (3 < a} — >• {1, . . . , n} such that f a is a good n-coloring of {vp : f3 < a}, 
and if (3 < a then f a extends fp. If we succeed with this then will witness 
that X is n-colorable. Our inductive hypothesis is somewhat stronger; we will 
require not just that f a : a — > { 1 , . . . , n} is a good coloring but that it can be 
extended to a good coloring on every finite subset of {v~ t : a < 7 < p}. 

For a = 0, /o can (and must) be chosen to be the empty function. This 
function is good — this is exactly the assumption of the theorem. 

Assume that a is limit, and fp exists for every (3 < a. We show that 
f a = (J {fp : /3 < a} is good for our purposes. If A C {n 7 : a < 7 < p} is a 
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finite subset, by hypothesis, for every (3 < a there is some g : A — l {1, . . . , n} 
such that fp U g is a good coloring. As there are only finitely many n-colorings 
of A, there is a g that occurs for a cofinal set of the /3’s. Then this g gives a 
good extension of f a to A. 

Finally, assume we have f a , and let us show the existence of f a +i ■ For 
every 1 < i < n we try to define the function f^+i by extending f a to v a with 
fa+i ( v a) = *• Assume indirectly that f^+i is not good. Then, there is some 
finite Ai C {v 7 : a < y < (p} such that f&+ 1 cannot be extended to a good 
coloring of Aj. Take A = {t> Q } U (J{ Aj : 1 < i < n}. Then there is no good 
extension of f a to the finite set A, a contradiction. [P. Erdos, N. G. de Bruijn: 
A color problem for infinite graphs and a problem in the theory of relations, 
Proceedings of the American Mathematical Society 54(1951), 371-373] 

Second solution. Assume that X is a graph on the vertex set V such that 
every finite subgraph of X is n-colorable. We consider the following partially 
ordered set (V, <). Y £ V if Y is a graph on V with X C Y and every finite 
subgraph of Y is n-colorable. Order V the obvious way: Yo < Y% if Y$ C Fj, 
that is, Yo is a subgraph of Yi . As X £ V, our set is nonempty. 

We show that ( V,< ) satisfies the condition of Zorn’s lemma. Indeed, as- 
sume that {Yi : i £ 1} is an ordered family of elements of V. We have to show 
that every finite subgraph of Y = (J{Yj : i £ 1} is n-colorable. If Z is such a 
subgraph, then every edge of Z appears in some Y), so, among those finitely 
many indices i there is a largest one, and the corresponding 1) shows that Z 
is n-colorable. 

We can, therefore, apply Zorn’s lemma (Chapter 14), and get a maximal 
element Y £ V. That is, we extended X to Y, a graph saturated to our 
condition. We show that the relation “not joined in Y” is an equivalence 
relation on V. Of the three properties of equivalence only transitivity is not 
obvious. Assume that x is not joined to y, y is not joined to z. As Y is maximal 
and x and y are not joined there is a finite set A that will not be n-colorable, 
once we join x and y. Phrased differently, in every n- coloration of the graph Y 
on A the vertices x and y get the same color. Similarly, as we cannot extend 
Y by the edge {y,z}, there is a finite set B such that in every n-coloration of 
the graph Y on B the vertices y and z get the same color. But then, in every 
n-coloration of the of the graph Y on AuB (and by assumption, there is such 
a coloring) the vertices x and z get the same color, so, x and z can not be 
joined. 

So, we proved that there is some decomposition V = (J{V) : i £ 1} such 
that two points are joined if and only if they are in distinct classes. But there 
cannot be more than n classes, as that would mean a subgraph of type K n+ \ . 
That is, we have at most n classes, therefore Y can be colored by n colors, 
and so can be X. [G. Dirac, L. Posa] 

9. In order to show the nontrivial direction let X be a graph which is not 
finitely chromatic. Then, by Problem 8, for every k < u) there is a finite sub- 
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graph Gk which cannot be colored with k colors. The union of these subgraphs 
is a countable subgraph that is not finitely chromatic. 

10. Let X be an infinitely chromatic graph on the well-ordered set (V, <). 
We can assume that for every a £ V the graph on V a = {x £ V : x < a} is 
finitely chromatic (otherwise replace X by X restricted to V a where a £ V is 
the least element such that X on V a is infinitely chromatic). Clearly, X on 
V a = {x £ V : a < x} is then infinitely chromatic. Now choose by math- 
ematical induction the increasing sequence of elements ao < ai < ■ ■ • from 

V and (using the de Bruijn-Erdos theorem, Problem 8) the finite subgraphs 
F n with elements between a n and a n+ i such that X restricted to F n is at 
least n-chromatic. Then, the union of the sets F {) . F\ , . . . will give an w-type 
subset that is infinitely chromatic. [L. Babai: Vegtelen grafok szfnezeserol, 
Matematikai Lapok, 20(1969), 141-143.] 

11. Replace the ground set with A = (J{A a : a < uq} where A a = [uq • a + 
a,oq ■ ( a + 1)) (ordinal interval). The order type of A is still ui'f so it suffices 
to construct the graph on A. Join oq ■ a + (3 and u> a! + (3' if and only if 
a < a' and /3 > fi' (notice that then a < a' < (3' < (3). If B C A is some 
subset of order type uq then either all but countably many elements of B are 
in one A a or else it has a countable intersection with every A a . In the former 
case it is a countable set plus an independent set. In the latter case every 
vertex has countable degree: u)\ ■ a + j3 € B is certainly not joined to vertices 
in (J{ : £ > (3}. These and Problem 5 show that X on B is countably 
chromatic. 

In order to show that X is uncountably chromatic assume that A = BqU 
Bi U • • • is a decomposition into independent sets (note that points with the 
same color form an independent set). Observe that if for some a < u>i and 
i < u) the intersection A a fl Bj is uncountable then Bj has no elements in any 
A a >, a' > a. As for every A a (a < uq) there is some i < u> such that A a n B t 
is uncountable, and to different a’s we get different V s, we get the desired 
contradiction. [P. Erdos-A. Hajnal] 

12. The chromatic number of X x Y is at most k. Indeed, if / : V —>• 
{1, 2, . . . , k} is a good coloring of X, then F((x,y)) = f(x) will be a good 
coloring of X xY. 

For the other direction, in order to get a contradiction, assume that F : 

V x W {1, 2, . . . , k — 1} is a good coloring of X x Y. On W, let T be the 
family of those subsets A oiW for which W\ A is independent (in Y). As W is 
not the union of finitely many independent sets, T has the finite intersection 
property, that is, the intersection of finitely many elements of T is always 
nonempty. We can therefore extend T to an ultrafilter bi on W (see Problem 
14.6(c)). The ultrafilter property gives that for every x € V there is a unique 
i(x) such that {y € W : F((x,y}) = i(x)} £ li. The mapping x i — > i(x) cannot 
be a good coloring of X, so there are x, x' £ V with i = i(x) = i(x') and 
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{x,x'} £ X. The set A = {y : F((x,y)) = F({x',y}) = i} is in U, therefore it 
is not independent. Now if y,y' £ A are joined in Y, then (x,y) and {xJ , y') 
are joined inlxf, and they get the same color, viz. i, a contradiction. 
[A.Hajnal: The chromatic number of the product of two d j -chromatic graphs 
can be countable, Combinatorics, 5(1985), 137-139] 

13. 

(a) If fi : Vi — »• Ci is a good coloring of (Vj, Xf), and the color sets {C l : i £ 1} 
are disjoint, then the union of the colorings is a good coloring to the union 
of the Ci s. 

(b) Let fi : V —> Chr(JQ) be a good coloring of ( V,Xi ). Then / is a good 
coloring, where f(x) = (fi(x) : i £ /). 

14. The condition is obviously necessary. It is known that for finite graphs it 
is also sufficient (Hall’s theorem). We get, therefore, that every finite subset 
of A has a matching into B. Let A = {x a : a < ip} be a well-ordering of 
the elements of A. We define, by transfinite recursion on a < ip a function 
fa '■ { x i3 '■ 0 < a \ - > B which is an extendable partial matching, that is, 
it is injective, {xp, f a (xp)} is always an edge of X and every finite subset 
of A \ Dom (f a ) is matchable into B \ Ran(/ a ). Further, if (3 < a then f a 
extends fp. If we can reach f v then we will be done, /o clearly exists, the 
empty function is good for our purposes. If a is a limit ordinal and fp exists 
for (3 < a then f a = [J{fp : fi < a} is as required: if A! is a finite subset of 
A \ Dom(/ a ) then by the condition of the finiteness of the elements of A it 
has finitely many matchings into B, and for every fp some of them are good. 
Therefore, there must be one that is good for unboundedly many (3 < a. Then 
it is good for a. 

To cover the successor case, suppose to the contrary that we succeeded in 
selecting f a but we cannot extend it to f a +i ■ This means that every finite 
subset of A' = A \ Dom(/ a ) can be matched into B' = B\ Ran ( f a: ) but for 
every y £ r(x a ) there is a finite set A y C A' \ {x a \ such that A y has no 
matching into B' \ {y}. Let A* be the union of all these sets A y plus {x a }. 
By the condition on f a , the finite A* has a matching into B' but if now x a is 
matched into y then we reach a contradiction by observing that this matching 
gives a matching of A y into B' \ {y}. [M. Hall, Jr.: Distinct representatives of 
subsets, Bull. Amer. Math. Soc. 54(1948), 922-926] 

15. We reduce the statement to the previous problem. Given p, q and the 
graph X on A and B, replace every vertex in A by p copies and every vertex 
in B by q copies with the copies joined if and only if the original vertices are 
joined. Call the so obtained graph X' with its corresponding sides A ' and B' . 
It is clear that in X' side A! has a matching if and only if the original graph 
X has a function as described. We have to show that the condition in the 
problem holds if and only if the Hall condition holds for X' . One direction is 
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obvious: if we pick k vertices of A in X that are joined to m vertices in B 
then we get pk vertices of A' that are joined to qrri vertices in B' , so the Hall 
condition means that qm > pk, which is indeed m >pk/q. Assume now that 
the above condition holds for A and try to establish the Hall condition for X' . 
Assume that we are given a finite subset F of A' . F splits as F = Fi U • • • IJ F p 
where F, is obtained by replacing every vertex in some set 7j C A by i copies. 

Notice that |F| = |Tj| + 2|T2|-| hp|F p |. In X the vertices of T = TiU- • -U T p 

are joined, by condition, to at least ||T| vertices of B. These give in X' at 
least q ■ ||T| = p|T| > |Ti| + 2|T 2 | + h p\T p \ vertices and we are done. 

16. It is obvious that (c) is necessary, (a) is also necessary by (the easy direction 
of) Kuratowski’s theorem on planar graphs. To show the necessity of (b) 
assume that some graph X is planar yet it contains uncountably many vertices 
Pi with degree > 3. Let ft be joined to the distinct vertices a t , b, , c t . Let A*, 
Bi, Ci be rational discs, that is, whose radii are rational and centers have 
rational coordinates, such that a* £ A*, bi £ Bi, Ci £ Ci, they are disjoint and 
exclude ft. As there are just countably many choices for A,, Bi, Ci, there are 
*o,*i,*2 such that Aj 0 = A ^ = A* 2 = A, and similarly B io = B ix = Bi 2 = B, 
Ci 0 = C-ti = Ci 2 = C. Let a, b, c be the centers of A, B, C. Pi 0 is joined with 
an edge in X to Oj 0 , which is in fact a curve K between them. Consider k, the 
first point of K common with A, and replace the part of K after k with the 
radius between k and a. Perform the same operation with all the other edges 
(= curves) between the ft’s and eq’s, bi s, c,’s, then we get a F3 3 drawn on 
the plane, an impossibility. 

For the other direction we first notice that if X is a finite graph not 
including a topological K$ or A'3 3, then it is planar by Kuratowski’s theorem. 
We first extend this to countable graphs. 

Let A - be a graph on the vertices vo,vi,. . . that has no topological K 5 or 
1 ( 3,3 subgraphs. By Kuratowski’s theorem, for every n, there is a drawing ip n 
of X n , X restricted to {vq, . . . , v n } on the plane. It is easy to see that there 
are just finitely many nonhomeomorphic ways of drawing X n on the plane. 
In fact, an easy induction on n shows that there are just finitely many non- 
homeomorphic n-vertex graphs drawn on the plane. Using the Konig infinity 
lemma (Problem 27.1), we get that there is a sequence <po, fti- • • • such that 
every (p n is homeomorphic to <p n +i’s restriction to X n . We can modify p n +i 
such that it actually extends p n , and then the union of them draws X on the 
plane. Actually, this process can be carried out in such a way that each edge e 
is represented by a C°° curve l e and to each edge e = [x, y} we can associate 
a neighborhood U e of l e such that the closures of any two U e and U e > are dis- 
joint except possibly for common endpoints of l e and l e >. This latter property 
can easily be preserved in the previous induction of creating the ft t ’s. 

Assume finally that A is a graph satisfying (a), (b), and (c). Then X has 
a countable part X' , spanned by the vertices with degree at least 3, and it has 
additionally at most continuum many paths, circuits, and isolated vertices. 
Let A* be X' augmented with a simple path a(p, q) of length 2 for every pair 
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of nodes p, q in X' (p = q is possible) that are connected in X by at least one 
path of length > 2. Then we can reconstruct X from X* by replacing each 
a(p,q) by (at most countably many) appropriate paths by adding circuits, 
finite or infinite paths, unconnected to X* and to each other, and by adding 
finite or infinite paths emanating from some points of X* . 

By the previous step, X* can be drawn on the plane in a manner specified 
above. We can easily add to this representation the required objects to get a 
planar representation of X. 

17. It suffices to show that there are continuum many points in the 3-space 
such that the connecting segments are pairwise disjoint (except, possibly, at 
their extremities). For this, see Problem 13.3. 

18. First we show that K k + has a decomposition into k forests. Without loss 
of generality, we can assume that the graph is the complete graph on «+. 
Decompose the edges into k classes in such a way that for every a < k the 
edges going down from a, i.e., those of the form {/?, a} with (3 < a are put into 
distinct classes. This is possible as the number of those edges is \a\ < n. No 
circuit occurs with edges in the same class; indeed, if the vertices of a putative 
circuit are v \, . . . , v n , then if v-i is the largest of them under the ordering of 
the ordinals, then it is joined to two vertices (namely, to and 11*41) with 
edges going down, a contradiction. 

For the other direction it suffices to note that if the edges of the complete 
graph on (k + ) + vertices, and even if the edges of the complete bipartite graph 
on classes of cardinalities k + and (k + ) + are colored with k colors, then there is 
a monochromatic circuit of length 4, by Problem 24.27. [P. Erdos, S. Kakutani: 
On non-denumerable graphs, Bull. Amer. Math. Soc., 49(1943), 457-461] 

19. One direction is a special case of Problem 13(b): if some graph is the 
edge-union of countably many bipartite graphs, then its chromatic number is 
at most 2 n ° = c. 

For the other direction, assume that the chromatic number of some graph 
(V, X) is at most continuum. There is, therefore, a good coloring / : V -4 R 
with the reals as the colors. Fix an enumeration q 0 ,qi,... of the rational 
numbers. If {x, y} e X is an edge, put it into Y t if and only if i is the least 
number such that q t is strictly between f(x) and f(y). This works: all edges 
of Yi go between A* = {x € V : f(x) < qi} and £?* = {x € V : f(x) > qi}. 

20. Fix, for every n < w, an enumeration {H n (i) : I < i < 2 "} of the subsets 
of {0, . . . , n — 1}. The vertex set of our strongly universal graph will be the 
union of the disjoint finite sets Vo, Vj, . . . where V n consists of the vertices 
v(io, ■ ■ ■ , i n ) indexed with the natural numbers ig. ... . i n on the condition 
1 < ik < 2 fe for 0 < k < n, so 

2 = 2 3 . 


= 2 U • 2 
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If v = v(io , . . . , i n ) then we join v for every j £ H n (i n ) to v(io, ■ ■ ■ , ij ) and to 
no other vertices in Vo U • • • U V n . This defines a graph X on V and we show 
that it is strongly universal, i.e., if ( W. Y j is a countable graph then (W,Y) 
is isomorphic to an induced subgraph of (V, X). 

Enumerate W as wq , W\ We find f(w n ) £ V n by induction on n. Set 

f(w o) = v( 1), the only element of Vo- If we have already found f(w n - 1 ) = 
v(io , . . . , i n -i) then set f(w n ) = v(io, ■ ■ ■ , i n -i, in) where 1 < i n < 2" is the 
only number that 


H n (i n ) = {0 < j < n : { Wj,w n } £ Y} 

holds. These steps can be executed and it is clear that for 0 < j < n 
{wj, w n } £ Y holds if and only if {f(wj), f(w n )} £ X holds, that is, / isomor- 
phically embeds ( W. Y ) into (V, X). [R. Rado: Universal graphs and universal 
functions, Acta Arithmetica 9 (1964), 331-340] 

21. Assume indirectly that the graph X on the countable vertex set V is 
universal for the countable R^-free graphs. Let v ^ V be a further vertex 
and join v to every element of V. The graph X' so obtained is still R w -free, 
so by hypothesis there is / : V U {v} — > V, an embedding of X' into X. Set 
v 0 = f(v), and inductively v n+ i = f(v n ). As v is joined (in X') to every 

element of V, no will be joined in X to t'i , , As / preserves adjacency, 

v\ is joined to V 2 , Carrying out the induction we get that vq,v\,... are 

pairwise joined in X, and therefore they are distinct, so they form a K w , a 
contradiction. 

22. Let (V, X) be a putative universal, countable, locally finite graph. For 

v £ V, 1 < i < u>, let f* ( v ) be the number of vertices reachable from v in X in 
at most i steps. As (V, X) is locally finite, ff (v) is a natural number for every 
v £ V, 1 < i < u>. Enumerate V as V = {v\ , v-i , . . .}. Construct a countable, 
locally finite graph {W. Y) with a vertex w £ W such that f? (w) > f? (in) 
holds for * = 1,2,..., where fj is the analogous function for ( W, Y). This can 
be done easily; for example, we can take as (W, Y) a tree with large enough 
successive levels. Now it is impossible to isomorphically embed (W, Y) into 
(V, X): for every 1 < i < to the condition fY (w) > (v,) excludes that w be 

mapped into v n . [N. G. de Bruijn] 

23. Suppose that (V, X) is a Ani-free graph of cardinality < c. Let W be the 
set of functions f : a V injecting a countable ordinal a into V in such a 
way that its range spans a complete subgraph in X. Join two such functions 
if one extends the other. This way we get a graph (W,Y), and we are going 
to show that |Wj < c, (W, Y) is R^i-free, and it cannot be embedded into 
(V,X). This proves that (V, X) is not universal. 

As for any a < u>i there are at most c K ° = c functions from a into V, we 
have |W| < Hi • c = c. Next, assume that {f a : a < u>i} spans a complete 
subgraph in (W,Y). Then, they are defined on different ordinals, and the one 
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on larger ordinal extends the one on smaller ordinal. But this gives a complete 

i in (V,X), a contradiction. 

Finally, assume to the contrary that F : W — >• V embeds (W,Y) into 
(V,X). By transfinite recursion on a < oji we define functions f a : a — >• V, 
f a € W and vertices v a = F(f a ) £ V in such a way that f a extends fg 
for 8 < a. To start, set fo = 0, no = F(fo). Assume that a > 0 and fg is 
determined for (3 < a with the above properties. Then the {fg : [3 < a} forms 
a complete subgraph in (W,Y)\ therefore, {vg : (3 < a} forms a complete 
subgraph in (V, X). This implies that if f a (f3) = vg for j3 < a then f a £ W. 
If all fg were defined analogously, then f a extends every fg (0 < a). Thus, 
we can construct f a , v a as required for a < u) i, but then [v 0 : a < uq } forms 
a complete subgraph in (V, X), a contradiction. [R. Laver] 

24. First we remark that it suffices to prove the result for k a successor car- 
dinal. Indeed, if k is a limit cardinal, and for every successor r < k there is 
a triangle-free graph with chromatic number r then the vertex disjoint union 
of them will be a triangle-free graph with chromatic number k (this does not 
work for k = d 0 , but this case follows along the same lines if we notice that 
the k = case and the de Bruijn-Erdos theorem (Problem 8 ) easily imply 
the statement in the problem for all finite cardinals). 

Given a successor cardinal k = y + we define the graph as follows. The ver- 
tex set is [/U + ] 3 , the set of 3-element subsets of k. Join {x, y, z} and {a/, y' . z'} 
if and only if x < y < x' < z < y' < z' holds (or vice versa). It is immediate 
that there is no triangle. 

In order to show that the chromatic number is /i + assume to the contrary 
that / : [p + ] 3 -> jk is a good coloring. For x < y < y + we define the set 
A(x,y) C ji of colors as follows. Set a £ A(x,y) if and only if there are 
arbitrarily large z < y + such that f(x, y, z) = a. We argue that A(x. y) 7^ 0 
for every x < y < yA . Indeed, if a 0 A(x. y) then there is j a < such that 
f(x,y,z ) A a holds for < 2: < y + . But then, if z < y + is larger than the 
supremum of the 7 a ’s, then {xg y. zj can get no color at all. Next, we define, 
for every x < jj + the set B(x) C y as follows, a £ B(x) if and only if there 
are arbitrarily large y < y + with a £ A(x,y). An argument similar to the 
above one gives B(x) A 0 for every x < y + . Finally, set a £ C if and only if 
a occurs in B(x) for cofinally many x. Again, we get that (7^0. 

Pick a £ C. Choose an x < y + with a £ B(x), then select y > x with a £ 
A(x,y). Then choose y < x' < y + such that a £ B(x') (possible, as a £ C). 
Next choose x' < z < y + such that f(x. y,z ) = a (again, such a 2 exists, as 
a £ A(x,y)). Then choose y' < y + such that y' > z and a £ A(x',y') (this is 
possible, as a £ B(x'). Finally, as a £ A(x' , y'), we can select y' < z' such that 
f{x',y',z') = a. Now we are done: { x , y, zj and {2/, y' . z'} are joined, and they 
get the same color (a), a contradiction. [P. Erdos, R. Rado: A construction 
of graphs without triangles having preassigned order and chromatic number, 
Journal London Math. Soc., 35(1960), 445-448] 
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25. We can disregard all triples (a, 0 , 7) with not a < 0 < 7 since these are 
isolated points in the graph. Note also that A c u)f is of order type uf if 
and only if for uncountably many a there are uncountably many 0 with the 
property that for uncountably many 7 we have (a, ( 3 , 7) £ A. 

The same graph appeared for y = u in Problem 24, and the proof given 
there shows that if A c uif is of type wf, then it spans an uncountable chro- 
matic subgraph. 

Suppose now that A is of type < oj'j. Then only for countably many a can 
the set {( 0 , 7 ) : (a, (3 , 7 ) G A} be of order type u> 4 , and for all such a we can 
color any ( a , ( 3 , 7) G A by a (note that two triples with the same a are not 
connected) . Let the rest of the points in A form the set A \ , and we have to show 
that Ai is also countable chromatic. For every a there is an f(a) < u>i such 
that if (3 > f(a), then there are only countably many (a, 0 , 7) G Tj , i.e., there 
is an f(a, 0 ) < uq such that (a, 0 , 7) 0 Ai if 7 > By Problem 20.7 

there is an increasing sequence S g, j < ui-i such that 60 = 0, <5^ = sup r)< ^ S v 
if £ is a limit ordinal, and for any a < 6^ we have f(a) < £g and for any 
a < 0 < <5g we have f(a, 0 ) < 6 g. Then = {a : 5 % < a < <5f + i}, £ < uq 
is a partition of u>\ into disjoint sets, and for (a, 0 , 7) G A- t the ordinals a, 
0 and 7 cannot belong to three different D^: if a G D^, 0 G D rj and 7 G Dg 
with £ < ri < 9 , then 0 > f(a) and 7 > f(a, 0 ), hence {ot,0,i) & A i- 

Thus, ^4i = A2 U A3 U A4, where 


• in A 2 we have a. 0 , 7 G for some £, 

• in A3 we have a G and 0 , 7 G D rj for some £ < 7, while 

• in A 4 we have a, 0 G and 7 G D rj for some £ < rj, 

and it is enough to color each of these sets by countably many colors. 

Every A2 fl Dg, £ < lo\ is countable, and we can simply color the elements 
of this set by different colors 0, 1, . . . (note that no vertex from A2 fl is 
connected to any vertex in A2 fl D n if £ ^ r/j . 

Let F : u> 1 —> u) be a function such that F(£, rj) ^ F( r], £') for any £ < 77 < 
Such a function/coloring was constructed in Problem 24.8. If (a, 0 . 7) G A3 
and a £ Df:, 0 , 7 G D v , then let the color of (a, 0 , 7) be F(£. rj). This is clearly 
a good coloring on A3: if (a, 0 , 7) £ A3 with a £ D^, 0 , 7 G D v is connected to 
(a', 0 ','/) £ A3 with a' £ . 0 ' , 7' G D rj i, then, because of, say, 0 < a' < 7, 

we have rj = £', hence F(£, ?j) 7^ F’(^ / , r/). 

Finally, one can similarly define a good coloring of A 4 with the aid of F: if 
(a, 0 , 7) G A 4 and a, 0 £ D j, 7 G A,, then let the color of (a, 0 , 7) be F(£, 77). 

26. (a) For one direction, if / : V 7 — >• k is a good coloring of (V 7 , X') then we 
can set 

F(x) = {f{{y,x}) : {y,x} £ X,y < x} 

for x £ V, that is, we color x £ V with the set of colors of the edges going down 
from x. This is a good coloring, as otherwise there are y < x with {y, x} £ X 
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and F(y) = F(x) but then there is a z < y < x with f({z,y}) = f({y, x}) 
and this contradicts to the hypothesis that / is a good coloring of (V' ,X'). 

For the other direction, assume that Chr(U, X) < 2 K . Let F : V — >• K 2 be 
a good coloring (i.e., we color with the k — > {0, 1} functions). If {y, x} £ X, 
y < x, then there is a least a < k with F(y) (a) ^ F(x) (a) . We let f ({y,x}) = 
(a,0) if F(y)(a) = 0, F(x)(a) = 1, and, dually, let f({y,x}) = (a, 1) if 
F(y)(a) = 1, F(x)(a) = 0. We cannot have f({z,y}) = f({y,x}) for some 
values z < y < x, for, if the common value is say, {a, 0) then 0 = F(y)(oe) = 1 
and we get a similar contradiction in the other case, too. [F. Galvin: Chromatic 
numbers of subgraphs, Periodica Mathematica Hungarica, 4(1973), 117-119] 

(b) Assume that there is a circuit C in (V 7 , X') of some odd length 2t + 1 < 

2n + 1. The vertices of C are edges of (V,X), ei, . . . , e 2 t+i, and there are 
vertices , v^t+i such that Vi is the larger vertex of e, and the smaller 

vertex of e,+i or vice versa (and e 2 t +2 = ei). So C forms a cycle in (V,X) 
(circuit with possibly repeated vertices). Choose 1 < i < 2t + 1 such that 

i 7 ^ Vi (with Vo = U 2 t+i) and there is no value Vj > Vi (this is possible as 
the V{S cannot be all equal). Then v l is the larger endpoint of e,, the smaller 
of f-i, and again the larger endpoint of e.;+ 2 . so Vi+\ = v t . We can, therefore, 
remove e, from C, and likewise we can remove one edge corresponding to 
the smallest element among the v^s. This way, we get an odd cycle of length 
2t — 1 < 2n — 1 in (V. X) and that includes an odd circuit. 

(c) By repeated applications of (a), (b) and for n = 1 by starting from some 
large enough complete graph. [P. Erdos, A. Hajnal: Some remarks on set 
theory, IX, Michigan Math. Journal, 11(1964), 107-127] 

27. Let (V,X) be the complete graph on c + , and let (V',X') be the graph 
defined in Problem 26. Using (a) of that problem, as Chr(X) > c, Chr(X’ / ) > 
do holds. Every subgraph of X' of cardinality at most c is the subgraph of 
Y' for some induced subgraph Y of X with |F| < c. As then Chr(T) < c, we 
must have Chr(F') < do again by Problem 26. 

28. Let (V, X) be the complete graph on oj :i , and let (V , X’) be the graph 
derived from it in Problem 26. As 2 Nl < 2 Na = d 3 , Chr(X') = d 2 . Every 
induced subgraph of X' is of the form Y' for some (not necessarily induced) 
subgraph Y of X. Now, if Chr(U) = d 3 then Chr(y') = d 2 , and if Chr(U) < 
d 2 then Chr(y') < do, by Problem 26(a), and by the cardinal arithmetic 
hypothesis. That is, Chr(y') ^ di for every such graph. [F. Galvin: Chromatic 
numbers of subgraphs, Periodica Mathematica Hungarica, 4(1973), 117-119] 

29. Assume the contrary and let X be an uncountably chromatic graph which 
does not include K n ^ 1 as a subgraph. By passing to a subgraph, if needed, 
we can assume that its vertex set V has cardinality k and every subgraph of 
cardinality less than k is countably chromatic. Obviously, k > do- 

We first show that every vertex set 17 C V has a “closure”, a unique 
minimal set F(U) 2 U with the property that if x € V is joined to at least n 
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elements of F(U) then x e F(U). For this, set Fq(U) = U and for k = 0, 1, . . . 
let F k +i(U) consist of the elements of F k {U) plus all the vertices which are 
joined to at least n vertices in F k (U). Then take F(U) = F 0 (U) UFi(U) U • • •. 

We further have, by the condition imposed on the graph, that if U is finite, 
then Fo(U),Fi(U), . . . and so F(U) are countable, and if U is infinite, then 
\F(U)\ = \U\. 

Enumerate V as [v a : a < k}. For every a < k set V a = F ({vg : (3 < a}). 
Then V = (J{ V n : a < k}, an increasing, continuous union. Also, by our above 
remark, each V a is a set of cardinality < k. If we now set W a = V a+ i \ V a , 
then {W a : a < k} is a partition of V into smaller sets. 

Decompose X, the set of edges, as X = YuZ where Y is the set of crossing 
edges, that is, between points in different W a ’ s, and Z is the set of edges going 
between vertices in the same W a . Z is the vertex disjoint union of — by the 
selection of k — countably chromatic graphs, so itself is countably chromatic. 
Further, by Problem 6 Y is n + 1-colorable, so we get that X = Y U Z is 
countably chromatic, a contradiction. [P. Erdos, A. Hajnal: On chromatic 
number of graphs and set-systems, Acta Math. Acad. Sci. Hung., 17(1966), 
61-99] 

30. Let X be an uncountably chromatic graph. Decompose X as X = Y U Z 
where an edge is put into Y if and only if for every n it is an edge of a com- 
plete bipartite graph K nn . Then there is an n such that Z does not include 
K nn so by Problem 29, Z is countably chromatic. Y is therefore uncountably 
chromatic, so it includes an odd circuit C of length 2m + 1 for some m. We 
claim that every odd number > 2m + 1 occurs as the length of a circuit in X. 
Let e be an edge of C. As e is in Y, for every n there is a K n n containing 
e, so for every n there is a K nn containing e and meeting C only in the end 
vertices of e. Now it is easy to choose a circuit of length 2 (m+n) — 1 by adding 
to C a circuit of length 2 n and by removing the edge e. [P. Erdos, A. Haj- 
nal, S. Shelah: On some general properties of chromatic numbers, Topics in 
topology (Proc. Colloq. Keszthely, 1972), Colloq. Math. Soc. J. Bolyai, Vol. 8. 
North Holland, Amsterdam, 1974, 243-255, C. Thomassen: Cycles in graphs 
of uncountable chromatic number, Combinatorica 3 (1983), 133-134.] 

31. Let (V, X) be an uncountably chromatic graph. If there is a nonempty 
subset W C V that induces a graph in which every vertex has infinite degree, 
then we can easily choose by induction the vertices of an infinite path. We 
can therefore assume that no such subset of V exists, that is, if W C V is 
nonempty, then there is a vertex F(W) £ W joined to only finitely many 
vertices in W. Using this, determine recursively the elements [v a : a < ip} 
for some ordinal by making v a = F(V \ {vg : j3 < a}). This process must 
terminate for some ip < |U| + and that can only happen when V = {t> a : a < 
i p}. If we now order V by v a < vg if fl > a, then Problem 7 gives that (U X) 
is countably chromatic, a contradiction. 

32. We can assume that V = u>\. 
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Recall that there exists an Ulam matrix, i.e., {£/„.„ : n < u>,a < u> 1 } with 
U n , a S wi, U Uya fl Unfi = 0 for a ^ /?, and for a fixed a, (J {U nt0l : n < oj} is 
a co-countable subset of uq (see Problem 18.1). The latter condition implies 
that for every a < u>\ there is n(a) < to such that U n ( a):Q: induces an Hi- 
chromatic subgraph of X. For uncountably many a, n(a) = n for some n, 
and then these s give di disjoint sets spanning Mi -chromatic subgraphs. 

33. Assume that the (first) statement fails and X is some uncountably chro- 
matic graph that does not split into two uncountably chromatic induced sub- 
graphs. Let {A a : a < A} be a least family (with respect to the cardinality 
A) of disjoint subsets such that each A a induces a countably chromatic graph 
while A = (J{A a : a < A} does not. For B C A set B £ I if and only if X 
on (J{A a : Q e B} is countably chromatic. I is a proper, cr-complete ideal 
on A, and by our minimal choice of A, it contains every subset of cardinal- 
ity less than A. Furthermore, by our hypothesis, it is a prime ideal (i.e., for 
every B C A either B e I or A \ B e /). Let f a : (J {Ay : /3 < a} -> u be 
a good coloring. Define F : A — > w as follows. Let F{x) = i if and only if 
{a < A : f a (x) = i} (fi I. As / is cr-complete and prime, this is well defined 
and is a good coloring of X on A with countably many colors: if {x, y} € X, 
say x,y e (J{ Ay ■ 0 < ao}, then f a (x) ^ f a (y) for all a > ao, hence 
{ot '■ f a (x) ^ fa(y)} € I and so F(x) ^ F(y). This contradiction proves the 
claim. 

The stronger statement follows by recursively splitting the vertex set into 
more and more subsets inducing uncountably chromatic graphs. [A. Hajnal: 
On some combinatorial problems involving large cardinals, Fundamenta Math- 
ematicae, LXIX(1970), 39-53] 

34. First Solution. Assume indirectly that F : V — >• u is a good coloring. 
Define by transfinite recursion on a < u>\ the following function f(a) = 
F (/ 1 tt ) . It is clear that / is a function from u>i to u>. We show that it is 
injective and that gives the desired contradiction. Indeed, let a < ui\be the 
least ordinal such that f(oe) = f(f3) holds for some (3 < a. Then, / 1 ^ and / 1 a 
are injective functions, so they are elements of V, and they are joined in X. 
But as F is a good coloring of X, f(/3) = F[f |^) and f (a) = F{f\ a ) & r e 
distinct, a contradiction. 

Second Solution. Assume indirectly that F : V — > to is a good coloring. Set 
Aq = {0}, ao = 0, /o = 0. Suppose that at step n we are given the finite set 
A n C u), the ordinal a n < u> i, and the function f n '■ a n — > u>. Set A n+ 1 = 
A n U{i n } where i n is the least element of w\Ran(/„) above max(A n ). If there 
exists some / D f n with w\Ran(/) infinite, A n+ inRan(/) = 0, F(f) = n then 
let /„_ |_i : a n+ i -a- ui be one such /. Otherwise let f n + i be an arbitrary proper 
extension of f n to a one-one function f n+ 1 : a n +i —¥ u) with co-infinite range 
that is disjoint from A n+ This way we get a strictly increasing sequence 
/o C /i C • • • of one-one functions. Their union f u = {J{f n : n < w} is 
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also a one-one function that properly extends each. Assume that F(fJ) = n. 
Notice that u \ Ran(/ W ) is infinite (it includes (J{A fe : k < w}) and Ran(/ a; ) 
is disjoint from A n+1 . Therefore, we had the first case in the definition of 
fn + 1 and selected f n+ 1 with F(f n+ 1 ) = n. But now f n+ 1 and f u are distinct 
functions which are joined and get the same color, a contradiction. [F. Galvin, 
R. Laver] 

35. We can assume that the ground set of the set system is some cardinal k. 
We show by transfinite recursion that there is a good 2-coloring / of k, and 
to do that we define /| a : a —f {0, 1} inductively on a, where the inductive 
hypothesis that /| a : a —■ > {0)1} is a partial good coloring, i.e., there is no 
monocolored H £B, H C a. If / p is a partial good coloring for every (3 < a 
and a is a limit ordinal, then (recall that the sets in B are finite) clearly so is 
/ \ a = U l g <ct / 1 p. Suppose now that a = (3 + 1 is a successor ordinal, and / 

is already given. If there is no extension of it to a, then there is an A £ B 
such that A C a, (3 £ A, and A \ {/?} C / -1 (0). Similarly, there is a B £B 
such that B C a, f3 £ B, and B \ {a} C / _1 (1). But then A n B = {(3} and 
exactly this configuration is excluded. 

36. Let {Ai : i £ 1} be a maximal subfamily of T-L of pairwise disjoint sets 
(exists by Zorn’s lemma). Devise a function / : [J{A, : i £ 1} u> which is 
one-to-one when restricted to any particular A t . Extend / arbitrarily to the 
remaining points. We show that / is a good w-coloring of T-L. Pick H £ T-L. 
By condition, there is some i £ I that Aj fl H ^ 0 and also by condition, 
|Aj D H\ > 2. But then / assumes at least two different values on H and this 
is what we wanted to show. 

For the other part, let ’H be a nontrivial ultrafilter on oj. It is not finitely 
chromatic, as in any finite coloring one of the color classes is in the ultrafil- 
ter, and no intersection is a singleton, actually, the intersection of any two 
members is infinite. [R. Aharoni, P. Komjath] 

37. Let the underlying set of B be V . We first claim that for every U C V 
there is a “closure” of U, a unique minimal set F(U) D U with the property 
that if \H n F(U)\ > 2 holds for some H £ H then H C F(U). Indeed, let 
F(U) = F 0 (U) U F-l(U) U • • • where F 0 (U) = U and for n = 0, 1, . . . we set 

F n+ i(U) = F n (U ) U |J{tf € H : \H n F n (U) \ > 2}. 

Notice that as H satisfies the condition mentioned in the problem, F(U) is 
countable whenever U is. 

Enumerate V as {n a : a < wi} and set V a = F({vp : (3 < a}). Now 
each V a is countable and V = (JI W : a < us -[ } is an increasing, continuous 
decomposition. Moreover, every V a is “closed” , that is, no H £ T-L can intersect 
it in exactly 2 points. This gives that for every H £ B there is an a < lo\ 
such that H has 2 or 3 points in W a = V a+ \ \ V a and at most one point in 
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V a . As { W a : a < uq } is a system of pairwise disjoint, countable sets, there is 
an injection f a : W a —> u> and then the union of the f a ' s will give a coloring 
of V with uj such that no H £ 'H is monocolored. [P. Erdos, A. Hajnal: On 
chromatic number of graphs and set-systems, Acta Math. Acad. Sci. Hung., 
17(1966), 61-99] 

38. Assume that S n is colored by n + 1 colors, and V % is the set of points 
of color i. With distfx, y) = ||x — y|| the Euclidean distance on R n+1 , the 
functions 

gdx) = inf dist(a;,t/) 

yeVi 

are continuous functions of x € S n ] therefore, 

p {x) = (gi(x),...,g n (x)) 

is a continuous mapping of S n into R n . By Borsuk’s antipodal theorem there 
is an x € S n with F(x) = F(—x). If for some 1 < t < n we have gi(x) = 0, 
then gi(—x) = 0 as well, and so there are points arbitrarily close to x and —x 
of color i. On the other hand, if for all 1 < i < n we have g t {x) = g%{—x) > 0, 
then necessarily x and — x are of color n+ 1. In any case, under any (n + 1)- 
coloring we obtain points with distance arbitrarily close to 2 that have the 
same color, hence the chromatic number of G na must be at least n + 2. 

To see that G n . (y can be colored by n + 2 colors for a < 2 close to 2 do this: 
take a regular (n + l)-simplex with vertices on S n , project from the origin 
each face of the simplex onto S n , and let the points of these projected sets 
have the same color. 

39. To show Chr(G) < Ho, choose e < a/2, and let the color set T be the 
set of those F C [0, 1] which consist of finitely many intervals with rational 
endpoints. This is a countable set. Let the color of a vertex E be F £ T if 
meas(EAF) < e. Since E contains compact subsets E’ with measure arbitrar- 
ily close to meas(-E), and for each such E' there is an F € T with E' c F and 
meas(F \ E') < e/2, each E gets at least one color from T (of course, each 
E gets more than one colors, just keep one of them). Now if both E\ and E -2 
get the same color F, then E\ n E% ^ 0, so they are not connected in G. This 
shows that the above coloring is appropriate, and hence Clir(G) < H 0 . 

In the other direction we have to show that Chr(G) > n for all n = 1,2, 

Let S n be a sphere in R ra with surface measure equal to 1, and let r n be the 
radius of S n . It is known (see e.g., P. Halmos and J. v. Neumann, Ann. Math., 
43(1942), 332-350) that there is a measure-preserving bijective mapping T n : 
[0, 1] — > S n . For X e S n consider the (closed) spherical cap Ux with center at 
X and of surface measure equal to a, and let Ex = T~ 1 (Ux ) be the inverse 
image of Ux- Note that there is a fi n ,a < 2 r n such that Ex, (~l Ex 2 = 0 
(which is the same as Ux, (~l Ux 2 = 0) precisely if the distance of X- t and X -2 
is bigger than /3 a>n . Hence the chromatic number of the subgraph spanned by 
{Ex ■ X e S n \ is at least n + 1 by the previous problem. [P. Erdos and A. 
Hajnal, Matematikai Lapok, 18(1967), 1-4] 
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1. For k = 2 this is just a reformulation of Problem 23.1. Suppose the state- 
ment is known for some k, and let / : [a;] 2 — > {0, 1, . . . , k} be a coloring with 
k + 1 colors. Unite color classes 0 and 1 into a new color class —1. This way 
we obtain a coloring of the pairs of u> with k colors: —1, 2, . . . , k. By the in- 
ductive hypothesis there is an infinite monochromatic subset V' for the latter 
coloring. If its color is one of 2, . . . , k, we are done, V' is monochromatic in 
the original coloring. In the remaining case, V' is colored by —1; therefore, 
it was originally colored by 0 and 1. The case k = 2, applied to V', gives an 
infinite monochromatic set of color 0 or 1, in the original coloring. 

2. We prove the statement by induction on r. The case r = 1 is obvious: if 
we decompose an infinite set into finitely many parts, then one of the parts is 
infinite. Suppose the statement has been verified for r. Let / : [w] r+1 — >• k be a 
coloring. We argue that there is an infinite set A such that the following is true. 
If a\ < ■ ■ ■ < a r < a < b are from A, then f(ai , . . . , a r , a) = f(ai , . . . , a r , b) 
holds (that is, A is endhomogeneous). Accepting the existence of A we con- 
clude the proof as follows. Color the r-tuples of A by putting g(a i, . . . , a r ) 
the common value of /(oi, . . . , a r , a) where a € A, a > a r . By the induction 
hypothesis there are an infinite B C A and a color i such that all r-tuples 
from B get color i under g. But then clearly B is monochromatic in color i 
for / as well. 

To obtain A we inductively select the decreasing sequence of infinite 
sets Yo 2 Yi D ■■ ■ and the elements xo < x\ < ■ ■ ■ as follows. Set 
Yo = u. If Yi is determined, let ay be its least element. After this, for ev- 
ery zeYi\ {xi}, z determines a coloring g z of the r-tuples of {.'Eq, . . . , ay } by 
making g z (xj 1 , . . . , Xj r ) = f (ay, , . . . , Xj r , 2 ) . As [{a?o , . . . , ay }] r is finite (pos- 
sibly empty), there are finitely many possibilities of coloring it with k colors. 
There is, therefore, an infinite Yj+i C Y i: \ {ay} such that the g z functions 
are identical for z G 1 , and so the definition of Yj+i is complete. We get, 
therefore, an infinite set {a;o,a;i, . . .} such that the color of an (r + l)-tuple 
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does not depend on the last element. [F. P. Ramsey: On a problem of formal 
logic, Proc. London Math. Soc. (2), 30(1930), 264-286] 

3. Color the pairs of elements as follows. A pair gets color 0 if it consists of 
comparable elements, and color 1 otherwise. By Problem 1 there is an infinite 
monochromatic set and it can only be a chain or antichain, according to its 
color. 

4. Let ao, ai, . . . be infinitely many elements of the ordered set (A, -<}. Color 
{a,i,a,j} with i < j zero if a, -< a ;/ and with one otherwise. By Problem 1 
there is an infinite monochromatic set and it is an increasing or decreasing 
sequence, according to its color. 

5. First solution. An easy geometry argument gives that out of 5 planar 
points some 4 form a convex quadruple. Color every 4-element subset of X 
by 0 or 1 accordingly if they form a convex quadruple or not. By the above 
remark there is no monochromatic 5-element subset of color 1, so, by Problem 
2 there is an infinite monochromatic set of color 0, which is exactly a convex 
set. [P. Erdos, G. Szekeres: A combinatorial problem in geometry, Compositio 
Math., 2(1935), 463-470] 

Second solution. Working on the plane with x-, y - axes we can assume that 
the points of X are (do, bo), (di, &i), . . .. We can equally assume (by shrinking 
X, and rotating the coordinate system, if needed) that o» ^ a, for i ^ j. 
Given a triple {i,j, k} of natural numbers there can be two cases: of the 
points (dj,£>j), ( a,j,bj ), and (dfc,6fe), the one whose ^-coordinate is between 
those of the other two, can be above or below the segment determined by the 
other two points. If we color the point triple by 0 or 1 according to which case 
holds, we get a coloring of [tn] 3 by two colors. An application of Problem 2 
gives a subset as required. [N. Tarsi, cf. M. Lewin: A new proof of a theorem 
of Erdos and Szekeres, Math. Gaz., 60(1976), 136-138] 

6. If we are given a tournament on u>, for u < v < oj color the edge {u, v} 
green, if ufo, and blue otherwise. By Ramsey’s theorem, there is an infinite 
monochromatic set, and it is obviously a transitive subtournament. 

Another possibility is to observe that a tournament is transitive if and 
only if every triangle in it is transitive, and every tournament on 4 nodes 
includes a transitive triangle. Then we can apply the relation u — (ui, 4) 3 . 
[P. Erdos-R. Rado] 

7. As in the first solution of Problem 6, we assume that the graph is on u>, 
and color the pair { u , v\ (u < v < lo) with 0, if u and v are not joined in 
X, with 1, if wb, and with 2, if fe). By Ramsey’s theorem there is an infinite 
monochromatic set. If its color is 0, then it is an independent set, if it is 1 or 
2, it is a transitively directed subset. 
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8. Let the vertices be the functions / : u> > {0,1}, and if f,g are two such 
functions and n is the smallest number with f(n) ^ g(n), then let the color 
of (/, g) be (n,0) if f(n) < g(n), and otherwise let it be (n, 1). It is easy to 
see that this is an appropriate coloring. 

9. The proof is identical with the corresponding part of the solution of Problem 
2. 

10. For a triple { x,y,z } £ [w] 3 with x < y < z there are 5 possibilities 
if we consider which of f(x,y),f(x,z),f(y,z) are equal. Similarly, given a 
quadruple {x,y,z,t} £ [u>] 4 , with x < y < z < t, there are a finite number, 
say s possibilities, on equalities of the values of / on [{x, y, z, t}] . Accordingly, 
we get colorings g : [w] 3 — > 5 and h : [ui] 4 — > s, which give the types of the 
triples and quadruples in the above sense. By Ramsey’s theorem (Problem 2) 
there is an infinite set H C u> homogeneous to both g and h. We claim that H 
is as required. Assume that there are s,t £ [H] 2 with f(s) = /(f) (otherwise 
we land in case (d)). As H is homogeneous for g, h, f(s') = f(t') holds every 
time the relative (ordered) position of s',t' £ [H] 2 is the same as that of s, 
t. One can find s',t',t" £ [H] 2 such that s'.t 1 and s', t" both are similar to 
s, t (in the above sense) and either imn(f / ) = min(t") or max(t') = max(t"). 
For simplicity, assume the former case. We get, therefore, one occurrence of 
m = m in [ H ] 2 with min(s) = min(f), and, as H is homogeneous for g, this 
must always hold in this situation. We get (b), unless there are s, t £ [H] 2 with 
min(s) ^ lriin(f) yet f(s) = f(t). Then, using the properties of H again, we 
get that to any x < y in H there are s, t £ [H] 2 with min(s) = x, min(f) = y 
and f(s) = f(t), and eventually we get that H is homogeneous. [P. Erdos, 
R. Rado: A combinatorial theorem, Jour. Loud. Math. Soc., 25(1950), 249- 
255] 

11. Select the sequence 1 = ro < rq < • • • in such a way that if r > r t then 
f(r) > 2*. Let A\ be an infinite subset of ui that is homogeneous for every 
H r , r < rq (exists by Ramsey’s theorem, Problem 2). Choose x,\ = min(Ai). 
By induction on t, if we have found {aq, . . . , aq } and A t , choose an infinite 
At+\ CA t \ {xt} such that if r* < r < rt+i, B C {xi, . . . , xt} and C C At + 1 , 
\B\ + |C| = r, then H r (B U C) depends only on B. Such a set can be found; 
it only requires a(n enormous but) finite number of applications of Ramsey’s 
theorem. Having finished the inductive construction, set X = {xi, . . .}. If 
rt < r < r t+ i, then H, assumes at most 2* < /(r) values on X and we are 
done. 

For the other direction if s = {xi, x r \ C u) make H r (s) = i if there are 

precisely i indices 1 < j < r for which Xj + \ — Xj < r. We claim that if X C u> 
is infinite and i is given then for r sufficiently large there is an s £ [X\ r with 
H r (s) = i, thus the number of colors occurring in [X] r tends to infinity as 
r — > oo. In fact, let y\ < y -2 <■ ■ ■ < yi+\ be the first i -I- 1 elements of X, 
choose r > yi+i , further let Xj = yj for 1 < j < i + 1 and inductively choose 
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Xj+ 2 ) . . . , x r £ X in such a way that xj+i —Xj > r for j = i + 1 , . . . , r— 1. Then 
{xi, . . . , x r } has color i. [J. E. Baumgartner, P. Erdos, A. Hajnal, R. Rado] 

12. From finite Ramsey theory we know that there is a natural number d such 
that d n — > (3n)§ holds for every n. Set c = d + 1. Assume that we are given 
a coloring / : [a;] 2 — > 3. By induction we select the finite sets Ao, A \ , ... as 
follows. If Ao, ... ,A t have already been selected, set p = |Ao| + • • • + |A t |, 
q = max(Aj). There is a number n = nt + 1 > q so large that q + 3 p d n < c n . 
By the pigeon hole principle, there are at least d n elements in the interval 
[q + 1 ,q + 3 p d n ] that are joined to A 0 U • • • U A t the same way, i.e., f(x, y) 
depends only on x. Using the above-mentioned Ramsey property, there is a 
3n t+ i -element subset, which is homogeneous to /, this will be our A t+1 . 

Applying Problem 9, we get an infinite subset X C such that for i < j 
in X if x £ Ai, y £ Aj, then f(x, y) = g(x), that is, the color does not depend 
on y or even on j. This g 3-colors Aj, so there is a R, C Aj, j B, j = rij, for 
which g(x) only depends on i. 

For an infinite Y C X this value is the same (say eo), and also the color 
of pairs in Rj is the same (say e\). 

The set (JjR, : i £ Y} uses only the colors {eo, ei}, the index of the largest 
element of Rj is at least n, and its value is at most c"* for i £Y. [P. Erdos, 
cf. P. Erdos, F. Galvin: Some Ramsey-type theorems, Discrete Mathematics, 
87(1991), 261-269] 

13. (a) Let / : [k] 2 — » {0, 1}. Assume first that for every x < k, the set 
{y < n : f(x, y) = 1} is of cardinality less than n, that is, if we consider the 
graph of those pairs { x , y} for which f(x, y) = 1, then every vertex has degree 

< k. Then, by transfinite recursion, we can choose the vertices {x a : a < k} 
such that f(xp,x a ) = 0 holds for 6 < a < k. Indeed, if at step a, the vertices 
{xp : f3 < a} have already been selected, then each of them disqualifies (by 
hypothesis) a set of cardinality < k as possible x a , and as k is regular, the 
union of these < k sets each with cardinality < k is still a set of cardinality 

< k so it is possible to choose x a . Now observe that {x Q : a < k} is a set of 
cardinality k monochromatic in color 0. 

We have proved that if there is no monochromatic set of size k in color 0, 
then there must be some vertex Vo such that if Aq = {y < k : f(vo,V ) = 1}, 
then Ao is of cardinality k. Repeating the previous argument inside Ao 
we get that there must be some vertex v\ £ Ao such that the set A\ = 
{y £ Aq: f(v\,y) = 1} if of cardinality k. Continuing, we get the vertices 
vo,vi,... and sets A 0 , A 1; . . . and the set {vo, v\, . . .} is an infinite set mo- 
nochromatic in color 1. [B. Dushnik, E. W. Miller: Partially ordered sets, 
American Journal of Mathematics, 63(1941), 600-610] 

(b) Using the argument in part (a) it suffices to show the following. If X is 
a graph on k with no infinite complete subgraph and in which every degree 
is less than k, then there is an independent set in X of cardinality k. Let 
{K a : a < y} be a strictly increasing sequence of cardinals cofinal in k where 
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H = cf (k), with pi < kq- Decompose k into the union k = (JjSA : a < // } 
with |S a | = k+. Using part (a) we can shrink each to an independent set 
S' a C S a , 1 | = k+. For each x £ S' a there is a least ft = /3( x) < /.x such 
that the degree of x is < Kp( x ). The mapping x i— )> 3( x ) decomposes .S" ( into 
at most pi parts (taking the inverse images of the elements). As cf (« a ) > /x, 
some of them must have cardinality k+, that is, there is S'" C 5’^, |S"| = k+ 
and there is g(a ) < /x such that if .t £ S'" then the degree of x is at most 
K g(a)- 

Select, by transfinite recursion, an increasing sequence {aj : i < //} of 
ordinals smaller than /i such that sup{g(aj) : j < i} < a, holds for every 
i < n- This is possible as pi is regular and at every step we must choose an 
ordinal that is greater than the supremum of some < /.x ordinals below pi. We 
finally choose the sets {Tj : i < /x} by transfinite recursion on i < /x with 
the properties |T);| = k+ , T) C S'", so that the set (J-fT) : x < /i} will be 
independent. Assume we are at step i and the sets {Tj : j < i} have already 
been constructed. In order to get Tj we remove from S". all vertices that are 
joined to some element of T = (J{Tj- : j < i}. The number of these removed 
elements can be estimated as 

l T iK(«U £ K »i 5Z K 9(«i) ^ •K at -i = Koh- 
j<i j<i 

As |S" | = k+ , there remain k+. elements, so Tj can be chosen. As (J{Tj : i < 
n} is an independent set of cardinality k, we are done. [P. Erdos] 

14. Assume that {f a : a < n + \ is a lexicographically decreasing sequence. 
Then, {/ a (0) : a < k + } is a nonincreasing sequence of ordinals; therefore, it 
stabilizes, that is, f a ( 0) = g(0) holds for a > o:q for some ao < k + . Restricting 
to those values of a, {f a ( 1) : a < k + } is a nonincreasing sequence of ordinals, 
so again, f a ( 1) = g(l) holds for a > aq for some aq < k + . Continuing, we 
get the ordinals a, < k + for i < k, and the values g(i) < A that f a (i) = g(i ) 
holds for a > oii. But then, all functions f a with a > supja, : i < k} are 
identical, a contradiction. 

Assume that {f a : a < /x + } is a lexicographically increasing sequence for 
g = max(xt, A). {/ Q (0) : a < /.x + } is a nondecreasing sequence of ordinals 
< A, only at A places can they properly increase. So it stabilizes, that is, 
f a ( 0) = g( 0) holds for a > ao for some ao < /x + . Restricting to those values 
of a, {/«(!) : a < /z + } is a nondecreasing sequence of ordinals, so again, 
f a: (l) = g(l) holds for a > ai for some u\ < /x + . Continuing, we find the 
ordinals aj < g + for i < k, and the values g(i) < A that f a (i) = g(i) holds 
whenever a > aj. As before, all functions f a with a > sup{aj : i < k} will be 
identical, a contradiction. See also Problems 6.93-94. 

15. As |A| < 2 K we have an injection <2> : A — > K 2. For x < y in A there is a 
least a < k that &(x)(a) ^ $(y)(a). Set f(x,y) = (a,0) if x)(a ) = 0 and 
<P(y)(a) = 1, and set f(x,y) = (a, 1) when d>(x)(a) = 1 and <l>(y)(a) = 0. If, 
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for x < y < z, f(x,y) = f(y,z) = (a,0), say, then 4>(y)(a) would be 0 and 1 
in the same time, a contradiction. 

16. Let ( A , -<) be an ordered set whose order type is a Specker type (see 27.15). 
Enumerate A as A = |a(a) : a < oji} and let { x(a ) : a < u) i} be a set of 
distinct reals in [0,1]. We construct the tournament on sq: if a < 0 < ui, set 
ah, i.e., direct the edge {a, 3} from a to 0 if and only if either x(a) < x(0) 
and a(a) a(0) or x(/3) < x(a) and a(0) ~< a(a). 

First we observe that if B C A is uncountable then there is an a (a) G B 
such that for uncountably many 0 > a the relations a(/3) G B and a(a) ~< a(0) 
hold. Indeed, otherwise, we could inductively select a sequence from B of order 
type u*, which contradicts the properties of {A, -<). 

Assume that W C is uncountable. We claim that there isagl such 
that the set {0 G X : a(a ) -< a(0), x(a) < x(0)} is uncountable. In fact, for 
a G X let f(a(a)) be the least t G [0, 1] such that x(/3) < t holds for all but 
countably many /? G X with a(a) -< a(P). Since / is a nonincreasing real- 
valued function on a subset of A, it can only have countably many different 
values; otherwise, there would be an uncountable subset of A similar to an 
uncountable subset of the reals, an impossibility. Hence / is constant, say 
to on an uncountable set. Set Wo = {a G X : f(a(a)) = to}. As we have 
remarked above, there is an ao € X 0 such that {0 G X 0 : a(ao) -< «(/?)} is 
uncountable, and then in this set there is an a G W 0 such that a(a ( j) ~< a (a) 
and x(a) < to (by the choice of to = /(a(c*o)))- Since = to also holds 

and x(a) < to, there are uncountably many 0 G X such that a(a) -< a{0) and 
x(a) < x(0), and the claim has been proved. 

A similar argument shows (by reversing -< and <) that there is an a with 
{0 G X : a(0) -< a(a),x(/3) < x(a)} uncountable. 

We next claim that there are uncountable Wo, Wi C W such that if a G Wo, 
0 G Wi, then a(a) ~< a(0) and x(a) < x(0). Toward proving this, let U be 
the set of those a G W such that {0 G W : a(a) -< a(0),x(a) < x(0)} is 
countable, and let L be the set of those a G W such that [0 G W : a(0) -< 
a(a),x(0) < x(a)} is countable. Both U and L are countable. Indeed, should, 
say, U be uncountable, then, by our first claim, it would contain an a. with 
{0 £ U : a(a) -< a(0), x(a) < x(0)} uncountable, but this is nonsense since 
then a cannot belong to U. Thus U and L are countable, and so we can pick 
an a G W \ (U U L). Then the sets 

W 0 = {0 G W : a(0) -< a(a) and x(0) < x(a)} 

and 

Wi = {0 G W : a(a) -< a(0) and x(a) < x(0)} 

establish our second claim. 

Fix now Wo and Wi as in the second claim. A further application of the 
same claim to Wo and to the reversely ordered (A, >-) we get uncountable 
bo, Yi C Wq such that a G bo, 7 G Y\ satisfy a(a) ~< 0(7) and a; (a) > or (7). As 
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Yq.Yi, Xi are uncountable subsets of u>i, we can choose a <0 < 7, a £ Yq, 
0 £ X\, and 7 £ Yj . Then a$, fry, y& are edges in our tournament, so it is not 
transitive on X. [R. Laver, see F. Galvin, S. Shelah: Some counterexamples 
in the partition calculus, Jour. Comb. Th., 15(1973), 167-174] 

17. It suffices to give a function F : [u)\ ] 2 — > uq such that the range of F on any 
uncountable X Cuh includes a closed, unbounded set. Indeed, if / : 07 — > u>i 
is a function as described in Problem 21.21, then their composition / o F is 
as required. 

Select the distinct functions r a : uj — > 2 for a < uq. For a / ) < coi 
let d(a,0) be the least n with r a (n) 7^ rp(n). Fix, for every 0 < a < uq a 
(possibly repetitive) enumeration a = (x“ : n < oj}. For a < 0 < u)\ set 
A(a,0) = {x(^ : n < d(a,0)}, F(a,0) = min (A(a,0) \cc)). 

Assume that X C aq is uncountable. If g : n — > 2 for some n < u>, set 
T(g) = {a £ X : g C r a }. Set 7 € C if 7 is a limit ordinal and the following is 
true. For every g : n — > 2, (n < u>), if T(g) is countable, then 7 > sup(T(t/)), 
if T(g) is uncountable, then T(g') 07 is cofinal in 7. C is closed, unbounded in 
u>\ by Problems 21.2 and 21.1. We claim, and that suffices, that every element 
of C is in the range of F on [A - ] 2 . 

Assume that 7 £ C. Pick 0 £ X, 0 > 7 (possible, as X is uncountable). 
For n<uset g n =rg^ n+ -g. Notice that 7 < 0 £ T(g n ), therefore T(g n ) is 
uncountable for n < u. For n < uj let g* : (n+1) 2 be the (unique) function 

that agrees with g n at all but the last place: 9n\ n = 9n\ n > 9n( n ) 7^ 9n( n )- 
Clearly, T(g n ) \ {0} = T(g* +1 ) U T(g* +2 ) U • • •, so for every n < to there is 
N > n with T(g* N ) uncountable. 

As 0 > 7, 7 = holds for some k < ui. Choose N > k with T(g* N ) 
uncountable. Notice that for a £ T(g^), d(a,0) = N , hence A = A(a,0 ) = 
: n < N} is the same finite set containing 7. Recalling the definition of 
F, we get that for a € T(g^) n 0, F(a,0) = min(A \ a). As A n 7 is finite 
and T(g^) fl 7 is cofinal in 7, we can choose an a £ T{g* N ) n 7 so large that 
the least element of A which is > a is 7. For this a, we have F(a, 0) = 7, as 
desired. [S. Todorcevic: Partitioning pairs of countable ordinals, Acta. Math., 
159(1987), 261-294] 

18. Set S = ja < (2 K ) + : cf (a) = k + |, a stationary set in (2 K ) + by Problem 
21.8. For every a £ S start building the endhomogeneous set {x r ^ : £ < re + } C 
a in the sense that we require that 

f(x^,...,x^ r ,x^) = f(x% 1 ,...,x% r ,a) 

hold for £1 < ■ ■ ■ < £ r < g < k + . For every given a we can either continue for 
k + steps or get stuck somewhere. If there is some a for which the first case 
holds, lovely, we have the sought-for endhomogeneous set: X = : £ < k + }. 

We can therefore assume that for every a £ S there is a point where we get 
stuck: for some ordinal 7(0:) < k + we cannot extend the set {x^ : £ < 7(a)}. 
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Notice that as cf (a) = n + , {x^ : £ < 7 (a)} is a bounded subset of a. Applying 
Problem 21.10, we get that there is a stationary S' C S such that these values 
are constant: for a € S' we have 7(a) = 7 and for £ < 7, x? = x^. The 
number of h : [7] r — >• k functions is k k = 2 K , and for each a £ S' 

{£1, 

is such a function, so there must be a < (3 in 5' such that /(x ?1 , . . . , x^ r ,a) = 
/(x| 1 , . . . , X£ r , fi) holds for £1 < • • • < < 7. But then we reached a contra- 

diction; a can be added to the set {xf : £ < 7(/?)} and still keep it endhomo- 
geneous. 

19. Assume that / : [(2 K ) + J k. Set S = |a < (2 K ) + : cf ( a ) = k + |, a 

stationary set in ( 2 K ) + (see Problem 21.8). For every a £ S and every color 
i < k we start building the increasing sequence Z(a, i) = {x^ ’* : £ < k + } c a 
such that for £ < £ we have 

/(*?’*> = f(x^’ l ,a) = i, 

that is, Z(a, i) U {a} is homogeneous in color i. If, for some a £ S and 
some i < k we can proceed through k + steps, we get a homogeneous set of 
cardinality k + in color i. We can assume, therefore, that for every a £ S, 
i < k we have the nonextendable set Z(a,i) = : £ < 7 with some 

7 (a,i) < k~ . As the mapping a i-> (7 (a,i) : i < k) has a range of cardinality 
at most (k + ) K = 2 K , there is, by Problem 21.6 a stationary S' C S such that 
7 (a,i) = 7 (i) with some 7 (i) for every a £ S'. On S' we have a system of k 
regressive functions, for every i < k and £ < 7 (*), the mapping a x^' 1 . By 
Problem 21.10, there is a stationary set S" C S' where they all are constant, 
that is, on S" the sets Z(a. i) are identical, Z(a,i) = Z{i). Now pick a < (3 
in S", let i = Then, as sup(Z(i)) < a, and f(a, /?) = i, a is a good 

continuation of Z(i) = Z(f3,i), and this contradicts the maximally of the 
latter set. [P. Erdos: Some set-theoretical properties of graphs, Revista de la 
Univ. Nac. de Tacuman, Ser. A. Mat. y Fis. Tedr. 3(1942), 363-367. For an 
alternative proof, see the solution to Problem 25.] 

20. Assume that / : [(2 K ) + J — » k. We repeat the argument in the previous 

problem for the colors 0 < i < k. That is, for every a < (2 K ) + , cf (cc) = n + , 
0 < i < k, we build the set Z(a. i) C a such that Z(a. i) U {a} is homogeneous 
in color i. If there are some a and i such that we can proceed through k+ 
steps, then we are finished; we have found a homogeneous set of cardinality k + 
in one of the colors 0 < i < k. In the other case, for each a and each 0 < i < k 
there is a nonextendable Z(a,i ) as above, of cardinality < k. By the above 
argument, there is a stationary set S", such that we get a contradiction if 
for some a < (3 in S'', the color f(a,/3) is any of the values 0 < i < n. This 
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exactly means that S" is a homogeneous set in color 0, and, as it is stationary, 
it has cardinality (2 K ) + . 

21. Define the coloring F : (2*) + — 1 k + 1 as follows. For a < 0 < (2 K ) + set 
F(a, p) = k if / a (0 < fy{0) for every £ < k, otherwise let F(a, 0) be the least 
£ such that /«(£) > /■?(£) holds. By Problem 20 either there is a homogeneous 
subset in color k of cardinality (2 K ) + , in which case we are done, or there is 
a homogeneous subset of cardinality k + in color £ for some £ < k. But in the 
latter case, if Z is the homogeneous set, then {f a (0) : a € Z} is a decreasing 
sequence of ordinals of length k + , an impossibility. 

22. Suppose first that |X| > c and d:IxX 4 [0, oo) is a symmetric mapping 
with d(x, y) = 0 if and only if x = y. Color the pair {x, y\ with color k £ Z if 
2 fe < d(x, y) < 2 k+1 . By Problem 19 there is a homogeneous triangle, {x, y, z}, 
in some color, say, in color k. Now if {x ' , y' . z'} is any permutation of { x , y, z}, 
then d(x', z') < 2 k+1 =2 k + 2 k < d(x’, y') + d(y', z') so d is not an antimetric. 

For the other direction notice that if X C R then d(x, y) = (x — y) 2 is an 
antimetric on X. [V. Totik] 

23. Consider two orderings on the same set K 2, the set of all k — »• {0, 1} 
functions. One is the lexicographic ordering, denoted by <. The other is an 
arbitrary well-ordering, denoted by < w . For /, g G K 2 color the pair {/, g} by 
0 if the orders agree on the pair, that is either / < g and / < w g hold, or else 
g < f and g < w f hold. In the other case color the pair {/, g} by 1. 

Assume that X is some homogeneous set in color 0 with |X| = k + . Then 
the orderings agree on X. As one of them is a well-ordering, so is the other; 
therefore, X is a set on which < is a well order. But this is impossible as by 
Problem 14 there is no subset of ( K 2 , <) of order type > k + . 

A similar argument works for a homogeneous set in color 1. [W. Sierpinski: 
Sur un probleme de la theorie des relations, Ann. Scuola Norm. Sup. Pisa, 
Sci. Fis. Matem., 2(1933), 285-287] 

24. Consider the set of all n — »• {0, 1} functions as S. Color a pair {g, h} £ [S'] 2 
with color i < k if and only if i is the least coordinate that g(i) ^ h(i) 
holds. There is no monochromatic triangle as that would mean three func- 
tions go,gi,g 2 with go(i) ,gi(i), <? 2 (f) being three distinct elements of {0,1}, 
an impossibility. [K. Godel] 

25. By induction on r. The case r = 0 is trivial: if k + is colored with n colors, 
then (as k + is regular) there are n + points with the same color. 

Assume the statement for r and let / : [exp r+1 (k) + ] > k. By Prob- 

lem 18 there is an endhomogeneous set X with |X| = exp r (ft) + , that is, 
for xi < ■■■ < x r+ i < y, f{x\, . . . ,x r+ \,y) does not depend on y , say 
f(x 1 , . . . , x r +i, y) = g(x 1 , . . . , x r +i) holds on X. Applying the case for r to g 
we get that there is a set of cardinality k + that is homogeneous for g and so 
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it is homogeneous for /, as well. [P.Erdos, R. Rado: A partition calculus in 
set theory, Bull. Amer. Math. Soc ., 62(1956), 427-489] 

26 We show the existence of the required function by induction on r. For 
r = 0 the function f(x) = x (x < k) is good. Assume that we have the 
statement for r and want to prove it for r + 1. Given the infinite cardinal 
k, let F be a function on [exp r (2 K )] r+1 with the required properties. We 
can assume that F maps into K 2, the set of all k — > {0, 1} functions. Define 
/ on the r + 2-tuples of exp r (2 K ) = exp r+1 (k) as follows. If xq < X\ < 
■■■ < x r +i are given, then g = F(x o,---,x r ) and h = F(xi, ■ ■ ■ ,x r ~i) are 
two distinct k — > 2 functions. Let a < k be the point of first difference. If 
g(a) = 0, h(a) = 1, then set f(xo,Xi,---,x r+ i) = (a,0), if it is the other 
way around, set f(x o, X \ , • • ■ , x r+ \) = (a, 1). This / is a coloring as required: 
if xo < x\ < ■ ■ ■ < x r+ 2 and f(x o, • • • ,x r+ \) = f(x i, • • • , x r+ \) = (a,0), say, 
then F(x i, • • • , x r+ i) must be a function which assumes at place a the values 

0 and 1 in the same time. [P. Erdos, A. Hajnal: On chromatic number of 
infinite graphs, in: Theory of graphs, Proc. of the Coll, held at Tihany 1966, 
Hungary (ed. P. Erdos, G. Katona), Akademiai Kiado, Budapest, Academic 
Press, New York, 1968, 83-89] 

27. Assume that f : Ax B k is a counterexample. For S € [A] k , i < k, set 

Ti(S) = {y e B : f(x, y) = i for all x e S}. 

By our indirect assumptions, |T'i(S')| < k holds for all S G [A] k , i < k. Their 
union, T = ■ i < k, S € \A] k } has cardinality at most k ■ k + = k + . 

We can therefore pick some y £ B\T. This y has the property that for every 

1 < k, the set {ifl: f(x, y) = i} has at most k — 1 elements, which is a 
contradiction, as they must cover the set A of cardinality k + . 

28. Assume that A, B, k, and / are as in the problem. Let U be a nonprincipal 
ultrafilter on B. For x £ A, i < k, set B l x = {y £ B : f(x,y) = i }. For every 
x e A, (B°, . . . , B k_1 ) is a partition of B into k parts, there is, therefore, a 
unique i(x) < k such that B‘ x - X> g U. By the pigeon hole principle there are 
an i < k and an uncountable A" C A such that i(x) = i holds for x £ A". We 
can now apply Problem 4.36 to the system {B' x : x G A"} to get A! c A " , 
B' = n{B l x : x £ A'} infinite. Hence / is homogeneous of color i on A' x B' . 

29. Select the increasing sequence (A a : a < fi} of regular cardinals, cofinal in 
A, with Ao > k 11 and A a +i > (2 A ") . Thinning the sequence { S a : a < p} we 
can achieve that |S' ct | > A a +i holds for every a < p. Next, by shrinking the 
individual sets S a we can assume that actually |.S' Q | = (2 Aa ) + holds for a < //. 
For /? < a, we have \Sp\ < A^+i < A a , so |U{ , S'/3 : P < a }\ < A a . There are 
at most 2 a “ different (JjS'a : (3 < a} — >• n functions so there are sets S' a with 
|<S , LJ = (2 a “) + such that if (3 < a, x £ Sp, y, y ' £ S' a , then f(x,y) = /(x,t/). 
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This can be reformulated in the following way. For every x € S' a there is 
some function g x : ( a,y ;) — > n such that f(x,y ) = g x (0 ) holds for y £ S'p, 
a < 0 < y (here (a. //) denotes the ordinal interval). As the number of 
different such functions is at most kA < A Q , there is some S" C S' a with 
| /S'" | = (2 a “) + that is homogeneous in this sense, that is, g x = g x i holds for 
x,x ' € S" . Another formulation of this is that there is some function h such 
that for a < 0 < g, if x £ S", y € S'p, then f(x, y) = h(a, 0). 

We are almost finished, we only have to apply Problem 19 and shrink S" 
to a homogeneous S'" with |S"'| = A+. Of course, the homogeneous color of 
S'" may depend on a. [P. Erdos] 

30. Assume that / : [A] 2 ->• {1,2,..., k}. Problem 29 gives that there are 
disjoint sets So, Si,... with |S„| — l A and there are functions g : [uj ] 2 — >• 
(1,2, ...,k}, h : uj ->• {l,...,fe} such that if / < j, x £ Si, y £ Sj then 
f(x,y ) = g(i,j ) and likewise if x.y £ Si then f(x,y) = h(i). Applying Ram- 
sey’s theorem (Problem 1) and the pigeon hole principle we get an infinite set 
A C uj such that if i, j £ A then g(i,j) = c for some c £ {1, 2 , . . . , k} and if 
i £ A then h(i) = d for some d £ {1,2,..., k}. Now : ® € A} is a set of 
cardinality A in which the pairs only get colors c and d. [P. Erdos] 

31. Enumerate every A, as A,; = {a' a : a < k} and every Bi as Bi = {b l a : a < 
k}. Let < order I. For i < j in I color the pair {i,j} with the ordered pair 
(a,/3) where a' a = bp is some element of the nonempty A, n Bj. If |/| > 2 K 
then by Problem 19 there are i < j < k forming a monocolored triangle, and 
if the color is (a, (3), then 

tip = a z a = bp = a J a 

an element of Aj fl Bj, a contradiction. [R. Engelking, M. Karlowicz: Some 
theorems of set theory and their topological consequences, Fundaments Math- 
ematical 57 (1965), 275-285] 

32. For every limit ordinal a < k select the ordinals Xq < < • • • < a, as 

long as possible, with /(#", x^) = f(x%, a) = 1. If, for some a, we can choose 
infinitely many such ordinals, we are done: {a;“ : n < u;} U {a} is a set of 
type uj + 1, homogeneous in color 1. In the other case, for every limit a < k 
there is some nonextendable {x° n : n < N(a)}. The mapping a i— > N(a) 
decomposes the stationary set of all limit ordinals below k into countably 
many parts, so by Problem 21.6 there is some N < uj that {a : N(a) = N} 
is stationary. On this set, all functions a i-> are regressive (n < N), 
so repeated applications of Fodor’s lemma (Problem 21.9) give a stationary 
subset S on which they are constant; = x n . Then, S is homogeneous in 
color 0. Indeed, if /(/?, a) = 1 held for some 0 < a in S then 0 would be a 
good extension of the set {xq , . . . , x^}, i.e., it would be a possible choice for 
x% + i contradicting nonextandability. [P. Erdos, R. Rado: A partition calculus 
in set theory, Bull. Amer. Math. Soc. 62 (1956), 427-489] 
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33. By induction on k. The case k = 2 follows from Problem 32. If the case for 
k is established, and / : [u> i] 2 — t k + 1 then, again by Problem 32, either there 
is a monocolored set of order type u) + 1 in color k, or there is an uncountable 
set using only colors 0, 1, . . . , k — 1. In the former case we are done, in the 
latter case we use the case for k. 

34. Assume that / : [R] 2 -»• k for some k < u. Let A C R be a 
nonempty, countable set which has the following property. For every choice 
of xi,...x t G X, ji, . . ,,j t < k if the set Y = Y(x i, . . -x t ',ji, ■ . ■ ,jt) of those 
y > max(a:i,...a; t ) with f(xi,y) = ji , . . . , f(x t , y) = j t is nonempty, then 
if min(Y) exists, then min(Y) £ X, if min(Y) does not exist, then there 
are y n £ X n Y with y n — > inf (Y). [Such an X can be obtained by putting 
X = X 0 U X\ U • • • where X 0 C R is an arbitrary countably infinite set, and 

X n+1 =X n u\J{Z( Xl ,.. ■x t -,ji,. •• ,ji) :X!,...Xt € X n ,j i, . . . ,j t < k} 

where Z(xi, . . . x ( ; j \, . . . , j t ) C Y(xi, . . .x t ; ji, . . . ,j t ) is a countable, co- 
initial subset.] 

Pick some y € R\ X, bigger than inf (A). Let Xq £ X, xq < y be arbitrary. 
If xo,.--,x n are already selected, let x n+ \ £ A be chosen subject to the 
conditions x n < x n+ i < y and f(xi,x n+ i) = f(xi,y) ( i < n). This is possible 
as Y (xo, . . . , x„; f(x o, y), . ■ . , f(x n , y )) is nonempty, y is not its least element 
(note that y 0 A) and there is an element of A in it which is smaller than y. 

Now the set {xq,x\ ,..., y} is endhomogeneous for /: for i < j < u, 
f(xi,Xj) = f(xi,y ) = ji, say. As k < u, for an infinite set Z C uj and for 
some 7 < k we have 7* = j (i £ Z), and then {27 : i £ Z} U {y} is a 
homogeneous set in color 7 of order type u> + 1. [P. Erdos-R. Rado] 

35. (a) Suppose to the contrary that k is singular. Define / : [k ] 2 — > {0, 1} 
with no homogeneous set of cardinality k as follows. Decompose k as a disjoint 
union k = (J{,S' a : a < fi} where /1 < k and each S a has cardinality less than 
k. Now set f(x,y) = 0 if x and y are in the same S a , otherwise f(x,y) = 1. 
Every homogeneous set of color one intersects every S a in at most one point, 
so it is of cardinality at most y. Every homogeneous set of color zero is a 
subset of some S a so it is of cardinality < k. 

The problem also follows from Problems 27.44(c) and 27.42. 

(b) If A < k and 2 X > k then, by Problem 23, 2 A 7b (A + )| holds, so 
certainly k -ft (k)|. 

(c) This is an immediate consequence of 27.44(c) and 27.43. 

36. We prove the equivalent statement that for 6q , . . . , ftk-i < t*>i there is 
some G(p 0 , . . . ,Pk- 1) < uq that if a = G(/?o, • • • ,Pk-i) and / is a semi- 
homogeneous coloring of the pairs of then for some j < k there is a 
homogeneous set of type /3j in color j. Set {(3 ' 0 , ... ,/3(._ 1 ) -< (/?o, • • • ,Pk-i) 
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if and only if 0} < 0j holds for every j < k and there is strict inequality 
at least once. This gives a well-founded partial ordering on the sequences of 
countable ordinals of length k. Assume there is some (0o, • . . , 0k-i) for which 
the statement fails. Then there is a ^-minimal such sequence, (0o , . . . ,0k- 1). 
Notice that ffg > 2 holds for every j. As there are countably many 
smaller sequences, there is some a < uq such that a > G(0 ' o , . . . , 0{_i) holds 
for every {/3' 0 , . . . , 0{_ 1 ) A {0o, • ■ • , 0k-i)- We claim that a + 1 is a good 
choice for G(0o, • • • , 0k-i) (and that concludes the indirect argument). As- 
sume that / : [tn a+1 ] 2 — > {0, 1, .... /e — 1} is semihomogeneous. The ground 
set of type u> a+1 decomposes into the ordered union of the sets So, Si,... 
each of type u a . Assume that the edges between different S,’s get color j. 
Decompose 0j into the ordered sum of smaller ordinals: 0j. = 7o + 7i + • • •• 
As G(/3o , . . . , 7 0k- 1) < a holds for every i, we have that for every i < uj 
either there is a homogeneous set of type fi r for some r ^ j or there is one of 
type 7i in color j. If the first clause holds even for one i, then we are done, 
we get a homogeneous set of the required type. If the second clause holds for 
every i, then we have homogeneous sets of order types 70, 71, ... in color j and 
as the crossing edges all get color j as well, together they form a homogeneous 
set of type 7o + 7i + • • • = 0j in color j, as was required. [F. Galvin: On a 
partition theorem of Baumgartner and Hajnal, Colloquia Mathematica Soci- 
etatis Janos Bolyai, 10., Infinite and Finite Sets, Keszthely, Hungary, 1973, 
711-729] 

37. As Ni + N2 = d-2, there are linearly independent vectors {o a : a < uii} U 
{b /3 : 0 < 0 J 2 } in V. If V is colored with countably many colors, specifically 
all vectors of the form a a + b@ are colored, so we get a derived coloring of 
ui x u) 2 - In this latter coloring, by Problem 27 there is a monochromatic 
{a, a'} x {0,0'}, that is, x = a a + bp, z = a a < +bp, u = a a +bp>, y = a a / +bp> 
get the same color, and clearly x + y = z + u. 

38. If { v a : a < c + } is a set of linearly independent vectors, a coloring of V 
colors in particular the vectors of the form v a — vp (a < 0 < c + ). This gives 
a derived coloring of the pairs {a,/?} € [c + ] 2 , and so, by Problem 19, there 
are a < 0 < 7 such that {a,0}, [ff, 7}, {a, 7} get the same color. That is, in 
the original coloring, x = v a — vp, y = vp — v 7 , z = v a — ty have identical 
colors, and obviously, x + y = z. 

For the other direction, it suffices to color any vector space of cardinality c, 
let our choice be R. Let the color classes be [1, 2), [2, 4), [4, 8), . . ., and down- 
ward [5, l),[j, §), We define similar color classes on the negative numbers, 

and let 0 form a color class alone. Now obviously, there is no nontrivial solution 
of x + y = z in one color class. 

39. Assume that S is dense with j,S'| = k. For x £ X let f(x) be the set 
of those sets G (~l S where G is an open set containing x. We show that 
/ : X — » V (P(S)) is injective, and so |Aj < 2 2 ”. Assume that x, y £ X, 
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x ^ y. As the space is Hausdorff, there are disjoint open sets x G U, y G V. 
Then S' = S fl U G f(x). But S' £ f(y). Indeed, if y G G is open, then 
GflS contains elements from G fl V fl S and this latter set is disjoint from 
S'. [B. Pospfsil: Sur la puissance d’un espace contenant une partie dense de 
puissance donnee, Casopis Pro Pestovanl Matematiky a Fysiky, 67(1937), 
89-96] 

40. Let for a; 7^ y G X, x G U(x,y), y € V(x,y) be disjoint open sets. 
Assume that j?/(a) : a < (2 2K ) + j are distinct points in X . Color the triplets 
of this set in such a way that for a < 0 < 7 the color of {a,/3, 7} gives 
the information if y(a) G U (y(/3),y( 7)), or y(a) G V (y(/3),y( 7)) or neither 
holds, and similarly for the other combinations of a, (3, 7. This can be done 
with 3 3 = 27 colors. By the Erdos-Rado theorem (Problem 25) there is a 
homogeneous set of cardinality k + . Let {2; (a) : a < k + } be the corresponding 
set of points. By homogeneity, either #(7) ^ U (x(a),x(/3)) holds whenever 
7 < a < f3 or x(y) ^ V (x(a),x(j3)) holds whenever 7 < a < (3. A similar 
statement holds for all a < 7 < /3 and for all a < j3 < 7. This implies that if 

W a = U ( x(a + 1 ),x(a + 2)) fl V (x(a),x(a + 1)) 

for a < k + , then x(a + 1) G W a holds for every a and W Q does not contain 
any other x (7), that is, if 7 < a or 7 > a + 2. Since x(a+ 1) can be separated 
from x(a) and x(a + 2) by a neighborhood x(a + 1) G W' a C W a: , it follows 
that the subspace {x(a + 1) : a < k + } is discrete. [A. Hajnal, I. Juhasz: On 
discrete subspaces of topological spaces, Indag. Math., 29(1967), 343-356] 

41. As {X,T) is a Hausdorff space, for x ^ y G X there are disjoint open 

sets x G U{x,y), y G V(x, y). Assume that every subspace is Lindelof and 
{y(a) : 01 < c + } is a set of c + distinct points. For a < (3 < 7 < c + color the 
triplet {a,/3, 7} with 3 colors depending on if y( 7) G U(y(a),y(j3)) or y( 7) G 
V(y(a),y(/3)) or neither holds. By Problem 18 there is a set of cardinality dj 
which is endhomogeneous, that is, we have the set {x(a) : a < u> 1} of distinct 
elements such that for a < /3 < wi either 21(7) G U (x(a) , x(/3)) holds for every 
f3 < 7 < uji, or 2;(7) G V(x(a), x(/3)) holds for every /3 < 7 < 07, or neither. 
For a fixed a the open sets {V(x(a), : a < f3 < w 1} surely cover {x(6) : 

a < p < uji } , so by Lindelofness, countably many of them cover as well. 
Therefore, there is some /3(a) such that V(x(a),x(/3(a))) covers uncountably 
many 21(7), so by endhomogeneity it covers every x(y) with 7 > /3(a). Now 
consider the set U(x(a), x((3(a))). By disjointness, it does not contain any 21(7) 
with 7 > /3(a). So the sets {U(x(a), x(/3(a))) : a < 07} cover the subspace 
{2;(a) : a < 07}, but each of them only covers countably many elements, so 
there is no countable subcover, a contradiction. [A. Hajnal-I. Juhasz] 

42. For x G X let {V n (x) : n < u>}, Vo(x) D Vi (x) D • • • be a neighborhood 
base of x. As (X, T) is a Hausdorff space, for x 7^ y there is some n < u> such 
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that V n (x) n V n (y) = 0 holds. This is a coloring of the pairs with countably 
many colors, so if |X| > c then, by Problem 19, there is some n and there 
are uncountably many points [x a : a < uq} such that this n works for any 
two points. But then { V n (x a ) : a < uii} is an uncountable system of pairwise 
disjoint nonempty open sets. [A. Hajnal, I. Juhasz: On discrete subspaces of 
topological spaces, Indag. Math. 29(1967) 343-356] 

43. Assume indirectly that / : V{oj) — > uj is a coloring with no distinct X, Y, 
Z such that Z = X UY and f(X) = f(Y) = f(Z). 

We claim that given i < uj, A, B with AC B, |B\ A| = uj, there are A', B', 
with AC A! C B 1 C B, \B' \ A'| = uj, such that for no X with A! C X C B' 
does f(X) = i hold. Indeed, otherwise choose some C with A C C C B, 
\C \ A\ = uj, f(C) = i (if no such C exists the choice A! = A U S, B' = B 
works, where S C B \ A is such that IS) = \B \ (A U S)| = uj). Partition 
the infinite C \ A into two infinite parts: C \ A = U U V . It cannot happen 
that there is an i-colored X between A U U and C, and another i-colored Y 
between AuV and C, for then we would have the monocolored set X, Y and 
C = X U Y. If the first case fails then we can choose A! = ALiU, B' = C, if 
the second case fails, A! = A U V, B' = C, 

Repeatedly using the claim we choose the sets 0 = A 0 C A\ C • • • and 
uj = B 0 D Bi D ■ ■ ■ with Bi D Ai, \B t \ A t \ = u> and no X between A i+1 
and B i+ i gets color i. But then X = Ao U A\ U • • • can get no color at all. 
[G. Elekes: On a partition property of infinite subsets of a set, Periodic a Math. 
Hung. 5 (1974), 215-218] 

44. Let S be any set of cardinality c + . Let < be any ordering on it. If / : 
V(S) -> u>, then let g : [. S '] 2 — > uj be the following coloring: if x < y then 
g(x,y) = / ([x,y)) where [x, y) = {z € S : x < z < y}. By Problem 19 there 
are x < y < z with g(x,y) = g(x,z) = g(y,z) and so [ x,y ) and [y, z) are 
two disjoint sets such that they, as well as their union, get the same color. 
[P. Komjath] 

45. The subsets of S with symmetric difference as addition form a vector 
space over the two-element field. Notice that for disjoint subsets symmetric 
difference is the same as union. Fix a basis B = {bi : i C 1} and color the 
subsets of S according to the number of basis elements in their representation. 
Notice that 

iej ieJ 1 ieJAj' 

as the characteristic is 2. The required property in this form reduces to showing 
that there are no infinitely many n-element sets such that the symmetric 
difference of any finitely many of them is still an n-element set. Indeed, there 
is a 3-element A-subsystem of it, Aq = S U Bo, A\ = S U B\, A 2 = S U B 2 
with S, Bo, Bi, B 2 pairwise disjoint (see Problem 25.1). Clearly, |B,;| = \Bj\, 
and since |AjAA,| = \Bi\ + \Bj\, it follows that \S\ = |Bq| = |-Bi| = I-B 2 I = § 
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but then IA 0 AA 1 AA 2 I = |S'USo | J-BiU-B 2 | = 2 n, a contradiction. [G. Elekes, 
A. Hajnal, P. Komjath: Partition theorems for the power set, Coll. Math. Soc. 
Janos Bolyai 60, Sets, graphs, and numbers, Budapest (Hungary), 1991, 211- 
217] 

46. We first treat the case S = u. Enumerate [w] N ° as {A a : a < c}. Choose, 
by transfinite recursion, the sets X a , Y a such that X a , Y a C A a and the sets 
[X a , Y a : a < c} are all different. This is possible, as at step a we have 
2|a| < c sets already chosen and |[A a ] K °| = c possibilities to choose X a ,Y a . 
If now / satisfies f(X a ) = 0, f(Y a ) = 1 for every a < c, then / has no 
homogeneous infinite subset. 

Passing to the general case, let S be uncountable. Let H be a maximal 
almost disjoint subfamily of [S] N °, that is, if A ^ B € H, then \A n B\ < u>, 
and no proper extension of H has this property. Such an H exists by Zorn’s 
lemma. For H e JL let }'h be a function on the infinite subsets of H, as 
constructed in the previous paragraph. Let / : [S] N ° — >• {0, 1} be an arbitrary 
function that extends every fn- It is possible to find such an /, as the /#’ s 
operate on disjoint domains. We claim that / is as required for S. Indeed, 
if A € [S’] N,J , then for some H £ H the intersection B = A D H is infinite 
(otherwise {A} U U would properly extend JL) . By the construction, there are 
X,YCBCA such that f(X) = f H (X) = 0, f(Y) = f H (Y) = 1. [P. Erdos, 
R. Rado: Combinatorial theorems on classifications of subsets of a given set, 
Proc. London Math. Soc., 3(1952), 417-432] 
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1. We prove the claim by induction on n. The result is obvious for n = 1. 
Assume we have it for n, and we have J 7 , an infinite family of (n + l)-element 
sets. If there is some element x that is contained in infinitely many members 
of J 7 , then we can consider the infinite family of n-element sets J 7 ' = { A \ {x} : 
x £ A £ J 7 }. If the sets {Aq \ {x}, . . .} form a A-subfamily of J 7 ' , then the 
corresponding members {A 0 , . . .} of T will give a A-subfamily of T . We can 
therefore assume that every point is contained in only finitely many members 
of T. We select, by induction, infinitely many pairwise disjoint sets. If we have 
Ao , . . . , A t then there are just finitely many sets in J 7 containing elements from 
Ao U • • • U A t , so we can choose a further element of J 7 , and that will be disjoint 
from each of Ao, . . . , A t . 

2. By the pigeon hole principle we can assume that every member of the family 
J 7 has n elements for some natural number n. We show, by induction on n, 
that J 7 has an uncountable A-subfamily. This is obvious for n = 1. For the 
inductive step let J 7 be an uncountable system of (n+ l)-element sets. If some 
element x is contained in uncountably many members of J 7 then we apply the 
statement for the system T' = {A \ {x} : x £ A £ J 7 }. We get an uncountable 
A-subsystem of J 7 ' and by adding x to the common part of it, we arrive at a 
A-subsystem of J 7 . 

We can, therefore, assume, that every x £ (J T is contained in only count- 
ably many members of J 7 . In this case, we can select an uncountable disjoint 
subsystem of T as follows. Let Ao G T be arbitrary. If {A^ : (i < a} are 
selected for some a < u>i, then, by hypothesis, only countably many A £ J 7 
contain one or more elements of X = (J {A^ : (3 < a}, so we can choose 
A a £ J 7 , disjoint from X (and so continue constructing the disjoint subsys- 
tem). 

3. If k = | T\ is a regular cardinal, then we can repeat the argument in the pre- 
vious solution by replacing “uncountable” with “of cardinality k” and “count- 
able” with “of cardinality < k ” . 
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If k is singular then there is y < k and there are cardinals (k q : a < // } 
below k that sum up to k. Consider the distinct points {x a . y a ^ : a < y, £ < 
K a }. Let T consist of the pairs of the form {x a ,y a ^}. Clearly, \!F\ = k. As 
no point is covered k times (y a ,c is i n one set, x a is in k q sets) the only 
possibility for a A-subsystem of cardinality k if there is a disjoint subsystem 
with k members. But there are no more than y pairwise disjoint elements in 
T: after all, every member meets the set {x a : a < y} of cardinality y. 

4. No. Let S be a set of cardinality Ni. Our counterexample is [S'] 2 , the 
set of all pairs from S. Assume indirectly, that [S'] 2 = Fo U T\ U • • • where 
F 0 ,F 2 ,... are systems of disjoint sets while J-3, . . . are A-systems with 

kernels {xo},{xi}, Pick y 7^ xo,xi,... (possible, as S is uncountable). 

There are z,t^ xo, Xi, • • • , y such that {y, z }, {y, t} are in the same Tu, but 
this is a contradiction. 

5. Assume that f a £ F(A,B ) (a < oji). By Problem 2 there is an uncount- 
able subfamily {f a : a £ X} such that (Dom(/ a ) : a £ X} is a A-system; 
Dom(/ 0 ) = .s U s a for a G X where the sets {.s, s a : a £ X} are pairwise 
disjoint. As B is countable there are just countably many s —> B functions, 
so, with a further trim we get an uncountable subfamily {f a : a £ Y} such 
that f a \ s = f f° r every a £ Y with some / : S — > B. Now, any f a ,fy with 
a,(3£Y have a common extension, namely y : s Us a U sp — > B where 

{ /(x) if x £ s, 
fa(x) if x £ S a , 
fp(x) if x £ Sp. 


6. Assume that {G a : a < u)i} are disjoint, nonempty open sets in 5 R, for 
some set S. Pick a basic open subset I a of G a , that is, for a finite set s a C S 
there are open intervals K£ C R (x £ s a ) such that / : S — > R is in I a 
if and only if /(x) £ K£ holds for all x £ s a . Further shrinking I a we can 
arrange that every be an interval with rational endpoints. By Problem 2 
there is an uncountable A-subfamily of {s a : a < Wi}. That is, there is an 
uncountable X C and there are pairwise disjoint {.s, t a : a £ X} such that 
s a = s U t a holds for a £ X. As we restricted the A“ to rational intervals, 
for each x £ s there are countably many possibilities for A “ . As s is finite, 
there can be just countably many different systems (A“ : x £ s), so there are 
a 7^ 0 in X with A“ = for every x £ s. But then I a fl Ip is nonempty, 
indeed, the following function / is in the intersection: /(x) £ K°: for x £ s a , 
f(x) £ K@ for x £ tp, and f(x) £ R arbitrary for x £ S \ ( s a U sp). 

The same proof shows that in any product of topological spaces with a 
countable base there is no uncountable system of pairwise disjoint open sets. 

7. First solution. We prove the stronger statement that if S C is station- 
ary, {A a : a £ .9} is a system of finite sets then {A a : a £ S'} is a A-system 
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for some stationary S' C S. As the union of countably many nonstationary 
sets is nonstationary (see Problem 20.4), we can, by shrinking S, assume that 
\A a \ = n holds for every a £ S, for some natural number n. We prove the 
statement, which now has parameter n, by induction on n. The case n = 0 is 
obvious. If n > 0 and there is some point x which is contained in stationary 
many A a , that is, x £ A a for a £ S' C S stationary, then we consider the 
system {A’ a : a £ S'} of (n — l)-element sets, where A! a = A a \ {x} and so 
we can apply the statement for n — 1. If {A' a : a £ S"} is a A-subsystem 
of the latter system, then {A' a : a £ S"} is a A-subsystem of the original 
system (just it contains one more element in the common core: x). We can 
therefore assume that no element is contained in stationary many A a . Split 
S as S = So U Si where a Sg if and only if there is some ft < a with 
Ap fl A a ^ 0. For a g So we let f(a) = the least such ft. This is a regressive 
function, so if So is stationary, then by Fodor’s theorem (Problem 20.16) there 
is some ft that {a £ So ■ f{a) = ft} is stationary. That is, stationary many 
sets A a intersect the same Ap . Further refining we get stationary many A a 
such that they contain the same element x £ Ap, and that is impossible, as 
we have assumed that no element is contained in stationary many A a . 

We proved that So is nonstationary; therefore, Si is stationary. But then 
obviously {A a : a £ S \ } is a system of pairwise disjoint sets, so it is a A- 
system. 

Second solution. As the union of Hi finite sets has cardinality at most Hi we 
can assume that each A a is a subset of u>\. There is a closed, unbounded set 
C C u>i such that if ft < a £ C then ma x(Ag) < a. This easily follows from 
Problem 20.6 but we can argue as follows. If the set of those a’s is stationary 
for which there is some ft < a with max(Ap) > a, then the function / that 
selects such a ft for every such a is regressive, so by Fodor’s theorem it assumes 
some fixed value ft on a stationary set which is impossible, as clearly f(a) ^ ft 
if a > max(A / 3). 

As the union of countably many nonstationary sets is nonstationary, there 
are a natural number n and a stationary set S C C such that | A a n a\ = n 
holds for every a £ S (n = 0 is possible). Let {a:) 1 , . . . , x“} be the increasing 
enumeration of A a Da (a £ S). As for every 1 < i < n the mapping a xf is 
a regressive function on S, with n successive applications of Fodor’s theorem 
we get that there is a stationary set S' C S such that xf = yi holds for a £ S' 
for some y\ < ■ ■ ■ < y n - Then, [A a : a £ 5"} is a A-system with pairwise 
intersection Y = {y\ , . . . , y n }. Indeed, Y C A a obviously holds for all a £ S', 
and if ft < a are in S', Ap ^Y, A a ^ Y, then 

ma x(Ag \ Y) = max(A /3 ) < a < min(A a \ a) = min(A a \ Y). 


8. (a) As (J^ 7 has cardinality at most c + , we can assume that our system is 
F={A a : a < c + } with A a C c + for a < c + . From Problem 21.5 it follows 
that there is a closed, unbounded set C C c + such that if a < ft and ft £ C 
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then sup(A a ) < (3 . By Problem 21.8 the set S = {a £ C : cf (a) = u>i} is 
stationary. As A a is countable, A a n a is a bounded subset of a, therefore 
f(a) = sup(A a na) is a regressive function on S. By Fodor’s theorem (Problem 
21.9) there is some 7 < c + such that S' = {a £ S : f(a) = 7} is stationary. 
For each a £ S', A a n a is a countable subset of 7 + 1. 7 + 1, being a 
set of cardinality < c, has c countable subsets, or less. As the union of c 
nonstationary sets (in c + ) is nonstationary, there is some countable set B C 
c+ such that S" = [a £ S' : A a fi a = B} is stationary. Now T' = {A a : a £ 
S"} is a A-system. Indeed, if a < (3 are in S", then certainly B C A a n Ap, 
and A a \ B and Ap \ B are disjoint, as every element of the first set < fi < 
every element of the second set. 

(b) The proof is identical to the one given in part (a), just replace c + by 
A, “countable” by “of cardinality < p” , and let S = {a < A : cf (a) = /i + }. 

9. For a set S of cardinality /z let T = (S x {0})U(S x {1}), that is, we consider 
“two copies” of S. For A C S set H{A) = (A x {0}) U ((S\ A) x {1}). We 
claim that T = {H(A) : A C S} is as required. Obviously, T is a system of 
2 ,J sets, each of cardinality \i. To conclude, assume that H (A) , H (B) , H ( C ) 
form a A-system. This means that {A, B, C} as well as {S \ A, S \ B, S \ C} 
both are A-systems. The first assumption implies that if some x £ S is in two 
of A, B, C then it is in the third one. The second assumption implies that if 
some x £ S is in one of A,B,C then it is in another. Putting together, we get 
that A = B = C. 

10. Assume to the contrary that |/| > (2 /J ) + . By Problem 8(b) we can shrink 
I in two steps to a J Q I with |J| = (2^) + such that {Aj : i £ J} and 
{Bi : i £ J} are both A-systems, that is, A, : = A IJ A', B, = B U B' with 
{A, A* : i £ J} as well as {B, B l : i £ J} systems of pairwise disjoint sets. 
A n B = 0 as otherwise we had A, fl B, / 0 whenever i £ J. The set J 0 = {i £ 
J : A* n B 7^ 0} has cardinality at most \x as the corresponding sets A® n B are 
disjoint nonempty subsets of B, which is of cardinality < fi. Fix i! £ J \ ,/q. 
As before, the set Ji = {i £ J : B l n A*/ / 0} has cardinality < /j. Choose 
i" £ J \ (Jo U Ji U {J}). Then i' ^ i" and A U A* and B U B l , that is, A 
and Bi" are disjoint, contradiction. 

For an alternative proof see Problem 24.31. 

11. (a) We can assume that the members of T are indexed by the elements 
of A: T = {A a : a < A}. Also, without loss of generality, A„ C A for every 
a < A. Assume first that k is regular. Then if S is the set of ordinals smaller A 
with cofinality k then for a £ S we have f(oe) = sup(A Q fi a) < a. By Fodor’s 
theorem, for a stationary set S' C S we have f(a) = 7 (a £ S'). There is a 
closed, unbounded set CCA such that if a < (3 £ C then sup(A a ) < j3 holds 
(cf. Problem 21.3). Now T' = {A a : a £ S' fl C} is as required; if a, (3 are in 
S' fl C, and a < (3, then A a fl Ap C 7, namely A a fl a, Ap fl f3 are subsets of 
7 and A a \a, Ap\ /3 are subsets of the disjoint intervals [a, fi), [f3, A). 
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Chapter 25 : A-systems 

Assume now that k is singular, cf(tc) = /x, K = sup{K£ : £ < //} where 
< k is regular. Then S = 1J{^ : £ < lA where = {a : \A a \ < k^}. For 
some £ < /x the set must be stationary (as the union of /i nonstationary 
sets is nonstationary) and then we can repeat the above argument for S £. 

(b) By part (a) we can assume that A is singular. Set A = sup{A^ : £ < //} , 
where /z = cf(A), and A| > sup{A^ : £ < £} is regular, with Ao > k + . 
Accordingly, T is decomposed into the union of the subfamilies with |T^| = 
A^. Using Problem 8(b) we get a A-subsystem JC' c of the form (say) = 
{Aj U a : a < Af } where the sets (A^, A^ a : a < A|} are pairwise disjoint. 
If we remove from every set for which a has a nonempty intersection 
with some A^p (£ < £, /3 < \ ) then we remove at most sup{A^ :£<£}< Aj 
sets, so the remaining system T" still has cardinality Aj. Now the system 
(J{^' : £ < //} is as required; the intersection of two elements is a subset of 
(JjA^ : £ < //}, a set of cardinal at most < A. [G. Fodor: Some results 
concerning a problem in set theory, Acta Sci. Math., 16(1955), 232-240., 
W. W. Stothers, M. J. Thomkinson: On infinite families of sets, Bull, of the 
London Math. Soc., 11(1979), 23-26] 
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1. For every real x there is an open interval I with rational endpoints such that 
x £ I and f(x) fl / = 0. If we consider the set of those x that are associated 
with a given J, then we get a decomposition of R into countably many classes. 
One of them, say A, associated with I, is of the second category, one of them, 
say A', associated with /', is of cardinality c (see Problem 4.15). An f[A] = 0 
as A and f[A] are separated by I, and likewise for A'. 

2. Let n be the least natural number which is greater than \x\. Set f(x) = 
(— n, n) \ {x}. If x ^ y are reals and \x\ < \y\ then x £ f{y). 

3. There is an enumeration R — {r a : a < c} of R. Set f(r a ) = {rp : (3 < a}. 
Then \f(r a )\ = |a| < c and whenever r a ^ rp are reals then either r a £ f(rp) 
or rp £ f(r a ) holds (according to whether a < [3 or fj < a holds). 

4. Enumerate the intervals with rational endpoints as Io,h, Our plan 

is to select a* £ A such that the set {ao,ai,...} is free. The trick is that 
we keep the side condition that the set A t = {x : Uq, . . . , a,_i ^ f(x)} is 
everywhere (i.e. , in every interval) of the second category. As Aq = R we can 
start the inductive construction. Assume we have reached the itli stage. Set 
A* = Ai \ (f(a o) U • • • U /(a„_i)); it is also a set everywhere of the second 
category. If we choose a, £ A* fl then the freeness of {oo, . . . , a, } is kept 
so the only problem can be that for every b £ Ii fl A* there is an interval J 
such that Bb = {x £ A* : b f(x)} is of the first category in J. We are going 
to show that this is impossible. Indeed, if this is not the case, then there is 
such a rational interval J and as there are countably many rational intervals 
there is some J such that for a second-category set of b £ Ii fl A* the above 
Bb is of the first category in that same J. Select a set {&o- W, . . .} C A fl A* 
that is dense in some subinterval K. For every n the set Bb n is of the first 
category in J, hence there is an x £ A* fl J \ (Bb 0 U Bb 1 U • • •). For this x we 
have (& 0 ) &!,•••} C f(x) so f(x) is dense in K, a contradiction. [F. Bagemihl: 
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The existence of an everywhere dense independent set, Michigan Math. J., 
20(1973), 1-2] 

5. Let {a n : n < oj} be an everywhere-dense set. By Problem 4.15 (Konig’s 
theorem) cf(c) > u>. Therefore, /(oo) U /(ai) U • • •, the union of countably 
many sets with cardinality less than continuum, is a set of cardinality less 
than continuum, we can choose b € R \ (/(ao) U /(«i) U • • •). As f(b) is not 
everywhere dense, there is some a„ ^ f(b) and then {a n , b} is a free set. 

There is not necessarily a 3-element free set. To show this, let < w be a 
well-ordering of R into order type c. For x > 0 set fix) = {y > 0 : y < w x} 
and similarly, for x < 0 set f(x) = {y < 0 : y < w x}. Then neither (0, oo) nor 
(—oo,0] includes a 2-element free set. 

6. Let A* denote the outer Lebesgue measure on R. Choose a set A\ C R 
with A*(Ai) > n — 1 such that for x £ A\ we have f(x) C [—ki,ki] for an 
appropriate k\. Such a choice is possible, as (J fc {x : f(x) C [—k. k}} = R. 
Next choose an A^ C (£q, oo) with A*(A 2 ) > n — 2 such that for x £ A 2 we 
have f(x ) C \—k 2 , k 2 ] for an appropriate k 2 . Keep going. We finally select 
some A n _i C (fc n _ 2 ,oo) with A*(A n _!) > 1 such that for x € A n _ 1 we have 
/(x) C [— k n _i, fc„_i] for an appropriate k n -\ . Then inductively choose the 
elements 


x n > k n -i,x n -i e A„_i \ f(x n ), . . . ,X! e Ai \ (f(x 2 ) U • •• U f(x n )) , 

the set {xi, . . . , x rl } will be the required free set. [P. Erdos, A. Hajnal: Some 
remarks onset theory, VIII, Michigan Math. J., 7(1960), 187-191] 

7. As CH holds, we can enumerate R as R = {r a : a < oj-i} and the collection 
of the countable sets with uncountable closure as {H a : a < uq}. Define f(r a ) 
in such a way that it is a sequence converging to r a , and for every 0 < a if r a 
is a limit point of iJg, then f{r a ) contains a point from Hq . This is possible as 
there are countably many such sets Hp, so reordering them into an w-sequence 
we can select the appropriate points closer and closer to r a . 

Assume now that X C R is an uncountable set. Let H C X be countable 
and dense in X. Then H = H a for some a < u>±. li rp & X \ H a with 0 > a 
(all but countably many elements of X satisfy this), then f(rp) contains an 
element of H C X, so X is not free. [S. Hechler] 

8. (a) Assume to the contrary that there is no free set of cardinality k. Using 

Zorn’s lemma we can inductively select the maximal free sets Ao C n, A\ C 
k \ A 0 , A 2 C k \ (A 0 U Ai), A^ C k \ A^, for £ < jx. By our indirect 

hypothesis each A^ has cardinality < k, so every set Aj is nonempty, and 
even A = (J{^£ : £ < ft} has cardinality less than k. Also, |/[A]| < k. Select 
x € n \ (A U /[A]). For every £ < n the set A^ U {x} is not free, which, as x ^ 
/[A^], can only mean that A^n/(x) ^ 0. As the sets Aj are disjoint, this gives 
|/(x)| > p, a contradiction. [Sophie Piccard: Sur un probleme de M. Ruziewicz 
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de la theorie des relations, Fundamenta Mathematicae, 29(1937), 5-9. This 
proof was given by Dezso Lazar, see P. Erdos: Some remarks on set theory, 
Proc Amer. Math. Soc, 1(1950), 127-141] 

(b) Increasing /i if needed, we can assume that /i > cf (re). Let { «£ : £ < cf(re)} 
be a strictly increasing sequence of cardinals, cofinal in re, with kq > p + . 

Decompose the ground set re into the disjoint union of the sets {S^ : 
£ < cf (re)} where | = tig. Using the result of part (a) we can assume, by 

shrinking it, if necessary, that every S ^ is free. As the cardinality of UI/I^V/] : 
77 < is at most re j, by a further reduction we can achieve that if a : £ 
and r) < £ then f(x) fi §g = 0. We have to show, therefore, that we can 
select subsets C S( with |Aj| = re^ such that for no x £ A%, y < £ does 
f(x) n A,, ^ 0 hold. 

Assume that this cannot be done. By transfinite recursion on a < //+ 
define the ordinal 77 (a) < cf (re) and construct the sets A^ again by transfinite 
recursion on £ < 77 (a) as follows: if : £ < r/(/3), f3 < a} are all constructed, 
choose, as long as possible, a subset A ^ C S$ \ ^(J{ /l}* : /3 < a} j of cardinality 
rej such that the union of these sets is free. Our construction must stop at 
some point 77 (a) < cf (re), as otherwise we would get a free set of cardinality 
re and the proof was over. 

As p + is a regular cardinal greater than cf(/i), there are pA many values 
a, say a £ T such that 77 (a) = r], the same value. For these ordinals a we are 
unable to select an appropriate A“ C S v , that is, at the given point of the 
construction only < re rj many points in S v \ ((J {A@ : ,6 < a}) were free from 
^ < rj}. For a £ T let B a be the set of those points, then \B a \ < re r/ . 
Let C a = B a U((J{^f : £ < bl); a e T. The union of the C a ’s has cardinality 
at most /r + (re^cf (re) + re^) = re„ < |5,j|, so there is a point x £ not in any of 
the Ca s. By our conditions, f(x) intersects every (J{^{ : ^ < b}; cc € T, and 
these ji + sets are disjoint, so |/(a;)| > /i + , a contradiction. [A. Hajnal: Proof 
of a conjecture of S. Ruziewicz, Fund. Math., 50(1961), 123-128. This proof 
is from S. Shelah: Classification theory and the number of non-isomorphic 
models, North-Holland, 1978] 

9. Join two points x, y € S if x € f(y) or y € f(x) holds. This gives a graph 
and the claim in the problem is equivalent to the fact that this graph can be 
colored by 2k + 1 colors, i.e., we have to show that the chromatic number is 
at most 2 k + 1. By the de Bruijn-Erdos theorem (Problem 23.8) it suffices 
to show this for the finite subsets of S, in other words, it suffices to show 
the statement for finite S. This we prove by induction on n = |Sj. The result 
is obvious for n < 2k + 1 (we can color the vertices with different colors). 
Assume that n > 2k + 1. The number e of edges is at most kn so the sum of 
the degrees is 2e < 2 kn. There is, therefore, a vertex x with degree at most 
2k. Remove x. By the inductive hypothesis S \ {x} has a good coloring with 
2k + 1 colors. As the degree of x is at most 2k, this coloring can be extended 
to a;, and we are done. 
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10. As in the previous problem, join two points x, y £ S if either x £ f(y) or 
y € f(x) holds and get graph X on S. Again we have to show that X can be 
colored with y colors. To this end we prove that S has a well-ordering -< such 
that every point is joined to less than y points that precede it. With this, we 
can color X with a straightforward transfinite recursion along -< (see Problem 
23.3). 

Enumerate S as S = {s a : a < k}. Set x £ A a if there is a sequence 
x o = s a ,...,x n = x with x i+1 £ f(xi) for i = 0 , ...,n— 1. Notice that 
s a £ A a and \A a \ < No y = y. Set B a = A a \ ((J{A<3 • P < cc}) f° r a < K - 
Notice that S = (J{i? a : a < k} is a partition of S. Set x -< y if x £ B a , 
y £ Bp for some a < f3 < k, inside a B a let -< be a well order into order type 
< p- 

Fix an element x £ S. We show that it is joined into less than y elements 
that precede it. There is some a such that x £ B a . The number of elements in 
B a that precede x is less than y, anyway. And if y £ Bp for some (3 < a and 
x is joined to y, then x £ f(y) is impossible (as that would imply x £ Ap so 
x £ B 7 for some 7 < /3), so y £ f(x) and there are less than y elements like 
this. [Geza Fodor: Proof of a conjecture of P. Erdos, Acta Sci. Math, 14(1952), 
219-227] 

11. If f(a) is uncountable for some a < uj\ then, when restricted to /(a), / 
is a set mapping with finite images, and we have an uncountable free subset 
by Problem 8(a). So, we can assume that f(a) is countable for every a. < u>\. 

By closing, we can get a closed, unbounded set CCwi such that if 7 G C, 
and 

(A) x < 7, then f(x) C 7; 

(B) if s C z < 7, s is finite, and {x : f(x) fl s = 0} is countable, then 
sup({x : f(x) n s = 0}) <7; 

(C) if s C z < 7, s is finite, and {x : f(x) fl s = 0} is uncountable, then 
there is a z < z' < 7 such that (z, z') contains infinitely many elements of 
{x : f(x) f~l s = 0}; 

(D) if s C w < z < 7, s is finite, and there is a finite t with min(t) > z, such 
that for all x with w < x < z either f(x) n s ^ 0 or x £ f[t] holds, then there 
is such a t' with |t'| = |t|, t' C 7. 

This can be achieved, as all conditions are of the form “if aq, x n <7 

then some countable ordinal depending on x \, . . . , x n is <7” so we can apply 
Problem 20.7. 

Let a < We produce a free subset of order type a. Let 70 < • • • < 7 a 
be the first a + 1 elements of C. Let y > be arbitrary. Enumerate a as a = 
{zi : i < u>}. By induction on i < u> we are going to choose 7^ < x,; < 7^+1 
such that {y,xo,x\, . . .} is free. If we succeed, we are done, as this latter set 
has order type a + 1. Assume that 0 < i < u> and we have already selected 
{x'o, . . . , Xj_ 1}. If we cannot choose x,, then setting s = {x 3 : j < i, zj < Zi }, 
t = {xj : j < i,Zj > Zi} U {y}, we get that there is no j Zi < x < 7 Zi +i 
such that x £ f[t] and s n f(x) = 0. As y > 7 Zi+ i has f(y) fl s = 0, by 
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(B) the set {x : f(x) n s = 0} is uncountable, therefore, by (C), there is a 
2 with 7 Zi < z < 7 Zi +i such that X = {7 Z . < x < z : f(x) fl s = 0} is 
infinite. Our hypothesis gives that X C f[t] and so by (D) there is another 
finite t' C [z, j Zi +i) with X C f[t']. We obtained that t, t' are disjoint finite 
sets and f[t] 0 f[t'} is infinite, which is impossible, as it is the union of finitely 
many sets of the form /(/?) fl /(y), and those sets are finite. 

Virtually the same proof gives that, under GCH, if k is regular, / is a set 
mapping on k + with \f(x) fl f(y) \ < k for x ^ y, then there are free sets 
of arbitrary large ordinal below k + . [S. Shelah: Notes on combinatorial set 
theory, Israel Journal of Mathematics, 14(1973), 262-277] 

12. First we verify the last statement by induction on k. If k = 1 and |.S'| < do, 

enumerate S as S = {so, si, «2 j • • •} and define F(s n ) = {so> «i, S2> • • • , s„_i}. 
Clearly, there is no 2-element free set. Assume we have the result for k. Then 
for every a < uj k there is a set mapping F a : [a] k —¥ [a] <w with no free set of 
cardinality k + 1. Define F : [uik] k+1 — >• as follows: for xq < ■ ■ ■ < x k 

set F(x o, . . . , Xk) = F Xk (xq, . . . , Xk- 1). If now {yo> • • • , yk+ 1} was a free subset 
with y 0 < ••• < y k +i then {y 0 , . . . , y k } would be free for F Vk+1 which is 
impossible. 

For the other direction assume that |<S| > and F : [S '] k —t [S'] <a ’ is a set 
mapping. Choose disjoint subsets Ao , . . . , A k with |Ao| = do, . . . , \A k \ = d^. 
The set Ao x • • • x A k ~ i and together with it the set F[Aq x • • • x A k - 1] has 
cardinality dj,_ i; therefore, we can select y k € A k \ F[Aq x • • • x A k ~ i]. As 
|A 0 x • • • x A fc _ 2 | < d fc _ 2 we can select y k ~ i G A k \F[A 0 x • • • x A fc _ 2 x {yk}]- 
Continuing this way we define y k ~i G A k -i\F[A 0 x- ■ -xA k -ix{yk-i}x{yk}], 
etc., finally picking yo £ Ao \ F(yi, . . . . yk), which is again possible as we 
subtract a finite set from a set of cardinality do- The set {yo, . . . , y k } is a free 
set of cardinality k + 1. 

13. Fix the natural number n > 3. Set S\ = S. By induction on 1 < i < n we 
make the following construction. If already we have Si with | S, \ = d 2 then 
first choose an arbitrary countably infinite subset Aj C S'*. Then define the 
following set mapping F on Si \ A, . 

F(x) = {f(x,y):yeAi}n(Si\Ai) 

for x € Si\ Aj. By Problem 8(a) there is a free set of cardinal d 2 ; let S) + i be 
one of those free sets. 

This way, we get the countably infinite sets A\, . . . , A n with the property 
that if 1 < i < j < k < n, then for x £ Aj, y € Aj, z € A k neither y € F(x, z) 
nor z G F(x,y) holds. 

Now select x n £ A n , a?„_i £ A n _\ arbitrarily. Then by reverse induction 
on 1 < i < n - 2 pick 


Xi G Aj \ [[J{F(a;j,x fc ) :i<j< 
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The set {x±, . . . , x n } will be free. [A. Hajnal-A. Mate: Set mappings, par- 
titions, and chromatic numbers, in: Logic Colloquium ’73, Bristol, North- 
Holland, 1975, 347-379] 
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Trees 


1. Let ( T , -<) be an w-tree, that is, an infinite tree with levels To, Ti, . . ., which 
are all finite. T = (J{T> X : x £ To}; therefore, for one of them (at least), say 
for xo, T> Xo is infinite. Xq has finitely many immediate successors on level 1, 
repeating the previous argument, for (at least) one of them, say for x\, T> Xl 
is infinite. Repeating the argument we get an infinite branch, (xq, X \, . . .}. 

Another possibility is to argue that, as |T| = lt 0 , there is a nonprincipal 
ultrafilter, D, on T. For every n < u>, T> n is partitioned into the finitely 
many sets T> x (x € T n ). Exactly one of them, say T> Xn is in D. Clearly, 
xo A x\ ~< ■ ■ ■ as otherwise we would get disjoint sets in D. 

2. Let T be the union of the disjoint branches b n (n = 1,2,...,) of height 
n. Then T has no infinite branch and T) consist of the (i + l)th elements of 
bi+ i, • • •• 

3. Pick a vertex v, let it be the sole element of To. By induction on n = 0, 1, . . . 
add x to T„ + i if and only if it is joined to some y £ T n and x £ Tq U • • • U T n . 
Choose one such y and make y ~< x. This gives T, a spanning tree of the 
graph. T is infinite, as by connectivity it contains all vertices, and by local 
finiteness each T n is finite. Therefore, Konig’s theorem applies, and there is 
an infinite branch, which is an infinite path in the graph. 

Another possibility is to fix again a vertex, and let T consist of the finite 
paths from v, that is, t = (vo, . . . , v n ) £ T if and only if no = v, each n,; is 
joined to Vj + i and vo,...,v n are different, t <t' if and only if t' end-extends 
t. An in-branch in T gives rise to an infinite path in the graph. 

4. Build a tree with vertex set H and let S -< B in if and only if R properly 
extends S. By Konig’s lemma there is an infinite branch, which is a collection 
of finite strings, between any two of them one being an initial segment of the 
other. Then their union is an infinite 0-1 sequence all whose initial segments 
belong to the branch and therefore to T-L. 
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5. Construct a tree T whose nth level consists of those functions F G 1L<„* 

for which there is an f k with F = f k | |g n—1}' ^ ^ ^ ^ e II i< m 

with n <m and G extends F. By Konig’s lemma there is an infinite branch 
F 0 -< F\ -< • • •, and if we let F be the union of the functions Fq , Fj , . . . , then 
F G U i<u * s as required: if S C ui is finite, then S C {0, 1, . . . , n — 1} holds 
for some n, and if f k is a function that extends F n , then F g = f k | g. 

6. Assume that A C [0, 1] is infinite. Define an w-tree {T, -<) as follows. JgT 
if and only if I is a dyadic interval of the form I = [^, for some natural 
number p and / fl A is infinite. We make I < F if I' is a subinterval of I. It 
is easy to check that if I = [^, ^d] g j , ) then there are n intervals below 

I, therefore I G T n . Clearly, \T n \ < 2", and, as A is infinite, T n ^ 0. By the 
Konig lemma, there is an infinite branch, Jo -< I\ -< • • •, and these intervals 
shrink to a real number, which is a limit point of A. 

7. Assume to the contrary that for some r, k, and s no number n as described 
exists. That is, for every n < u> there is some coloring of the r-tuples of 
{0,1, 1} with k colors with no homogeneous subset as indicated. Define 
an w-tree T as follows. T n contains the above colorings of {0, 1, . . . ,n — 1}. 
s -< t if t extends s. By Konig’s lemma, there is an infinite branch to ~< ti ~< ■■ ■ 
and the union of these colorings gives a coloring F of the fc-tuples of w with 
no homogeneous subsets as described. By Ramsey’s theorem (Problem 24.1), 
there is an infinite homogeneous set for F, say a\ <02 < ■ ■ Choose p such 
that p> s, p> a\. Then for n > a p , { 01 , . . . , a p } is a homogeneous subset for 
the restriction of F to {0, 1, . . . , n — 1} of the forbidden type, a contradiction. 
[As we have just shown, the statement in the problem is true. The proof used 
infinity, and this is inevitable, because Jeff Paris and Leo Harrington proved 
that the statement is unprovable in the axiom system Peano Arithmetic, that 
is, number theory. So this is a true but unprovable statement of arithmetic. 

J. Paris, L. Harrington: A mathematical incompleteness in Peano Arithmetic, 
in: Handbook of Mathematical Logic, (Jon Barwise, ed.), Studies in Logic, 
90, North-Holland, 1977, 1133-1142] 

8. (a) For n = 0,1,... let T n be the set of tilings of the {— n, x 

{— n, . . . ,n} square. For p G T n , q G T m , ri < m, set p ^ q if and only if 
q extends p. As there are finitely many different color types of the dominoes, 
every T n is finite. Also, they are nonempty by our condition. Applying Konig’s 
lemma we get an w-branch Po A Pi ~< • • • the union of which is a tiling of the 
plane. 

(b) Using part (a), it suffices to show that for every n there is a tiling 
of an n-by-n square using dominoes from D' . Indeed, consider a tiling of the 
plane with D. In this tiling, all dominoes from D C D' form a finite, therefore 
bounded part of the plane. Beyond that part, one can find arbitrarily large 
squares, necessarily using dominoes only from D' . [H. Wang: Proving theorems 
by pattern recognition, Bell System Tech. Journal, 40(1961), 1-42] 
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9. It suffices to show the statement for connected graphs, so we can assume 
that X is either finite or countably infinite. 

If X is finite, choose the decomposition V = A U B of the vertex set V for 
which the number e(A, B) of edges between A and B is maximal. If v £ A, 
then for the choice A' = A \ {v}, B' = B U {v} we have 

e(A', B') = e(A, B ) + d A (v) - d B (v) < e(A, B), 

so d A (v) < ds{v). A similar argument applies if v G B. 

Assume now that X is countably infinite. Enumerate its vertices as 
t>i By the previous argument there is an appropriate decomposition 
A n U B n = {/Co, . . . , v n } for the induced graph on {vq. . . . , v n } . By Problem 
4 there is a decomposition A U B of {uq, Vi, . . .} such that for every m the 
sets An{u 0 , . . . , v rn } , Bn {vo, . . . , v rn } are the restrictions of A n , B n for some 
n > m. If now v 6 A then choose m so large that v as well as all vertices 
neighboring v are among vq, . . . , v rrl (here we use local finiteness). Then, by 
the above claim d A (v) < dniv) and similarly for v € B. 

10. (a) For an index sequence 0 = A:(0) < k( 1) < • • • < k(r) = n let Qi = 
a k(i- i)+i + ' ' ‘ + a k(i)- ^- s there are finitely many index sequences as above, 
we can consider one with the sum 


Z={Sf- S?) -r 2(Qi + 2 Q 2 + • • • + rQ r ) 

minimal. We claim that this sequence is as required. Let a = (ik(i)+\ be the 
first term of Si+i. If we remove it from ,S) + i and add it to Si, then in Z, in 
the first sum Sf + will be changed to (Si + a) 2 + (S i+1 — a) 2 , while the 
second sum will be decremented by 2a 2 , so 

Sf + Sf + 1 < (Si + a) 2 + (Si+ 1 - a) 2 - 2a 2 , 

and this implies Si > S)+i . 

In order to show the other property, let j be the unique index with 

Si ^ 

ai H + a.j-1 < s ax + ■ ■ ■ + <ij. 

Split S i into the subsums S[ = ax — • • • — aj and S" = aj + 1 + • • • + i). 

There is some d > 0 such that = 4r + d and S” = — d and clearly d < a, 

holds. Again comparing the old and the new values of Z we get that 

S'i<^^ L +d^ + (~2* L_C ^) + 2 ( a l+i‘ l 

and so 

Si ^ 4 (c? 2 + cij _ |_i H + ci < 4 (cij + K cl^). 
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(b) As the series diverges, there are natural numbers M\ < M 2 < ■ ■ • such that 

J2mI + 1 a i > • Let T be the following tree. (fc(l), . . . , k(s)) G 

T if there are n and 0 = fc(0) < k( 1) < • • • < k(r) = n, r > s, as in part 
(a), t -< t' in T if and only if t' is an end-extension of t. Obviously, t G T s if 
and only if t is of length s. As by conditions k(i) < Mi always holds, each T s 
is finite. It is also nonempty, so Konig’s lemma gives an infinite branch, and 
that produces a decomposition as claimed. [M. Szegedy, G. Tardos: On the 
decomposition of infinite series into monotone decreasing parts, Studia Sci. 
Math. Hung., 23(1998), 81-83.] 

11. In our construction of an Aronszajn tree T, every element of the tree will 
be some increasing function / : a — > Q (a < lu\) with / -< g if g extends /. As 
all these functions are necessarily injective, in a putative oq-branch the union 
of the elements would give an injective function uq —> Q, which is impossible. 

We require that if / : a — > Q is in T, /? < a, then /|^ G T and also that 
for every / G T, the supremum of the range of /, denoted by s(f), is finite. 
Notice that, under these conditions, if / : a — » Q is in T, then / G T a . 

We construct T a by transfinite recursion on a. 

For (3 < a we add the following stipulation, which we call P(d, a): 

if f G Tp, 1 <k<w, then there is f -< g G T a , s(g) < s(f) + |. 

Notice that P(/3, a) and P(a, a + 1) imply P(/ 3, a + 1). 

For a = 0 we take / = 0, the empty function as the sole element of To, 
and formally set s(0) = 0. 

If T a is determined then for every / G T a and for every 1 < k < u> we 
define a one-point extension f). of / with s(fk) < s(f) + \ . For this we only 
have to choose a rational number s(f) < qk < s(f) + and make // c ( a) = qk- 
This assures P(a, a + 1) and that suffices by the above remark. 

Assume that a is limit and we are to construct T a . For every choice of 
/ &Tp, (P < a), and 1 < k < u> we are going to build an a-branch b through 
/ such that for g = L)b we have that g : a — > Q with s(g) < s(f) + As 
there are countably many choices for /, k, if all these functions g form T a , 
the latter set will be countable. 

Given /, /3, and k as above, select a sequence of ordinals /3 = ao < ai < ■ ■ ■ 
converging to a. Using P(/3, ai),P(ai, 0 : 2 ), etc., get the elements f = fo ~< 
fl ~< ■ ■ ■ with fi G T ai , 


Then g = /oU/iU- • • is as required. [N. Aronszajn, cf. DJ. Kurepa: Ensembles 
ordonnes et ramifies, Publ. Math. Univ. Belgrade, 4(1935), 1-138] 

12. We slightly modify the construction of an Aronszajn tree in Problem 11 
by requiring that s(f) G Q for every / G T. In this case, if Q = {qo, qi, ■ ■ •}, 
then T = Aq U A\ U • • • is a decomposition into antichains, where A, : = {/ G 
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T : s(f) = qi}. The condition P{[3, a) is now changed to the following: if 
/ G Tp, q > s(f ) is rational, then there is some f ~< g £ T a , s(g) = q. If a is 
limit (the only problematic case), proceed as follows. Given f £ Tp, (3 < a, 
p = s (f) < select the sequence of ordinals (3 = a o < on < • • • converging to 
a, and also the sequence p = po < Pi < ■ ■ ■ of rational numbers, converging to 
q. Then inductively choose the elements f = fo -< f\ < ■ • ■ such that /, G T 0t , 
s(fi) = pi, and then add g = fo U f\ U • • • to T a . 

13. As an antichain can contain only one element of a branch, a special uq-tree 
may not have an uncountable branch. 

14. Only the transitivity of <i ex is not immediately clear. Assume therefore 
that x <i ex y <i ex 2 and try to show that x <i ex 2. We consider cases. 

If x -< y -< z, then x < z and we are done. 

Assume that x -< y and p a (y) <a Pa(z) with a least. If now a > o(x), 
then x -< z; otherwise p a (x) = p a (y) < a p a (z ) and pp(x) = pp(y) = Pp(z) for 
(3 < a so x <i ex z- 

Assume that p a (x) < a p a {y) for some least a and y < z. Then p a (x) < a 
p a (z) holds and so again x <i ex z. 

Finally, assume that there is a minimal a < o(x ), o(y) such that p a (x) < a 
Pa{y) a n d there is a minimal /3 < o(y), o(z ) such that pp(y) <p Pp(z). If a < f3, 
then p a (x) < a p a {y) = p a (z). If a = /?, then p a (x) < a p a (y) <a Pa(z). If 
a > (3, then pp(x) = pp(y) <p Pp{z). In each case we are done, for a, resp. f3 
is minimal with the given property. 

An alternative possibility for the proof is to add a new element, say *, to 
every T a , make it precede all elements of T a by < a , and then identify x G T 
with the following function f x : for a < o(x), set f x (ot) = p a (x), while for 
o(x ) < a < h(T), set f x (a) = *. The functions f x are now functions defined 
on the same well-ordered set, so we can use the usual lexicographic ordering 
and note that x <i ex y if and only if f x < lex f y where < lex is the lexicographic 
ordering on the set {f x : x £ T}. 

15. Toward an indirect proof, assume first that {xj : £ < ui\} is increasing or 
decreasing by <i ex - The elements {po(x^) : £ < uj-i } form a weakly increasing 
(or weakly decreasing) sequence by <0 and as To is countable, this sequence 
eventually stabilizes: for 70 < £ < wi we have po(x^) = so- Repeating the 
argument we get ordinals 7 a < uq and elements s a £ T a for every a < 
such that for £ > j a we have o(x^) > a and p a (x = s a . Now {s a : a < u> 1} 
is an Wi-branch of (T, -<). 

Assume, finally, that X C T is uncountable and Y C T is countable. 
There is some a < uq such that Y C T <a . As X is uncountable, there are 
uncountable many elements of it with height > a, there are two of them, 
say x and y, with p a (x) = p a (y). But then, no element with o(z) < a can 
be between them. Thus, for X there is no countable Y that separates its 
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elements, hence (X, <i ex ) cannot be similar to a subset of R. [E. Specker: Sur 
un probleme de Sikorski, Coll. Math., 2(1949), 9-12] 

16. We construct e a by transfinite recursion on a < uq with the added as- 

sumption that A a = Ran(e a ) is a coinfinite subset of uj. eo is the empty 
function. If e a is determined then we let e Q+ i be a one point extension of f a 
with e a+ i(a) = x for some x £ lj \ A a . Assume finally that a < oq is limit 
and eg is given for every 0 < a. Let oq < oq < • ■ ■ be a sequence converging 
to a. By induction, we are going to determine e a | a , a finite modification of 
e an and we also pick an element x n < u>. To start, set e a = e ao , and let 
xo £ u>\ A ao . Assume that e a | a and xo,...,x n are determined. We need to 
determine e a \r„ _ \. As e a is injective and almost extends e a , there 

\[<X n ,Oln+l) + 

are only finitely many points in the range of both e a | a and e Wrt+1 1 a + \)' 
By reassigning values from u) \ A an+1 we can achieve, by modifying e an+1 at 
finitely many places, that the range of e an+1 |j a a is disjoint from the 
range of Saj a and also from [xq, . . . , x n \. This modified function will be 
e a | [ a a and finally we let x n+ i be any element of u not in {x:g , . . . , x n } 
or the range of e a i 

This induction defines e a : a — >• u>. It is injective, as it is the union of 
injective functions. Its range is disjoint from {*0,0:1,...}. And finally, for 
every n, the functions e a | Q and e an differ only at finitely many places. Now, 
if 0 < a, then there is some n such that 0 < a n < a, and eg , e Qn and 
e a | p also differ only at finitely many places. [K. Kunen: Combinatorics, in: 
Handbook of Mathematical Logic, (Jon Barwise, ed.), Studies in Logic, 90, 
North-Holland, 1977, 371-401] 

17. (T, ~<) is an uq-tree and T a is a set of a — > u injections. If g £ T a then 
g = ep\ a for some 0 > a, so g differs from e a at finitely many places. As this 
is possible only countably many ways, T a is countable. If b = {g a : a < uq} 
with g a £ T a was an uq -branch, then (J b would be an injection uq -HJ, an 
impossibility. 

18. It suffices to decompose the pairs (eg, e a ) ( 0 < a) into countably many 
chains (use symmetry and notice that {(e a ,e a ) : a < uq } is a chain). Given 
such a pair (eg, e a ) let n < u> be so large that e a (0) < n and, if e a (7) ^ 
6/3(7) holds for some 7 < /?, then e a ( 7), 6/3(7) ^ n ■ This is possible by 
the condition imposed on our functions. Set P = {7 < a : e a 0f) < n}, a 
finite set. Enumerate P increasingly as {71 ,..., 7*,}, let t be that number 
with 7 t = 0. Finally, let a, = e a (7/) (1 < i < k), b t = 6/3(7,) (1 < i < 
t). Classify (ep,e a ) according to the corresponding ordered sequence s = 
(n, k,t , 01 , . . . , Ofc, 6 i, . . .,b t -i). 
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We show that if {ep,e a ), {epi , e a i) get the same sequence then they are 
comparable and this will conclude the proof. Let T' be the corresponding set 
for (ep>,e a >). 

Assume first that e a > extends e a . Then f D T, so T' = as both have 
k elements, but then (3 = /3' and therefore (ep,e a ) A ( ep>,e a >). 

Assume now that the first difference between e a and e a > occurs at 8 < a: 
c a (<5) < e a '(S). Since n is the same for both pairs (ep,e a ) and (&p',e a >), we 
have rr\5 = T'nS. Therefore, if (3 < S or p' < 8, then necessarily (3 = (3’ (recall 
also that e a (/3) < n, e a < (0')< n), in which case these pairs are comparable. 
So assume from now on that j3, [3' > 8. Since s is the same for both pairs, it 
follows from T f~l 8 = T' n 8 that ep | * = epi g. 

If 8 £ T, 8 £ r', then ep(8) = e a (8) < e a >(8) = ep>(8), so ( ep,e a ) A 
( e p',e a '). 

The possibility 8 £ T, 8 £ T' is ruled out as then e a (8) > n > e a i (8). 

Finally, if <5 £ T, 8 £ r', then e a (8),ep(8) < n < e a i(8) = ep>(8), so again 
(e/ 3 ,e a ) A (epi, e a i) holds. [S. Shelah: Decomposing uncountable squares to 
countably many chains, J. Comb. Theory (A), 21(1976), 110-114. This proof 
is due to S. Todorcevic] 

19. In order to prove that a Countryman type may not include a subtype of 
order type uq, ui\, or the type of an uncountable subset of the reals it suffices 
to show that neither x uj\ nor B x B (with B C. R, uncountable) is the 
union of countable many chains. 

Assume first indirectly that uq x uq = Ao U A\ U • • • where every A, is a 
chain. By the pigeon hole principle, for every a < uq there is an i(a) < oj 
such that {/3 : ( a,/3 ) £ A,;^} is uncountable. There must b e a < a' with 
i(a ) = i(a') = i. Choose (3' such that (a',/3') £ Aj, then choose (3 > (3' with 
(a, (3) £ Aj. Now (a. f3), (a', (3') are incomparable, a contradiction. 

If we assume that B is an uncountable set of reals and BxB = AoU A 1 U- • • , 
then for every x £ B there exist two elements of B, y'(x ) < y"(x), such that 
(x,y'(x)), (x,y"(x)) £ Aj( x ) with some i(x ) < u>. There is a rational number 
p(x) with y'(x) < p(x) < y"(x). As there are only countably many possibilities 
for ( i(x),p(x )), there are x' < x" in B such that i(x') = i(x") = i, p(x') = 
p(x") = p. But then (x', y"(x')), (x",y'(x")) £ Aj and they are incomparable: 
x 1 < x" and y"(x') > p> y'(x"). 

20. One direction is obvious: if / : ( T , -<) — >• (Q, <) is order-preserving, then 
T is the union of the countable many antichains of the form f~ 1 (x) where 
x £ Q. 

For the other direction, assume that T = Aq U A\ U • • • where A 0 , A-| , . . . 
are antichains. If t £ A n , set 


/w = ES. 
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where, for i < n, e* = 1, if there exists an s ~< t with s £ A,, e* = —1 if 
there exists an s y t with s £ A,, and e, = 0 if neither holds. Clearly, / is a 
mapping from T into Q. For order preservation, assume that t -< t', f £ A m , 
and f(t') = J2i <m Assume that n < m. Case analysis shows that for 

i < n, e' > a.-, holds, moreover c' n = 1 while there is no corresponding e n . 
No matter what the later terms of f(t') are, this implies that f(t') > f(t). A 
similar argument works if n > m, just then e TO = — 1 and there is no e’ m . 

21. For every s £ T let g s : f~ 1 (s) — > u be a decomposition of f~ 1 (s) into 

countably many antichains, i.e., u £ belongs to the '<tli antichain if 

and only if g s (u) = i. Given t £ T construct the sequence t = to y t\ >- with 
ti+i = f (ti) ■ As there is no infinite decreasing sequence of ordinals, there is 
some finite n such that t n £ T 0 . Set C = 9t i+1 (U) an d decompose the elements 
of T according to the string F(t) = (£o, • • • , Cn-i}- This decomposition shows 
that (T, -<) is special: assume that F(s ) = F(t) and s -< t. Let s = so>-si>- 
■■■ y s n £ To and t = to A t\ >- • • • >- t n £ To be the corresponding sequences. 
As s -< t, we have that s n = t n , and the elements so> • • • , s n , to, • • • ,t n are all 
comparable. But then, as £„_i = gt„(t n - i) = 9s n ( s n- 1)> t n -i = s n-i must 
hold (as they are comparable elements of an antichain) , and repeating this we 
inductively get t n -\ = s n - 1 , ... .to = .sq, a contradiction. 

22. We have to show that if the normal uq-tree ( T , -<) has an oj-i -branch then 
it includes an uncountable antichain. Let b = {t a : a < uq } be an uq -branch. 
Let x a £ T a+ 1 be an element such that t a -< x a , but x a ^ t a +i- x a exists 
by normality. A = {x a : a < u)\} is an antichain, as for /3 < a we have 
o(x f 3) < o(x a ) and x„’s predecessor on level 3 + 1 is tp + 1 7^ xp. Obviously, A 
is uncountable. 

23. Otherwise we can recursively select the elements A = {x a : a < uq } with 
T> Xa countable such that if fi < a, then o(x a ) is larger than the height of any 
element above xp. This is possible as every element excludes only countably 
many elements. But then A is an antichain: if /3 < a then, considering height, 
only xp -< x a is possible, but that cannot happen by the construction. 

24. If (T, -<) is a Suslin tree, then by Problem 23 the set A is countable where 
x £ A if and only if T >x is countable. Let a be a countable ordinal with 
A C T <a and remove T< a from T. This way, we get a Suslin tree that satisfies 
property (A) in normality. 

Assume that the Suslin tree (T, -<) satisfies (A) of the definition of normal- 
ity. For every x £ T the set T >x is uncountable. It cannot consist of pairwise 
comparable elements, as that would give rise to an uq -branch. There are, there- 
fore, incomparable y,z y x. If we increase them they stay incomparable, so 
there are incomparable elements with identical height, and actually, for every 
a < u> 1 there is /3(a) > a such that any x £ T a has incomparable successors 
on Tpr a ) . If we select the increasing sequence 0 = Oq < oq < • • • < < ■ ■ ■ 



Solutions 


Chapter 27 : Trees 


441 


(£ < u> i) such that ;3(o: r( ) < holds for rj < £, then the tree restricted to 
U{T qc : £ < uji} satisfies properties (A) and (B). 

Assume finally that the Suslin tree {T,-<) satisfies (A)+(B) of normality. 
Set b(x ) = T< x if o(x) = 0 or a successor ordinal, and b(x) = T <X if o(x) is 
limit. Let U = {6(2;) : x € T}. Set b(x) -< b(y) if b(y) end-extends b(x). Notice 
that if x -< y, then b(x) -< b(y) (but not the other way around) and in the tree 
(U, -<} b(x) has rank 0(2;). It is also clear that ( U , -<} satisfies (A) and (B). As 
for property (C), if a < uq is a limit ordinal and b(x) 7^ b(y) are at level a. of 
(U, -<) then there is a 6 < a such that if xp resp. yp are the elements of b(x) 
resp. b(y) on Tp then xp 7^ yp. But then b(xp^ j): -< b{x), b(yp + 1) -< b(y), and 
b(xp+i) 7^ b(yp + i). Finally, if {b(x a ) : a < oq} was an uncountable antichain, 
then { x a : a < u>i} would be an uncountable antichain in (T, -<) by the 
above remark, so (U, -<) has no uncountable antichains. But in Problem 22 
we showed that these properties imply that (U, -<) has no uq-branch, either. 
Therefore, (U, -<) is a normal Suslin tree. 

25. For the forward direction, if there exists a Suslin tree, then by Problem 
24 there is a normal Suslin tree (T, -<). Then (J{T a : a < u>i, a limit} 
is again a normal Suslin tree such that every element has infinitely many 
immediate successors, so we may assume that T has this property. Let < a +i 
be an ordering of T a+ i that orders the immediate successors of any element 
of T a into a dense set with no first or last element, then use these orderings 
to define the ordered set ( T , <i ex )- We claim that (T, <i ex ) is a Suslin line. 

Assume that I a = ( a a ,b a ) ( a < ui) are intervals. Case analysis shows 
that for every a there is some element x a such that T> Xa C ( a a ,b a ). But 
then some two x Q ’s are comparable (or identical) and then the corresponding 
intervals intersect. This proves that (T, <i ex ) has property ccc. 

Assume now that X C T is countable. There is some a < o.’i such that 
X C T <a . But if x € T a , then the elements of T> x (an uncountable set) 
cannot be separated by X, i.e., if u, v £ T>,, : , then no element of X lies in 
between u and v. This proves that ( T , <i ex ) has no countable dense subset. 

For the other direction assume that ( S , <) is a Suslin line. We call a subset 
R C S separable if there is a countable set PCS such that if a < b are in R, 
and there is at least one element between them then there is an element of P 
between them. 

We notice that if C C S is convex, i.e., if x,y £ C, x < z < y, then 
z £ C, then C can be decomposed into the disjoint union of a countable set 
and disjoint nonempty open intervals of the form (a, b) = {z £ S : a < z < b}. 
Indeed, if C has no largest element, there is, by Hausdorff’s theorem (Problem 
6.44), a cofinal sequence ao < a,i < • ■ ■ of some length, which cannot be >u> 1, 
as {S, <) is ccc. As the length <uq, we can select a subsequence, denoted again 
by ao < ai < • • • of length u>. Similarly, unless there is a minimal element, 
there is a decreasing, co- initial sequence 00 > 0-1 > • • • and then C is split 
into the intervals (oj,aq+ 1) and the countable set {a* : i € Z }. 
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We construct a Suslin tree (T, -<) consisting of open, nonempty intervals 
of the form (a, b ) of (S, <) in such a fashion that for a < u>i the elements 
of T a will be pairwise disjoint intervals that cover S save a separable part. 
Moreover, I -< I' holds if and only if I' is a proper subinterval of J, and if I , 
V are incomparable, then I n I' = 0. If we can construct the tree with these 
requirements, then, as ( S , <) is not separable, T a ^ 0 will hold, and by the 
ccc property T a is countable for every a < u ) i and there is no uncountable 
antichain in (T,a). 

Let To be a decomposition, as described above, of S. If we have (a, b) = 
I £ T a and |/| > 3, say d < c < e are in J, then split / into Jo = (a, c) and 
Ii = (c, b), and make Iq. I\ the immediate successors of I. If, however, | J| < 2 
then / will have no successors. Notice that by this construction, if some I gT 
has successors, then it has two immediate successors, therefore we can use the 
argument of Problem 22 to show that if (T, -<) has an oq -branch, then it has 
an uncountable antichain, as well. 

Let a <u ) i be a limit ordinal. If we consider the nonempty convex sets of 
the form fj b where b is an Q-brancli of T <a , then they constitute a partition 
of S minus a separable set (the union of the countably many exceptional 
separable sets on lower levels) into convex sets: (J {Cj : j £ J}. Set J' = 
{j £ J : | Cj | = 1}, J" = J \ J'. If, for j £ J' , we have Cj = {xj}, then the 
set {xj : j £ J'} is separable. Indeed, if X{ < xj for i, j £ J' , then there is 
some I £ T <a where the branches corresponding to i, j split, so x,; and x :j 
are separated by one of the endpoints occurring. As there are countably many 
endpoints in T <a , the statement is proved. As (S, <) is a Suslin line, J" is 
countable, so it suffices to apply the treatment described at the beginning of 
the proof to every Cj ( j £ J"), and we get the elements of T a . 

26. Let AC D be a maximal subset of pairwise incomparable elements. Such 
a set exists by Zorn’s lemma. A is countable as T is Suslin. There is an 
a < u > i such that o(x) < a holds for every x £ A. We claim that T> a C D 
(and that suffices). For this, let x £ T> a be arbitrary. As D is dense, there 
is y £ D, y >- x. The set A U {y}, a proper extension of A, cannot consist 
of incomparable elements, so there is some z £ A, such that y and z are 
comparable. As o(z) < a < o(y), the only possibility is that z ~< y, and then 
necessarily z A x -< y. As D is open, this implies that x £ D, as claimed. 

27. By Problem 26 for every D n there is some a n < loi such that T> an C D n . 
If a = sup n a n , then T> a C Do n D\ n • • • and T> a is dense by normality. It 
is also clear that the intersection of open sets is open and we are done. 

28. Define the set D as follows, a £ D if and only if there is no element x of 
A such that x y a. If the statement of the problem fails, then D is dense. As 
D is clearly open, we get by Problem 26 that D is a co-countable subset of T, 
but this is a contradiction as then A n D ^ 0 and this is impossible. 



Solutions 


Chapter 27 : Trees 


443 


29. We can assume that / maps into [0, 1]. For « = 1,2,... set x £ D n if and 
only if f(y) < f(x) + i holds for every yFx. 

We claim that every D n is dense. Indeed, if a : gT and x ^ D n , then there 
is an x\ >- x such that f(x i) > f(x) + K If x\ £ D n then there is an X 2 >- x\ 
such that f(x 2 ) > f(x 1 ) +: A > /( x) + j|, etc. As this procedure must stop, 
we end up with some y h x, y £ D n . 

By Problem 27 there is an a < uq such that T> a C D\ fl D 2 (~l • • •, but 
then, if x £ T a and y >- x, then /( x) < f(y) < f(x) + - holds for every n, 
that is, f(y) = f(x). This implies that all values of / are attained on T< Q , a 
countable set, so / has countable range. 

30. In this solution “dense” and “open” are used as in the introduction to 
this chapter, but the continuity of / is meant in the topology on trees defined 
before Problem 30. 

If p < q are rational numbers, set t £ D p q if either f(y) > p holds for 
every y F t or f(y) < q holds for every y A t. We show that each D pg is 
dense. 

Indeed, assume that some D pq has no elements above some a gT. Passing 
to T> a we can assume that D pq = 0. Set cco = 0 and define ao < a% < ■ ■ •, 
a sequence of countable ordinals, and Ai, a maximal set of incomparable 
elements x in T\T< ai and either with f(x) < p (if i is even) or with f(x) > q 
(if i is odd). By Zorn’s lemma, such a set A* exists, and it is countable, 
as {T,~<) is Suslin. Choose cq + i so that A t C T< nt . , . Let a be the limit 

of ao,aq, If x £ T a , then by D p , q = 0 there are yo, yi >- x such that 

f(y 0 ) < p and f(yi) > q. By the maximality of A 2 , and A 2 *+i there are some 
x 2 i € A 2 , comparable with yo and x 2 i+i € A 24 +J comparable with yj . As 
o(x 2 i) , o(x 2 i+i) < a < o(yo),o(yi) we must have x 2 i A yo, x 2 i+\ A yi, and 
then necessarily x 2 i, x 2 i+\ A x. Hence xq A x\ A • • • is a sequence converging 
to x, with f(x 2 i) < P, f{x 2 i+i) > q, so / is not continuous. 

Having proved that each D p q is dense, one can easily observe that they are 
open. There is, therefore, by Problems 26 and 27 an a < uq such that T> a is 
in the intersection of all of them. If now x £ T a , x A y, and p < q < /( x) are 
rationals, then we get that, as x £ D p q , f(y') > p holds. Since p < q < f(x) 
were arbitrary, f(y) > f(x) follows. Selecting f{x) < p < q an identical 
argument gives f(y) < f(x), i.e., actually f{y) = f(x). Therefore, / attains 
all its values on the countable set T<«, so it has countable range. 

31. We have to show that if Fq, F\ are disjoint, closed sets then they can be 
separated by disjoint open sets. 

We first consider the case when Fq, Fi are both countable. Enumerate 
them as Fo = {« 0 ) wi, • • •}> Fi = {no, tq, . . .}. By induction on n = 0, 1, . . . we 
construct the closed and open sets U n 3 {uo, . . . , u n - 1 }, V n 3 (no, . . . , u n _i}, 
such that 0 = U 0 C Ui ■ • •, 0 = C Fi • • •, and U n C\V n = = V n nF 0 = 

0. If we can do this, then the open sets Uo U I7i U • • • and Vo U Vj U • • ■ separate 
F (i and iq . Assume that we have reached step n. If u n is isolated (i.e., it is on 
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To or a successor level) then we can let f/ n +i = U n U {u n }. If o(u n ) is limit, 
then we choose a closed and open neighborhood of u n of the form [y, u n ] which 
is disjoint from F\ U V n . This is possible, as the latter is a closed set excluding 
u n , we only have to choose y <u n with a large enough successor o(y). Then 
we set U n+ 1 = U n U [y,u n ). Argue similarly for V n+ i by selecting it to be 
disjoint from U U n +i. 

We now consider the general case. Set a £ A if there are x £ To, y £ Tj , 
such that a -< x, y. If A is uncountable, then by Problem 28 there is some 
d £ T such that A is dense over d. As (T, -<) is normal, T>,j is uncountable, 
and so is a Suslin tree. In T><j both Dq and D i are dense, open (in the sense 
that is defined for trees in the introduction to this chapter), where a £ Di if 
and only if there is d -< x -< a, x £ Tj. There is, by Problem 26 some q-q such 
that the ccoth level of T> f j is in D 0 n £>i, that is, if x £ T ao , x y d, then there 
are yo £ T 0 , zq £ Ti such that d -< yo,zo ~< x. Repeating this argument we 
get ordinals ao < oi\ <■■■ such that if x y d, x £ T ai , then there exist t/,; , zi 
with yi, Zi -< x, yi £ To, z, £ F\, aj_i < o(t/j), o(z,). If now a is the limit of 
the sequence ao, au, . . ., x £ T a , x y d, then x is an element of To, as well as 
of Fi, a contradiction. 

We proved, therefore, that A is countable, so there is some a < u > i such 
that A C T <a . Our space splits into the disjoint union of the closed and 
open sets T< a , T >a . It suffices to separate Fq and F\ in these components, 
separately. In the former we can separate To and F\ by the argument at the 
beginning of the proof. The closed and open set T >a splits into the disjoint 
union of the closed and open sets of the form T >x (x £ T a ), and, as A C T <a , 
none of them contains points from both To and F\ . In this situation it is easy 
to separate To fl T >a and Fi n T >a : include To fl T >a into the union of those 
sets T >x which intersect it, and similarly for Ti. 

32. (a) Let a be a putative winning strategy for I. By closure (see Problem 
20.7), there is a limit ordinal a < u > i with the property, that if to, . . . , t^n-i 
are in T <a then so is t‘ 2 n ; I’s response according to a. Let ao < ai < • • • 
converge to a. Enumerate T a as T a = {po,pi, ■ ■ .}. We make II play as follows. 
Given t' 2 n , she chooses a n , an immediate successor of Tn such that a n -fi p n - 
Then let her response be some t 2 n +\ >- a n , with a n < o(t 2 n +i) < a. This is 
possible, as {T,~<) is normal. This way, a play to, h , . . . is determined, with 
o(t n ) converging to a, but no element of T a can extend the sequence, so I loses, 
although he played according to his winning strategy cr. This contradiction 
shows that a does not exist. 

(b) If (T, -<) is special, then T = Ao U A\ U • • • with A n an antichain. II can 
have the following strategy. Given t 2 n , if there is some t y Gn with t £ A n , 
then let t 2 n +i be such an element, otherwise let t- 2 n +i Gn be arbitrary. This 
way, if to A G -<•••-< t, then t can be in no A n , so such a t cannot exist. 

(c) Assume to the contrary that a is a winning strategy for II. We exhibit 
a play in which II responds by a yet she loses. For every ao £ T, if ao is the 
opening move by I, II answers by <r(ao) >- ao- Set t £ D 0 if there is some ao 
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with <r(ao) ~< t. Do is obviously open, and it is dense, as for every uq £ T there 
is an element of D o above ao, namely any element of T >a ^ ao y By Problem 26, 
there is some ao < <ui such that T ao C D 0 . 

We notice that for every x £ T ao there is a partial play Po(x) (consisting 
of one round of moves), a§, cr(ag), which can be continued by I by saying x or 
any element of T> x . 

We repeat the above argument for every x £ T ao separately on T> x by 
using the second round of a, continuing the play Pq(x). We get an ordinal 
a.\ > Q'o, for every x £ T ai a partial (2-round) play Pi (x), which, on the one 
hand, continues the appropriate Po{y) (where y is the predecessor of x on level 
ao), on the other hand, it can be continued to any element of T> x . 

Continuing this way we get ao < a\ < • ■ Let a be the limit of these 
ordinals. If x £ T a , then, letting t, be the predecessor of x on level a n , we get 
that the union of the partial plays Pj(tj) is a play in which II plays according 
to a, and the element of the tree played by I and II remain below x, therefore 
II loses, a contradiction. 

33. We first consider the case when A is regular. We claim that we can as- 
sume property (C) of normality. Indeed, using the argument in the solution of 
Problem 24 given a re-tree (T, ~<) is as in the problem, we can consider (U, -<) 
where for a = 0 or successor b £ U a if and only if b is an a + 1-branch of 
(T, -<), for a limit b £ U a if and only if b is an a-branch of (T, -<) that extends 
to T a . Set b -<b' if b' extends b. Then (U, -<) is a re-tree, 1 < \U a \ < |T a | < A, 
and if B = {b a : a < re} is a re-branch of {U,-<), then (J £> is a re-branch of 
{?>*)■ 

We therefore assume that (T, -<) of the problem satisfies (C) of normality. 
Set S = {a < re : cf (a) = A}, a stationary set by Problem 21.8. For a £ S, 
x^y£T a , there is some (3 < a such that T <x and T <y differ from level (3. As 
\T a \ < A = cf (a), there is some /(a) < a such that the elements of T a have 
distinct predecessors in Tfi a y As / is a regressive function on a stationary 
set, we can apply Fodor’s lemma (Problem 21.9) and get a stationary S' C S 
and some 7 < re such that /(a) = 7 holds for a £ S'. Pick x a £ T a for a £ S'. 
Let y a be the predecessor of x a on level 7 . As re is regular and |T 7 | < re, 
y a = y holds for a £ S", \ S" \ = re. We claim that Z = {x a : a £ S"} is 
totally ordered. Indeed, if a < 0 are in S'' and z is xp’s predecessor on level 
a, then y -< x a , z so x a = z, i.e., x a -< xp. Finally, B = (J{T< X : x £ Z} is a 
re-branch. 

If A is singular and (T, -<) is as in the problem, then for every a < re there 
is some regular cardinal < A such that |T a | < y a holds. As re is regular and 
there are at most A regular cardinals below A, there is a set Z C re, \Z\ = re 
such that /I a: = i-i holds for a £ Z. We can now apply the already covered case 
for the tree on (J{T Q : a £ Z} and get a re-branch. 

If re is singular, let y = cf (re), re = sup{re| : £ < /x}. Let (T,~<) be the 
disjoint union of the branches with of height rey. Then ( T , -<) has no 
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K-branch and |T a | < fi + < k holds for every a < k. [DJ. Kurepa: Ensembles 
ordonnes et ramifies, Publ. Math. Univ. Belgrade, 4(1935), 1-138] 

34. Let (T, -<) be a K-Aronszajn tree. Set x £ T' if and only if T >x contains 
elements of arbitrarily large height < k. Notice that if y -< x £ T' , then y £ T' 
so for x £ T' , T' <x = T <x holds and so the height of x in T' is the same as the 
height of x in T. 

We claim that T' has elements of arbitrarily large height < k. Indeed, if no 
x £ T a is in T' for some a < k, then for every x £ T a there is a B(x) < k such 
that for no y y x does o(y) > f3(x) hold. As |T a | < k, the set (f3(x) : x £ T a } 
has a bound /3 < k, but then Ty can have no element. 

Assume that x £ T' , o(x) < a < k. By the definition of T', there are 
k elements y £ T, with x ~< y. Some K of them has o(y) > a. Then, let 
Pa iy) € T a be y’ s predecessor at level a. For k many y, p a (y ) = p holds for 
the same p £T a and so p £ T' . We proved therefore property (A) of normality 
for T' and so from now we will assume (A) for T. 

Now assume that (T,~<) is a K-Aronszajn tree satisfying (A). If x £ T, 
then the set T >x must contain incomparable elements as otherwise it would 
be a branch of cardinality k. If x y, z and y, z are incomparable then 
there are y' >- y, z' >- z with o(y') = o(z') and of course, y', z’ are also 
incomparable. We get, therefore, that if x £ T a then some Tyr x \ (0(x) > a) 
contains incomparable successors of x. As k is regular and |T a | < k, some 
/3(a) > a applies for all x £ T a . 

We can then choose, by transfinite recursion, the increasing sequence : 
£ < k} such that every x £ T a? has incomparable successors in T Q?+1 , so 
T' = (J{T Qc :£<«;} satisfies (A)+(B) of the definition of normality. 

Assume finally that (T, -<) is a K-Aronszajn tree satisfying (A)+(B) of the 
definition of normality. Define the tree T' as follows. If a = 0 or a successor 
ordinal, then let b £ T' if and only if b is an a + 1-branch of T. If a is limit 
then let b £ T' if and only if b is an a -branch of T that has an extension on 
level T a . Set b ~<b' if and only if b' extends b. Now \T' a \ = |T a | if a = 0 or a 
successor, and 1 < \T' a \ < \T a: \ if a is a limit ordinal. Moreover, if [b a : a < k} 
was a K-branch in (T 1 , ~<) then (J{6 Q : a < k} would be a K-branch in 
(T' , -<) is therefore a K-Aronszajn tree and it is easy to see that it satisfies the 
definition of normality. 

35. One direction is obvious; if b is a K-branch, then b is a subset of order type 
k in (T, <iex). 

For the other direction assume that [x^ : £ < k} is a subset of ( T , <i ex ) 
of order type either k or k*. As k is regular and every level of (T,~<) has 
cardinality less than k, we have that o(x^) — > k Therefore, for any given 
a < k, Poi ( xg :), the predecessor of on level a, is defined for all large £. 

As by the definition of <i ex the sequence Po(x^) (£ < k) is weakly increasing 
(or decreasing) in the ordered set (To, <o) of cardinality < k, we have that 
Po(x^) = oq for some ao and for £ > j 0 with an appropriate 70 < k. Repeating 
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the argument for level one, but only using the above “tail” of the sequence, we 
get that p\(x 0) = ai holds for £ > 71, etc. By recursion we get the elements 
{a a : a < k} and increasing ordinals {j a : a < k} such that p a (x0) = a a for 
£ > la- But then {a a : a < k} is a K-branch. 

36. Let S be the set of finite sequences of elements of k. Clearly, |.S'| = k. 
For a < k + we are going to construct an injection f a : a — > S by transfinite 
recursion on a. /o can only be the empty function. If f a is given, set f a +i (0) = 
0 for 0 = a and f a+ i(0) = 1 f a (0), that is, if f a (0) = 71 • • -Jn then we let 
fa+i (0) = I71 •••in (concatenation). If a is a limit ordinal, enumerate C a 
increasingly as {x(a, £) : £ < e a }. We may assume that x(a. 0) = 0. If 0 < a, 
let 7 = x(a,£) be the least element of C a greater than 0. Set f a (0) = £/ 7 (/3), 
where again, the right-hand side denotes the string starting with £ and then 
continuing with the sequence / 7 (/3). 

We claim that f a is an injection of a into S. This we prove by induction 
on a. The induction step is obvious, if a is zero or a successor ordinal. Assume 
that a is limit and f a (/3) = f a (f3')- Then £/ 7 (/3) = £'/ 7 '(/3') with the ordinals 
£', y corresponding to 0’ . As the two strings are equal, we must have £ = 
but then 7 = 7'. We then get f 7 (0) = f~ f (P') and so 0 = 0' by the inductive 
hypothesis. 

We define the « + -Aronszajn tree (T, -<) as follows. The nodes on Tp are 
the functions f a for 0 < a < k + . t -< t' if and only if t' extends t. It is 
obvious that T has no K + -branclies as its elements are injective functions so 
a K + -branch would give rise to an injection of k + into S, a set of cardinality 

K. 

We show that | Tp \ < k holds for 0 < k + . Assume we are given f a | p G Tp. 
We prove that there are finitely many ordinals 0 = 70 < • • • < it = 0 and 
corresponding strings si,...,s* such that if 7i_i < <5 < 7,; then f a (6) = 
Sif li {8) holds. This suffices for our claim as there are at most k ways of 
selecting 70, ... si, ... , s t . 

We prove this claim by induction on a. It is obvious for a = 0 and the 
inductive step from a to a + 1 is equally clear. 

Assume finally that a is limit. There exist successive elements 70 < 71 < 
• • • 7 n of C a such that 7„_i < 0 < i n and 70 = x(a. S) with either (5 = 0 or 8 
a limit ordinal. Inspection of the definition of f a shows that on the intervals 
[0, 7o), [7o,7i), • • • , [ln-i,0) fa equals to / 7o , (<5 + l)/ 7l , (6 + 2 )/ 72 , . . . , (6 + 
n)f Jn , respectively. (Here we use that C 7o = C a fl 70-) Each of these terms 
gives restriction of the required type except the last one. In that case, however, 
as 7„ < a, we can refer to the inductive hypothesis, and argue again, that / 7n 
restricted to [7 „_i,/ 3) splits into finitely many functions of the required type. 
[This proof is due to S. Todorcevic.] 

37. We slightly modify the solution of the previous problem. Fix a system {C a : 
a < k + ) where, for every limit ordinal a < k + , C a is a closed, unbounded 
subset of a, of order type cf (a) (which is always < k). We assume that 0 € C a , 
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and C a = {x(a,£) : £ < e a } is its increasing enumeration. Let S be the set 

of finite sequences of elements of k, clearly, |.S'| = k. For a < k + we are 

going to construct an injection f a : a — >• S, by transfinite recursion on a. 

fo is the empty function. If f a is given, set f a +i(P) = 0 for (3 = a and 

f a +i(P ) = 1 /«(/?)> (concatenation). If a. is limit, P < a, then let 7 = x(a,£) 
be the least element of C a , greater than ,3 and set f a (P) = £/ 7 (/3), again, 
concatenating £ and the finite string /,,(/3). 

Just as in the preceding problem, f a is an injection of a into S. 

We again define the K + -Aronszajn tree (T, -<) as follows. The nodes on Tp 
are the functions f a ^ for P < a < k + , and t ~< t' if and only if t' extends t. 
As in the preceding problem, T has no k + -branches. 

In order to show that \Tp\ < k holds for every ,3 < k + we claim that if 
P < a < k + then f a p has the following specific form. ,3, that is, [0, (3) splits 
into the disjoint union of fewer than k disjoint intervals of the form I = [7, 5) 
and on each of them, f a restricts to a function of the form x i-> sfs(x) with 
some s £ S. This proves that \Tp\ < k, as by the hypothesis on cardinal 
exponentiation, there are at most k functions of the required type. We prove 
the above statement by transfinite induction on a. It is obvious if a = (3, 
and the inductive step from a to a + 1 is equally clear. Assume now that 
a > P is a limit ordinal. Then C a splits a into cf (a) < k many intervals of 
the form [7,(5), only < k of those having nonempty intersection with p. On 
only one of them it is not clear that is of the required form: the one 
for which 7 < P < 6 holds. In this interval, /«’ s restriction is equal to (the 
restriction of) £f$ where £ < n is the index of <5 in the increasing enumeration 
of C a . But now we can refer to the inductive hypothesis which says that [7, P) 
splits into < k intervals, with each of them fs restricting to some function 
of the required form, and so the statement holds for a. [E. Specker: Sur un 
probleme de Sikorski, Coll. Math., 2(1949), 9-12. The present proof is due to 
S. Todorcevic.] 

38. Notice that k is regular and k > uq by Problems 28.3 and 28.5. Let ( T , -<) 
be a K-tree. Let /i be a K-additive measure on T. By additivity, p(T< a ) = 0 
for every a < k. For t £ T set f(t) = /x(T> t ). For every a < k, the set 
U a = {t £ T a : f(t) > 0} is countable and nonempty, and if s -< t £ U a , 
s £ Tp, then s £ Up. If U = (J{^a : ot < k}, then (U, ~<) is a tree of height k, 
with countable levels, so by Problem 33 it has a K-brancli which is a K-branch 
of (T, -<), as well. [J. Silver: Some applications of model theory in set theory, 
Ann. Math. Logic, 3(1970), 45-110] 

39. We are going to use the condition in the form that on every set of cardi- 
nality k + there is an ultrafilter consisting of sets of cardinality k + such that 
if we decompose the ground set into A parts then exactly one of them is in 
the ultrafilter. 

Let T be a K + -tree. Set ji = cf (k) and choose an increasing continuous 
sequence of cardinals (k| : £ < fi) with kq = 0 and k = sup{Kj : £ < /./}. 



Solutions 


Chapter 27 : Trees 


449 


Enumerate each T a as T a = {tfg : £ < k}. As |T| = k + , there is an ultrafilter 
D M on T, as described above. For every a < k + , 

T>ot = U {B% ■■-P<vh 

where 

Bp = : x = , Up < £ < ac^+i}. 

As |T< a | < k, T >a £ Dj, . By the property prescribed for D t , , for every a < k + 
there is a unique /3(a) < fi with Bp^ £ D tJ . For a set Z C k + of cardinality 
k + we have /3(a) = 0 for a £ Z with some common [3 < /x. 

We notice that 

(*) if a < a' are in Z then there are x = f“ £ T a , xJ = £ T a > with 

K /3 < < K/ 3 +i, such that x ~< x' . 

Indeed, if 0 £ Bp n Bp £ D lt , then there are x £ T a , x' £ T a i, x x' -< z. 

Now consider an ultrafilter D K/j+1 on the set Z (of cardinality k + ) and 
put the elements of Z into the (not necessarily disjoint) classes Z(£,rf) for 
K /3 < £,»? < K/ 3+1 by putting a £ Z(£,rj) provided {7 : -< t^} £ D K/3+1 . 

Note that every a belongs to some Z(£, if); therefore, there is a class Z(l), rj) £ 
D Kfj+1 . We claim that {tf : a £ Z(£,rf)} generates a K + -branch. Indeed, if 
a, a' £ Z(^,rf), a < a' then there is some 7 > a' such that t^, tf) ~< tj), so 
[M- Magidor, S. Shelah: The tree property at successors of singular 
cardinals, Arch, for Math. Logic, 35(1996), 385-404] 

40. Let (A, <) be an ordered set of cardinality k and let -< be a well-ordering 
of A in type k. Color a pair {a, b} £ [A] 2 , a < b, green if a ~< b, and let it be 
blue if b a. As k — > ( k) 2 , there is a monochromatic B C A of size k. If the 
color of B is green, then on B the orders < and -< are the same, if the color 
is blue, the order <onB agrees with -<*, the reverse of the well order. In the 
former case (B, <) is of order type k, in the latter case it is of order type k*. 

41. Assume to the contrary first that k is singular with // = cf (k) < k and 
k = sup{k q : a < ji\ where K a < k. Let (A, -<) be the ordered union with 
respect to a < /x of the disjoint ordered sets (A„, < a ) of order type k*. 
That is, x ~< y holds if x £ A a , y £ Ap with a < (3. If B C A is well 
ordered, then for each a the intersection B n A a is finite (otherwise Bn A a 
would include an infinite decreasing sequence), so |B| < //. If, however, B is 
reversely well ordered, then it can meet only finitely many A a (otherwise the 
set of elements in different A a would include an infinite increasing sequence) 
hence its cardinality is again smaller than k. This contradicts the hypothesis, 
hence k must be regular. 

Now let A < k < 2 a . By Problem 6.93 the lexicographically ordered set 
A { 0 , 1 } (of size 2 a ) does not include increasing or decreasing sequences of 
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length A + < At. Therefore, the assumption in the problem implies 2 A < At, and 
so At is strongly inaccessible. 

42. Assume At is singular, cf (k) = /i, At = sup{At a : a < //} with n a < At for 
a < ti. Let the tree (T, -<) be the disjoint union of the branches b a with height 
K a . Formally, b a = K a x {a} and (£, a) -< (^ , a') if and only if a = a' and 
£ < C ■ Then (T, -<) is of height At, every level is of size fj, < k, and there is no 
K-branch. Hence, if k has the tree property, then it is regular. 

43. Let k be the smallest strong limit regular cardinal bigger than u>, and 
let C = { c a : q < n} be a closed, unbounded set in At consisting of infinite 
cardinals plus Co = 0, satisfying 2 C “ < c a +i for a < k. We claim that for every 
£ < k there is a function /t defined on C (T £ which is regressive and assumes 
every value finitely many times. We prove this by induction on £. It suffices 
to prove the result for ordinals of the form c a , c a + 1. This latter case is easy: 
if f Ca is given, we simply extend it to f Ca +i by associating an arbitrary image 
for c a . The same argument works for f Ca+1 - We are done unless £ = c a where 
a is a limit ordinal. By our conditions on At and on C, £ must be a singular 
ordinal, let p < £ be its cofinality. Let D = {dfj : f) < //} C C be a closed, 
unbounded subset in £, do = 0 < fi < d\. We define as follows. If a; € C n £ 
and x (f: D, then there is a unique ft < // such that dp < x < dg+i- Now 
set fz(x) = dp + fdp +1 (x) (ordinal addition). Notice that f^(x) < x as x is 
an infinite cardinal by condition and so the sum of two smaller ordinals is a 
smaller ordinal. Finally, let /$ be an injection between _D\ {0} and the interval 
(0, d\). It is clear that /t is as required. 

Let T be the set of all functions defined on some C fl A, A £ C, which 
are regressive and take every value finitely many times. Put / -< g if g is an 
extension of /. This way we get a tree, the Qth level of which is formed by all 
functions in question with domain C fl A a . Thus, these levels are not empty for 
all a < k, so the tree is of height k. The number of functions / : A a — > A a is at 
most A^° = 2 Aq < k, so every level is of cardinality smaller than k. Finally, in 
this tree there is no branch of length k, for if there was such a branch then its 
union would be a regressive function on C that takes all values finitely many 
times, which is impossible by Problem 21.9. 

44. (b)=>(a) is trivial, (a)=>(d) holds by Problem 40, (d)=>(c) by Problems 
41 and 35. All that remains to show is that (c) implies (b). 

Assume (c). k is a strongly inaccessible cardinal; therefore, the product 
of fewer than k cardinals, each smaller than k, is less than k. For n = 1 
the statement of (b) holds by the regularity of k . We prove it for larger n by 
mathematical induction. Suppose that we have it for n and consider a coloring 
/ : [k]" +1 — » <t of the (n + l)-tuples. We construct an endhomogeneous set 
A C k of cardinality At, i.e., if x\ < ■ ■ ■ < x n < y < y' are n+ 2 elements of A, 
then f(x i, . . . , x n , y) = f(x \, . . . , x n , y'). This suffices, as then we can define 
a coloring of the n-tuples by assigning g{x\ , . . . , x n ) = /( aq, . . . , x n . y) where 
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y > x n is an arbitrary element of A. By the inductive hypothesis, there is a 
K-sized set B C A that is homogeneous for g, and so it is homogeneous for /, 
as well. 

The construction of A will be done via a construction of a K-tree T (a 
ramification tree). Every node of T will be an element of k and to each x e T 
we associate a set H x C k. It will have the property that if x ^ y are elements 
of the same level then H x and H y are disjoint, in fact, the sets [H x : x 6 T a } 
constitute a partition of k \ T< Q . To start, let 0 be the sole element of To. 
Accordingly, Hq = k \ {0}. 

Assume that the tree below level a is constructed and a is a limit ordinal. 
For every a-branch B of the tree T <a if the set Kg = n {h x : x € B} is 
nonempty, then we let t(B) = min (Kg) be the only successor of B on level a 
and B~t(B) = Kb \ We notice that for a € T <a , a A t(B) if and only 

if a £ B. \T a \ is at most as large as the number of a-branches in T <a , which, 
a product of < k cardinals each smaller than k, by the induction hypothesis 
is less than k itself. 

We notice that [H x : x £ T a } forms a partition of K, \ T< Q . 

Assume now that a = /3 + 1 is a successor ordinal. Consider an element 
x € Tp. Define an equivalence relation ~ on H x as follows. For c, d G H x , 
c ~ d if and only if for any a\ < ■ ■ • < a n from T< x f(ai , . . . , a n , c) = 
f(a i, . . . , a n , d) holds. This is clearly an equivalence relation on H x , and the 
number of equivalence classes is at most 

< £ 7 l T < A +“ < 2< 7 +\°‘\+ u < K . 

For each nonempty equivalence class C let yc be its least element. We make 
these elements yc the immediate successors of x, and set H yc = C\ {yc} for 
them. Once again as some H x were split to more classes plus some elements 
put into T we will have the required condition that {H x : x 6 T a } partitions 
K \ T<a- In particular, T a ^ 0 for every a < k, so the height of the tree is k. 

Note also that if x -< y in the tree, and x* is the element for which x* Ay 
and o(x*) = o(a:) + l, then either y = x* or y £ H x * . Hence if oq < ■ ■ ■ < a n are 
elements of T< x , then f(ai , . . . , a n , y) = f(a i, . . . , a n , x*) holds. In particular, 
any branch in (T, A) is endhomogeneous. 

By the tree property of k there is a K-branch A in T, which, as we have 
just remarked, is endhomogeneous. This completes the proof of (c)=>(b). 
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1. Let X be an infinite set and To the set of those F C X for which X \ F 
is finite. This Fo is a filter, and it can be extended to an ultrafilter F (see 
Problem 14.6(c)). Now for A c X set /i(A) = 1 if and only if A £ F. The 
properties of ultrafilters show that \x is a finitely additive nontrivial measure 
on X. 

2. It is clear that \x is a K-additive 0-1-valued measure on X if and only if 
the set of measure 0 sets is a K-complete prime ideal. Furthermore, I is a 
K-complete prime ideal if and only if F = {X \F : F £ 1} is a K-complete 
ultrafilter. 

3. Suppose the contrary, and assume that n is a real- valued measure on all 

subsets of u)\. Let : n < u>, a. < uji} be an Ulam matrix (see Problem 

18.1). For every a < wi, as U{f7 n , a : n < u>} has countable complement 
and every countable set is of measure 0, there are some n = n(a ) < u) and 
k = k(a) < u> such that /J.(U n ^ a ) > 1 /k. There is a pair ( n , k ) that occurs as 
( n(a ), k(a)) for uncountably many a, say for a £ S, IS) = which is absurd 
as then U rit0 , a £ S, would be disjoint sets each having measure greater than 
1/jfc (there cannot be even k such sets). 

4. It is enough to show that the union of some of the sets is nonmeasurable 
in [0,1]; therefore, instead of R consider [0,1] and instead of the sets their 
intersection with [0,1]. Thus, if the sets are A a , a < uji, then they are of 
measure 0 and A a c [0, 1]. Now if all unions were measurable then for Y c uj i 
we could set 

fx(Y) = m (U aeY A a ) 

with m standing for Lebesgue measure, and this way we would get a nontrivial 
[0, l]-valued u-additive measure on ui, which is not possible by the preceding 
problem. 
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5. Let /j be a [0, l]-valued measure on k. First of all, any set Y C k of cardi- 
nality < k is of measure 0 (by nontriviality and k- additivity) , hence k must 
be regular, for otherwise it is the union of fewer than n sets of cardinality 
smaller than re, hence it would have measure 0. That k cannot be a successor 
cardinal, say k = A + , can be proven the same way as Problem 3 was solved, 
just use a A x A + -Ulam matrix instead of an u x u i one. 

6. Assume that /z is a [0, l]-valued measure on the subsets of [0, 1]. For 0 < x < 
1 define f(x) = /z([0, x]) . This is a nondecreasing continuous (by y({x}) = 0 
and the cr-additivity of //) function with /( 0) = 0, /( 1) = 1 (not necessarily 
strictly monotone). For A C [0,1] set ~p(A) = /z(/ _1 [A]). It is easy to verify 
that JL is a K-additive (at this moment possibly trivial) [0, l]-valued measure 
on [0, 1]. We show that /r([0, a;]) = x for 0 < x < 1. By cr-additivity then /x(A) 
equals the Lebesgue measure of A for every Borel set A (see Problem 12.23 
and recall that the intervals [0, x], x £ [0, 1] generate the Borel sets of [0, 1]), 
and by completeness it also follows that every set that is a subset of the set of 
a Borel set of measure 0 is also of measure 0. Hence /z extends the Lebesgue 
measure (and in particular, it is a nontrivial measure, i.e., fi({x}) = 0 for all 
x e [0, 1]). 

To prove /z([0, x]) = x notice that the set {y : 0 < f(y) < x} is of the form 
[0,it] with some u satisfying f(u) = x. Therefore, /z([0,:r]) = /z([0,tz]) = x. 

7. Let fj, be a [0, l]-valued measure on k > c, and let I be the set of measure 
0 subsets of k. Then I is a K-complete ideal (not necessarily a prime ideal), 
in particular every A £ I is of cardinality K. If there is an A C k, A 0 I such 
that for all disjoint decomposition A = A 0 U A 1 one of the A J belongs to I, 
then X' = {A n / : I € 1} is a K-complete prime ideal on A, hence k = |A| 
is measurable. 

Therefore, if we assume to the contrary that k is not a measurable cardinal, 
then for all A c k there is a disjoint decomposition A = A 0 U A 1 such that if 
A $ X then A 0 , A 1 0 X. By transfinite induction on a < u)\ for every function 
/ : a — >• { 0,1} we define a set Af in the following way. Set A% = k. Suppose 
a < u) i, and that A g have already been defined for all g : (3 — > {0, 1}, j3 < a. 
Let / : a — > {0, 1}. If a is a limit ordinal, then set Af = r\^ <a Af^. On the 

other hand, if a = f3 + 1, then set Af = and this completes the 

definition of the sets Af. Extend this definition to / : uq — >• {0, 1} by setting 
Af = r\ a<Ul Af |^. It is clear that if /3 < a < u>\ and / : a — > {0, 1} then 
A/ g Af \i and if / ^ g are both mapping a into {0, 1}, then Af 0 A ;j = 0. 
Transfinite induction on a gives that for each a < u>i 

U A f = K ’ (28- 1 ) 

/£“{ 0 , 1 } 

and then actually this is also true for a = u>i as well. Note also that the union 
on the left is a disjoint union. 



Solutions 


Chapter 28 : The measure problem 


455 


Now let 


B = \J{A f : f£ “{0,1}, «<u,7, A f £l}. 

There are at most c many terms in the union on the right, hence by the k- 
completeness of I, we have B £ I (recall that n > c). Let 7 0 B. On applying 
(28.1) for a = 07 we can see that there is an / : 07 — > {0, 1} such that 7 € Af. 
But then 7 £ ^/| a f° r all a < and hence, by the definition of B, Af^ 

for all a < 07. Therefore, the sets Af| a \ A.J\ + 1 = do not 

belong to X, hence we get the 07 disjoint sets 

At I \ At 1 , a < 07, 

1 la ' 1 \a + 1 

of positive measure, which is absurd. This contradiction proves that n is mea- 
surable. 

8. We know from Problem 3 that k > d-i (actually, Problem 5 shows that 
k > H w ). Let i-i : V(k) — > [0, 1] be a cr-additive measure on k. We claim that 
it is K-additive. If this is not the case, then there is a w < A < k and disjoint 
sets A a , a < A such that for A = U a< \A a we have n(A) ^ Y^ a < \V(A a )- 
Since the sum on the right is the same as the supremum of its finite partial 
sums, the cr-additivity of /i gives that there are only countably many A a 's 
with n(A a ) > 0, and necessarily fi(A) > J2 a< \ l- l (A a )- Using again the cr- 
additivity we may exclude all A a with /n(A a ) > 0, i.e., we may assume that 
n{A a ) = 0 for all a but A = U a< \A a is of positive measure. For Be A define 

m(4) 

Because of the disjointness of the T Q ! s this is a cr-additive measure on A with 
the property that z/(A) = f/,(A) / i>l(A) = 1 and is({a}) = fj,(A a ) / fi(A) = 0 
for all a < A, i.e., v is a nontrivial cr-additive measure on A < k. But this 
contradicts the minimality of k, and this contradiction proves that k is real 
measurable. 

9. The solution to Problem 8 can be repeated word for word. 

10. Instead of R we work with w {0, 1}, and suppose there is a cr-additive 0- 
1-valued measure on all subsets. For each n < uj one of the sets A fi n = {/ : 
f(n) = 0} or A x n = {/ : f(n) = 1} is of measure 1, and the one with this 
property is denoted by A^ n \ Then g £ "{0,1} and {g} is the intersection 
of the measure 1 sets A^ n \ n = 0, 1, . . ., hence it must have measure 1 (the 
complement is the union of the countably many "{0, 1 } \ An Tl> sets of measure 
0) . But then /i is trivial, and this proves that there is no nontrivial cr-additive 
0-1-valued measure on R. 
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11. Regularity follows from Problem 5. Now let A < k, and suppose that 
2 A > k. Let v be a k- additive 0-1-valued measure on k. Extend it to a k- 
additive 0-1- valued measure /x on 2 A by stipulating fi(A) = i/(An k). Now we 
can repeat the proof of the preceding problem on A {0, 1}. For each a < A one 
of the sets A° = {/ : f(a) = 0} or Aft a = {/ : /(a) = 1} is of measure 
1, and the one with this property is denoted by A^j a \ Then g G A {0, 1} and 
{g} is the intersection of the measure 1 sets A^ a \ a < A, hence it must have 
measure 1 (the complement is the union of the A < k many A {0, 1} \ A„ 
sets of measure 0). But then g is trivial, and so v must be trivial, and this 
proves that we must have 2 A < k if n is measurable. Therefore, k is a strong 
limit cardinal. 

12. Suppose first that F is not closed for diagonal intersection, i.e., there are 
F a G F such that if F = {a : a G Fp for all ft < a-} is their diagonal 
intersection, then F 0 F . Since T is an ultrafilter, k \ F G F . For each 
a G k\F there is a ft a < a such that a $ Fp a . The mapping / defined by 
a -»• ft a is regressive on k \ F G F, but / _1 (/3) C (k\F)\F /3 is not in F for 
any ft < k. Thus, F is not a normal filter. 

Conversely, suppose that F is an ultrafilter but it is not normal, i.e., there 
is an F G F and a regressive / : F — > k such that F a = / _ 1 (a) 0 F for all 
a < k. Then k \ F a is in F, and let G be their diagonal intersection. Then 
7 G G n F would mean 7 G k \ Ff ( 7 ) (note that /( 7 ) < 7 ), which is not the 
case (because 7 G / _ 1 (/( 7 )))- Therefore, Gr\F = 0, and since F G F, the set 
G cannot be a member of F, and this shows that F is not closed for diagonal 
intersection. 

13. It is clear that if F is K-complete and nontrivial (i.e., all k \ {a} G F) 
then it does not contain a subset of cardinality smaller than k. Now suppose 
that F is a normal ultrafilter on k for which every element is of cardinality 
k, hence if A c k, \A\ < k, then k \ A G k. We want to show that if A < k 
and A a , a < A are fewer than k sets from F, then their intersection is also 
in F. Set A a = k for A < a < k, and form the diagonal intersection B 
of all these A a . By Problem 12 this B belongs to F. But it is clear that 
(fla<A^a) \ A = B \ X = B n (k \ A), and here the right-hand side is the 
intersection of two elements of F: therefore, it belongs to F. Hence (~l Q <\A a 
also belongs to F. 

14. (a) Let Q be the set of measure 1 sets. Then Q is a K-complete ultrafilter 

on k from which it easily follows that = is an equivalence relation on k k, 
and -< is irreflexive and transitive on the set of equivalence classes. As for 
trichotomy, if /, g G k k, then the union of the sets {a : f(a) < g(a)}, 
{a : /(a) = g(a)}, and {a : g(a) < is k, so one (and only one) of 

them belongs to Q. If it is the first one then f A g, if it is the second then 
f = g, and if it is the third then g f. This proves that -< is an ordering. To 
show that it is a well-ordering it is sufficient to show that there is no infinite 
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decreasing sequence • • • -< / 2 -< fi -< / 0 . In fact, if such a sequence existed 
then all the sets A n = {a < k : f n+ i(a) < f n (a)} would belong to G, and, 
by K-completeness, so would do their intersection, i.e., D n<ai A n ^ 0. But this 
would lead to nonsense, for then {/ n (a)} n<w would be a decreasing sequence 
of ordinals for any a £ n n <u>A n . 

(b) First of all, no {a} belongs to F, since [{ a }] = /q - 1 (a;) is of 
measure 0. Next, it is clear that if F £ F and F C F' then F' also belongs to 
F. Finally, if Jq 1 [F 7 ], 7 < A with A < k are of measure 1, then so is 

/o [l'ly<A ^y] = CI 7 <a/o [-P7]) 


and this shows that F is closed for fewer than k intersections. Therefore, F 
is a K-complete (nontrivial) filter on k. But it is an ultrafilter, since either 
/o _1 [F] or its complement k \ f ( J l [F] = /o 1 [k\ Y] is of measure 1 for all 
Y C K. 

It is left to show the normality. Let F £ F and let / : F — > k be a regressive 
function. We may assume that 0,1 & F, and /(a) > 1 for all a £ F (otherwise 
consider max{/, 1}). Extend / to a re by setting it equal to 0 outside F. For the 
function /(/o) we have for all a 0 /o~ 1 (0) the inequality f(fo(a)) < /o(a), and 
since /^(O) is of measure 0, this means that /(/o) f o- By the minimality 
of /o this is possible only if /(/ 0 ) 0 Y . i.e., (/(/o)) _1 (a) = /<5" 1 [/“ 1 (c^)] is 
of measure 1 for some a < k. Therefore, by the definition of F, we have 
f~ 1 (a) £ F. Here a = 0 is not possible because / -1 (0) = k\F is not in F, 
hence C F is an inverse image of the original / belonging to F. This 

proves that F is a normal ultrafilter. 

15. Let F be a K-complete normal ultrafilter on k (see Problem 14). We prove 
the stronger statement that if g : [n] r — > cr is an arbitrary coloring, then there 
is an F £ F homogeneous for /. 

For r = 1 this is clear by the K-completeness of F, and from here we use 
induction on r. So let us suppose that the claim has already been proven for 
some r, and let g : [k]'’ +1 — > a be a coloring of the (r + l)-tuples. For each 
a < k define the coloring g a on [k \ (a + l)] r by setting g a (V) = g({a} U V) 
for any V £ [k \ (a + l)] r . By the induction hypothesis there is an F a £ F 
homogeneous for g a in some color, say in color r Q < a. Let F' be the diagonal 
intersection of the F a ’s. By Problem 12 this also belongs to F. To each a £ F' 
there is an associated color r a , therefore, by the K-completeness of F, there 
is an F C F', F £ F and a r < a such that for a £ F we have r Q = r. We 
claim that F is homogeneous in color r for g. In fact, if V C F has r + 1 
elements and a is its smallest element, then V \ {a} C F a by the definition 
of the diagonal intersection, hence g(V) = g a (V\ {a}) = r a = t. 

16 Let F be a K-complete normal ultrafilter on k (see Problem 14). If g : 
[k]<" — » a is a coloring, then the restriction g r of g to [K] r is a coloring on 
the set of r-tuples. By the preceding problem for each r there is an F r £ F 
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homogeneous with respect to g r . Then C\F r g T is clearly a set of cardinality 
k such that all r-tuples of it for any fixed r < to have the same color. 

17. (a) Such a linear functional I was constructed in Problem 17.19. Note 
that the functional I from Problem 17.19 has the property that if /, g G Bn 
are such that f(n) — g(n) — > 0 as n — > oo, then 1(f) = 1(g). 

(b) Let Io be the functional from part (a), and for an / g Bn let 

F (n) = /(0) + '" + /(n) . 
n+ 1 

Now 1(f) = Io(F) is clearly linear, normed, and translation invariant, for if 
g(n) = f(n + 1) and 

G(n) = g(0) + --- + 9W 

n + 1 

then we have G(n) — F(n) — >• 0 as n — > oo, and hence Io(F) = Io(G). 

(c) Let Io be the functional from part (b). Note that such a functional is 
necessarily independent of finitely many values of / g Bn- In fact, if / and g 
differ only in finitely many values, then there are translations of them (in the 
sense of part (b)) which are identical. Now for an / g Bz let f + (n) = f(n) 
and f~(n) = f(—n — 1) for all n g N. Then g Bn, hence we can set 
1(f) = (Io(f + ) + Io(f-)) /2- This is clearly nontrivial, linear and normed. 
Its translation invariance follows from the fact that if F(n) = f(n + 1), then 
F+(n) differs from g+(n) := / + (n+l) only in finitely many values and F~(n) 
differs from g-(n) := f~(n — 1) only in finitely many values, hence 

1(F) = (I 0 (F + ) + Io(F~))/2 = (I 0 (g + ) + I 0 (g _))/ 2 

= ( Jo (/ + ) + / 0 (/-))/2 = /(/). 


(d) We prove that there is a translation invariant normed linear functional 
I n on Bz" by induction on n. For n = 1 this was done in part (c), and suppose 
now that I n is already known to exist. Let / a ( y) = f(y + a) denote the 
translate of / by the vector a. If / g B Z n+i, then for each fixed x g Z the 
function f x (y 1 , ...,y n ) = f(x, yi,...,y n ) belongs to B z », hence x ->• I n (f x ) 
is well defined and belongs to Bn, and we can set I„ +1 (f) = h(I n (n). This 
I n+ 1 is clearly nontrivial, linear, and normed. If a = (ao, , a n ) g Z n+1 , 
then we have (f a ) x = (f x+a °) b where b = (ai,...,a n ). Therefore, by the 
translation invariance of I n we have / rt ((/ a j x ) = I n (f x+a °)-> an d then by the 
translation invariance of I± it follows that Ji (j n ((fa) x )') — h(l n (f x )), which 
proves the translation invariance of I n +\. 

(e) Consider the I n from part (d). For / g Ba the function F(y±, ... , y n ) = 
f(yis 1 + . . . + y n s n ), yi g N, is in B z «, hence we can set 1(f) = I n (F). This 
clearly satisfies all the requirements. 
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(f) Let B = {/ G B a : ||/|| < 1} = A [-l,l] be the unit ball of B A - 
Consider C = {/ | I : B — > [— 1, 1]} = B [— 1,1] equipped with the product 
topology on B [— 1,1], Being the product of compact spaces, this is compact. 
For a finite subset S of A let C s be the set of all normed linear functionals 7 
from C that are invariant for translation with any s G S, where by linearity 
we mean that if /i, / 2 , ci/i+c 2 / 2 G B, then 7(ci/i + c 2 / 2 ) = ci7(/i) + c 2 7(/ 2 ). 
We claim that this is a closed subset of C, and to this end it is sufficient to 
show that its complement relative to C is open. If I G B [— 1, 1] is not in C.g, 
then either 

• 7(1) ^ 1, or 

• there is an / G B with |7(/)| > ||/||, or 

• there are fi,h,fi + / 2 G B, ci,c 2 G R with 7(ci/i + c 2 / 2 ) ± cil(fi) + 
c 2 7(/ 2 ), or 

• there is an s G S and an / G B such that if f s is the translate of / with s 
then 7(/ s ) ^ 1(f). 

In each case the corresponding property depends only on finitely many co- 
ordinates in B [— 1, 1], hence it holds in a neighborhood of 7, and this proves 
that the complement of C s is open (relative to C). 

Thus, each Cg is compact and nonempty by part (e). Since 

Cs 1 n • • ■ n c s m = Cs lL j...us m > 

we can conclude that the intersection of all C g with S C A, |,S'| < oo is 
nonempty, and any 7* in this intersection is a translation-invariant normed 
linear functional on B. Thus, all we need to do is to extend 7* from B to all 
of Ba while preserving its properties. 

Let / G B a and select a natural number N with N > ||/||. Then 
f/N G B and we can set 1(f) = NI*(f/N). This is a good definition: if 
M > ||/|| is another integer, then by the additivity of 7* on B we have 
NI*(f/N) = N(MI*(f /NM)) = MI*(f /M), and similar argument gives 
that 7 is an extension of 7*, and that it is a translation-invariant normed 
linear functional on Ba- 

(g) Let 7 be the linear functional from part (f), and for a subset 77 of A 
set i-i(H) = I(xh) where \h is the characteristic function of 77 (i.e., it is 1 
on 77 and 0 on A \ 77) . This clearly satisfies the requirements. 

(h) Consider the 7 q from part (f) for the Abelian group R (with addition 
as operation). The isometries of R are translations (x — > x + y) and reflection 
(x — > —x) coupled with translations. Now set 1(f) = (Io(f) + ^o(/ _ ))/2, 
where f~(x) = f(—x). This is clearly invariant for reflection. But it is also 
invariant for translation, for if the translate of / by y is f y = /(• + y), then 
I (f y ) = (lo(fy) + Io((fy)~))/2, and since (f y )~ = (f~)- y , the translation 
invariance of 7 q gives that this is the same as 1(f). 



460 


Chapter 28 : The measure problem 


Solutions 


(i) This follows from (h) the same way as we deduced (g) from (f). 

(j) We identify R 2 with the complex plane C. The isometries of R 2 are of 
the form T x R t and T x R t S, where S is the reflection onto the real line (complex 
conjugation: z — >• z), Rt for |t| = 1 is rotation about the origin by angle arg(t) 
(multiplication by t: z — »• tz) and T x is translation by x (adding x: z — > z + x). 
Let 7 0 be a translation-invariant normed linear functional from part (f) for 
the Abelian group R 2 (where R 2 is equipped with the addition operation). 
Exactly as in part (i) (by considering (7o(/) +7o(/ _ ))/2 where f~(z) = f(z)) 
this gives rise to a translation-invariant normed linear functional, which is also 
invariant with respect to reflection S, so we may assume that already 7 q has 
this property. Let T be the unit circle with multiplication as operation. It is 
an Abelian group, and let 7i be a rotation-invariant normed linear functional 
on Bt (see part (f)). Now for an / g Bn 2 and t € T we set f f (z) = f(tz), 
and define 1(f) = 7i(/o(/ t )). This is clearly linear, normed, and rotation 
invariant (for rotations about the origin, which is enough). It is also translation 
invariant: if g x (z) = g(z + x) is the translate of a function g £ Bn 2 by 
x, then (f x y = (f%/t, hence by the translation invariance of Io we get 
lodfxY) = fo(/ f ), and so I(f x ) = 1(f)- The same argument shows that 7 is 
invariant with respect to reflection (S), hence 7 is invariant with respect to 
all isometries of R 2 . 

(k) This again follows from (j) by considering characteristic functions of 
sets (see the proof of (g)). 

(l) Let Io be the translation-invariant functional from (f) for Br, and let / 
be a bounded function on R with bounded support. Note that Iq is a positive 
linear functional. For an integer n let f n be the periodic extension of the 
restriction / |j n n+1) w hh period 1, and set 

7®?= !>(/*)• 

Note that all but finitely many terms in this sum are zero. We claim that this 
7 satisfies all the requirements. That 7 is a positive linear functional is clear. 

First we prove translation invariance. Let a = k + b with k an integer and 
0 < b < 1, and let f a (x) = f(x + a) be the a-translate of /. Making use that 
(recall that xe denotes the characteristic function of E) 

(. faT = ((fX[n + a,n +k+ l))) n+k ) b + ((f X [n + k + l,n + a + l)) n+k+1 ) b , 

we obtain from the additivity and translation invariance of Io- 

I(fa) = ^ {A) {(fX[n+a,n+k+l))) n+k ) + ^0 {(JX.n~k~l,n+a£l))" M ) } 

~ ^ ] {lQ ((/Xfra+q,w+fc+l))) + ) + Io ((fX[n+k,n+a)) + )} 

= ((f\ ,, Tk ..n^l))" k ) = 1(f), 
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i.e., translation invariance holds. 

Next observe that I(x[o,i)) = R and as a consequence /(X[o,i/m)) = l/ m > 
because nn translates of X[o,i/m) add up to X[o,i)- Then for any k > 1 we have 
d(X[o,fc/™)) = k/m, and hence the positivity of I gives 


h 

mi 


I(X{0,x)) < 


m 2 


whenever k\/m\ < x < k 2 /rn 2 . But here /c-2 / m 2 can be arbitrarily close to 
ki/mi, and I(x[o,x)) = % follow for all x > 0. This implies again by translation 
invariance I(X[ a ,b))) = b — a for all a < b, and a similar equality is true for all 
intervals (open, semi-closed, or closed) by the monotonicity of I. Therefore, 
if g is a step function with bounded support and finitely many steps, then 
1(g) = f g, where f denotes Riemann integration. Finally, if / is a Riemann 
integrable function with bounded support, then for every e > 0 there are step 
functions gi < f < such that 



and since we also have 


1 9i = 1(9!) < 1(f) < 1(92) 



**>-/' 

(m) We prove the statement by induction on n. For n = 1 this was done 
in part (1), and suppose now that I„-i is already known to exist. Exactly as 
in part (d) let / a ( y) = /( y + a) denote the translate of / by the vector a, 
and if / e is of bounded support, then set I n (f) = Ii(I n -i(f x )), where 
f x (yi, • • • , Un-i) '■= f( x - Vi-, • ■ ■ i Un-i)- This I n is clearly linear and positive, 
and the proof used in part (d) shows that it is translation invariant (just repeat 
that proof with R n in place of Z”). We have by induction I n (X[ o,i) n ) = R 
and then as in part (1) one can see that I n agrees with the Riemann integral 
for the functions X[o,i/-m) n ; from which just as in part (1) one can deduce 
that I n agrees with the Riemann integral for all finite linear combinations 
of characteristic functions of sets of the form Hj-Jftj.hj) as well as their 
open and closed variants. Since for every Riemann integrable function / and 
for every e > 0 one can find two such linear combinations Q\ and <j 2 with 
9i < / < 92 and f g 2 — f gi < e, 1(f) = f f follows just as in part (1). 

(n) Let I be the functional from part (m) for R n . If E is a bounded subset 
of R n then set n(E) = I(xe)- This is clearly finitely additive and translation 
invariant, and extends Jordan measure. For unbounded E define 


the equality 


follows if we let e — > 0. 
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y(E) = 

where B r denotes the closed ball around the origin of radius r. By monotoni- 
city the limit on the right-hand side exists, and for bounded sets E we get back 
the l-i(E) = I(xe) definition. Using monotonicity and translation invariance 
of I it is easy to verify the translation invariance of fi. 

(o) Use the reflection-rotation technique of parts (h), (j) to generate isom- 
etry invariant functionals I from the translation invariant 1$ defined in part 
(m). E.g., in R 2 considering (io(/) + 7o(/ _ ))/2 where f~(z) = f(z) gives rise 
to a translation invariant positive linear functional, which is also invariant 
with respect to reflection z z and extends Riemann integral (note that if 
/ is Riemann integrable, then so is /“, and f f = J /“), so we may assume 
that already Iq has this property. Let T be the unit circle with multiplication 
as operation, and let I\ be a rotation-invariant normed linear functional on 
St (see part (f)). Now for an / € Sr 2 with bounded support and i 6 T we 
set /*( £ ) = f(tz), and define 1(f) = Ii(Io (/*))• This is clearly linear, positive, 
rotation invariant, and the same proof that was given in part (j) shows that it 
is also translation invariant. Hence I is invariant with respect to all isometries 
of R 2 . Finally, if f £ S R 2 is Riemann integrable, then so is every f f with the 
same integral as /, hence 

1(f) = hVoV 1 )) = h (//*) = h (//) = //, 

i.e., I extends the Riemann integral. 

(p) Set as in part (n) 


t*{E) = ^^/(xsnsj, 

where I is the functional from part (o) for R", n = 1,2. The same argument 
that we gave in part (n) shows that this is an isometry-invariant measure that 
extends Jordan measure. 



29 


Stationary sets in [A] <K 


1. [A] <K = 1J{^« '■ a < k} where X a = {P £ [A] <K : a = min (k \ P)}. 

2. Assume that j < k and {X a : a < 7 } are bounded sets, X = (J{X Q: : a < 
7 }. For a < 7 choose P a £ [A] <K with the following property: no Q 3 P a is 
in X a . If now P = (J{P a : a < 7 }, then P £ [A] <re (as k is regular) and no 
Q D P is in X. 

3. It is obvious that the increasing union of sets each containing a is again a 
set containing a. For unboundedness, for every P £ [A] <K , P U {a} will be an 
element of the set in question. The other claim is similar. 

4. Assume that S is stationary and Q £ [A] <K is given. In order to show that 
there exists a P £ S with P D Q we remark that the set {P £ [A] <K : P T Q} 
is closed, unbounded by Problem 3. Hence it must intersect S. 

5. If A C k is unbounded, then it is unbounded in [k] <k as well: if P £ [k] < k , 
then P C. a where a € A is any element with sup(P) < a. 

If A C k is unbounded in [k] <k then it is unbounded in k, as well: if (3 < k 
then, by unboundedness, some P £ A has f3 C P. As A C k, P = a for some 
a < k, so /? < a £ A, as claimed. 

If A C k is closed, then it is closed in [k] < k ‘ as well: if [a T : r < //} is some 
increasing sequence from A then it is an increasing sequence of ordinals less 
than k. There is, therefore, a supremum a of them, which is in A, and then 
(J{a r : t < /i} = a as is required for closure of A in [k} < k . 

If A C k is closed in [k] <k then it is closed in k as well: indeed, assume that 
{ a T : r < /j,} is an increasing sequence of elements of A. Then {a T : r < // } is 
C-increasing in [«] <r \ so by hypothesis P = (J{a T : t < /i} £ A. But P is an 
ordinal, that is, an initial segment of k, and it can only be the supremum of 
our sequence. 
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From what was just said, it follows that if A C k and it is a stationary 
subset of [k] < k , then it is also stationary in k. For the other implication it 
suffices to prove that if C C [k] <k is closed, unbounded, then so is C n k, 
that is, the set of those elements of C that are initial segments of k. Closure 
is immediate. For unboundedness, pick (3 < k. Then select the increasing 
sequence Po, Pi ... . of elements of C with fi C P 0 and then sup(P„) C P n+ 1 . 
Then P = P 0 U Pi U • • • will be in C, and by construction it is an initial 
segment in k, i.e., P = a for some ordinal a < k, and clearly a > /?. 

6. One direction is obvious as every increasing sequence is manifestly a directed 
system. 

For the other direction assume that 7 < k is an infinite cardinal and 

Y = {P a : a < 7} is a directed subsystem of a system X closed under 

increasing unions of length < k. 

We show (J Y £ X by induction on 7. For 7 = u> select no < rq < • • • such 

that no = 0 and P ni+1 T P?; U P rii . Clearly, P„ 0 C P ni C • • • is an increasing 

sequence with union Po U Pi U • • • . 

For 7 > u> we use the fact that if Y is a directed system and Z CY, then 
there is a directed subsystem Z C Z' C Y with \Z'\ < \Z\ + u). By this, we 
can decompose Y as an increasing, continuous union Y = 1 J{F Q : a < 7} of 
directed systems Y a of smaller cardinality. By our inductive hypothesis we get 
\JY a £ X for every a < 7, so finally this holds for Y, as { Y a : a < 7} is an 
increasing family of sets. 

7 . (a) It is obvious that C(f) is closed under increasing unions, as the increas- 
ing union of sets, each closed under /, is again a set closed under /. To show 
unboundedness, assume that P £ [A ] <K . Set Pq = P and for n = 0 , 1 , 2 , . . . let 

P n+ 1 =P„ulJ{/(s): S G[P„] <w }. 

Induction gives, as k > u> is regular, that \P n \ < k. Now Po U Pi U P2 U • • • is 
an /-closed set of cardinality < k, containing P. 

(b) Assume that C is closed, unbounded. Define f(s ) for every s £ [A] <a ’ by 
recursion on |s| as follows. Let /( 0 ) £ C be arbitrary. For |.s| > 0 let f(s) £ C 
be such that s C /(s) and also f(t) C /(s) holds for every t C s, t ^ s 
(these values have been determined before f(s)). Assume that P £ C(f), 
P / 0 . Then P = (J{/(.s) : s £ [P] <aJ } and as this is the union of a directed 
subsystem of C , it is in C by Problem 6. 

8. Assume that {C a : a < 7} are closed, unbounded sets, 7 < k. It is obvious 
that C = n(C a : a < 7} is closed. By Problem 7 for every a < 7 there 
is some f a : [A] <w — » [A] <K such that C(f a ) \ { 0 } C C a . If we now set 
/(«) = U{/«( s ) : a < 7} f° r every s £ [A] <w , then / : [A] <w — > [A] <K and 
clearly C(f) C f^{C(f a ) : a < 7} so by Problem 7 (a) this latter set, therefore 
C, is an unbounded set. 
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9. Let / : [A ] <UJ — > [A] <r " be an arbitrary function with /({a}) = a for a < k 
(that is, / assigns the set a £ [n] <K to the point a < k). By Problem 7 almost 
every P is in C(f). If P £ C(f) then P fl k has the property that if a £ P fl k 
then a C P f| k so P fl k is an initial segment. 

10. Given an algebra on A with the operations fi : [A]" 4 — » A for i = 0, 1, . . 
set f(s) = fo(s) U fi (s) U • • • and apply Problem 7(a). 

11. We consider various properties of P S [A] <K and notice that they hold 
for P £ C(f) for certain functions / : [A] <w -4 [A] <K . Then, if we take the 
pointwise union of these functions, then all the properties hold for the elements 
of the appropriate C(f). First, if f({a}) = a for a < n then P fl k < k holds 
for every P £ C(f). Second, assume that /(k- a + /3) 9 k- a. 6 (for /3 < k) and 
k ■ a + (3 £ f ({k • a, /3}). Then, if P n [k ■ a, k ■ (a + 1)) 7^ 0 holds for some 
a, then P fl [k • a, k ■ (a + 1)) is the left translation of the interval k fl P by 
k ■ a, so we are done. 

12. Set C = S/{C a : a < A}. In order to show that C is closed and unbounded, 
assume that 7 < k and {P^ : £ < 7} is an increasing sequence of elements of C, 
P = Ul-Pj ; £ < 7}- If 01 £ P, then a £ Pj for some £ < 7, so a £ Pq holds for 
every £ < £ < 7, therefore Pq £ C a , and then P = (J{Pf : ( < ( < 7} £ C a 
as C a is closed. 

In order to show that C is unbounded, assume that P £ [A ] <K is arbitrary. 
Set Po = P and then choose Pi,P 2 ,... as follows. Let P n + 1 2 P n be an 
element of f^{C a : a £ P n } (the latter set is closed, unbounded by Problem 
8 ). Set P' = Po U -Pi U • • •. Then P' £ C as if a e P' then a £ P n C P n+i C • • • 
for some n and then P„, P n+ 1 , . . . £ C a , so P' £ C a . 

13. Assume that the statement fails, i.e., for every a < A there is some closed, 
unbounded set C a such that f(P) 7^ a holds for P £ C a . By the previous 
problem, the diagonal intersection C of the closed, unbounded sets { C a : a < 
A} is closed, unbounded again. But then, if P £ S fl C, then /(P) 7^ a holds 
for every a £ P, a contradiction. 

14. Let G : [A] <a ’ — >• A be a bijection. By Problem 7, almost every P is “closed” 
under G, G -1 , that is, the following are true: if s £ [P] < “, then G(s) £ P and 
if a £ P, then G~ 1 (a) C P. Given / as in the problem, for a.e. P G S we have 
g(P) = G ( /(P )) £ P, so by Problem 13 there are a stationary S' C S and a 
7 < A such that for P £ S’ we have g(P) = 7. But then, /(P) = G -1 (7) is 
true for P £ S'. 

15. Assume that X C [A] <K is nonstationary. Then X fl C = 0 holds for 
some closed, unbounded set C. By Problem 7(b) C(g) \ {0} C C for some 
g : [A] <w —7 [A] <K , so C(g) fl X = 0 or {0}, i.e., no 0 / P 6 X is closed under 
g. Let /(P) be a finite subset sCP such that g(s) % P. Now clearly / -1 (s) 
is bounded: it contains no P D g(s). 
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16. If {P a : a < 7 } is an increasing sequence with 7 < k and k fl P a £ C 
holds for every P a then, as C is closed, it holds for (J{P a : a < 7 }. For 
unboundedness, assume that P £ [A] <K . Pick 5 £ C, 5 > sup (P fl k). Then 
P U 5 is above P and has the required property. 

17. To show that A is closed, assume that {P a : a < 7 } is an increasing 
sequence of elements of A, 7 < k, P = (J{P Q: : a < 7 }. Set = sup(P a ) £ C. 
Now if £ = sup{£ a : a < 7 }, then £ = sup(P) and this is in C as C is closed. 

To show that A is unbounded, let P £ [A] <K be arbitrary. Let £ be the 
least element of C above sup(P). Clearly, P U {£} £ A. 

18. Set B = {P £ [A] <K : k(P) £ 5}. We have to show that B is stationary, 
that is, B fl C ^ 0 holds for every closed, unbounded set C. Assume that C 
is closed, unbounded. Without loss of generality, k fl P < n holds for every 
P £ C (Problem 9). For a < k we define the increasing, continuous sequence 
of elements of C as follows. Let Po £ C be arbitrary. If 0 < a < k is a limit 
ordinal, then, of course, P a = (J { Pp : /3 < a}. And for successor ordinals, 
let P a +i be some element of C with P a+ 1 D P a and n(P a + 1 ) > k(P 0 ). This 
done, we observe that {k(P q ) : a < k} is closed, unbounded, so there exists 
an element of it in S and then we are done. 

19. For u>i < a < u >2 let r ~p a be a bijection between u>i and a. Set, for u>i < 
a < o> 2 , 7 < wi, P a7 = ip a [ 7 ] = {<^ a (0 : £ < 7 }- We claim (and this suffices) 
that S = {P a y : 7 < wi < a < W 2 } is stationary. To this end, by Problem 
7(b), it suffices to show that S fl C(f) ^ 0 holds for every / : [A] <w -» [A] <Nl . 
Indeed, given /, there is some uq < a < u >2 such that a is closed under /, 
that is, f(s)Ca holds for every s £ [a] <w . Repeating this argument for the 
underlying set a, we get that there is some 7 < uq such that <p a [ 7 ] = P „ 7 is 
closed under /. Indeed, set 70 = 1 and inductively select 7 „+i < 07 such that 
ip a [ 7 „+i] 2 /[v’abn]] • Then 7 = sup{ 7 „ : n < u)} is as required. 

20. As Kj 0 = max (d 2 , 2 N,J ), see Problem 10.27(b), it suffices to show that 
every closed, unbounded set C has cardinality at least 2 N °. By Problem 7(b) 
this can further be reduced to the case when C is of the form C(f) for some 
/ : [A] <w — >• [A] <K . Assume therefore that we are given such an /. Set T = 
{a < u > 2 : cf(a) = w}, a stationary set in u> 2 - For a £ T let A a = {g n {ot) : 
n < u>} be an w-sequence of ordinals less than a converging to a. Let B a be 
the /-closure of A a . Notice that B a 2 A a is a countable set. 

We argue that the following statement suffices: 

(+) If T' C T is stationary, then there exist Xq. X\ and disjoint stationary 
To , Ti C T’ such that for a £ To, xo £ A a and x\ ^ B a hold and for a € T), 
xi £ A a , and xo £ B a hold. 

Indeed, assuming (+) we can recursively construct x(s) < 0 J 2 and a station- 
ary T(s) C T for every finite 0-1 sequence s such that x(s) £ A a (a £ T(s )) 
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and x(sO) ^ B a ( a G T(sl)), x(sl) ^ B a (a G T(sO)). This implies that if we 
set 

u 9 = rK*. : a e T (5i n )’ n < 

for g : ui — > {0,1}, that is for the continuum many infinite 0-1 sequences, 
then {x(g ) : n < o>} C U g and if s % g then a;(s) ^ U g , so the /-closed sets 
{U g : g G “{0, 1}} are distinct. 

In order to show (+) we first reduce it to 
(++) If To , Ti C T are stationary, then there are some x < u >2 and stationary 
Tq C To and T[ C T\ such that x G A a ( a G Tq), x ^ B a ( a G T{). 

Clearly, two applications of (++) give (+). 

To show (++) we first argue that there are N2 ordinals, {xp : /3 < 0 J 2 } 
such that for every xg there are stationarily many a G To that xg G A a . [By 
transfinite recursion. If {a; 7 : 7 < 8} is already constructed, / = sup{x 7 : 
7 < (3} then for a G Tq, a > £ there is some f(a) G 7l a , /(a) > £, and for 
stationary many a, f(a ) is the same by Fodor’s theorem (Problem 21.9). Now 
this value can be taken as xp.] Now for every a G Ti, a > sup{x,g : (3 < uq}, 
as B a is countable, there exists some fi < ivi that xp / B a . Again, by Fodor’s 
theorem, for stationary many a G Ti this xg is the same and this can be chosen 
as the x in (++). [J. E. Baumgartner: On the size of closed unbounded sets, 
Annals of Pure and Applied Logic 54(1991), 195-227] 

21. (a) Assume that C C [A] <K is a closed, unbounded set. Choose Po = 
P G C arbitrarily. For n = 0,1,... choose P n+ i G C such that P n +\ 2 P n , 
k (~l P n +i > |P«|. If P = Po U Pi U • • •, then P G C fl Z will hold. 

(b) First we remark that it suffices to show that if S C Z is stationary and 
k < p < A is regular, then S is the disjoint union of p stationary sets. Indeed, 
if this holds, and A is singular (otherwise we are done) then we can write A as 
A = sup{A a : a < cf(A)} the supremum of regular cardinals. Decompose first 
S as the union of cf(A) disjoint stationary sets, then split the ath set into the 
union of A a disjoint stationary sets. 

In order to prove the claim, let fp-.P—t n(P) be injective for P G S. For 
a < p set g a (P ) = fp(cf) for a G P. Notice that any given a < p is contained 
in almost every P G S (Problem 3). By Problem 13 there are a and a 
stationary S a C S such that g a {P) = 7 Q < k holds for P G S a . As p > k is 
regular, there is a set B C p of cardinality p that 7„ = 7 holds for a G B. 
Now {S a : a G B} are disjoint stationary subsets of S, indeed, if P G S a fl Sp 
then 7 = g a (P) = 9p(P ), so fp(a) = fp((3) = 7 would hold, contradicting 
the injectivity of fp. 

22. (a) If some S' decomposed a s S' = (J{,S' Q : a < k} then we would get 
S = ((5 \ S') U So) U (J{.S' a : 1 < a < k}, a decomposition into k stationary 
sets. 

(b) Indeed, if Sfl Z is stationary, then, by Problem 21(b), it decomposes into 
k stationary sets, and this contradicts part (a). 
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(c) Assume that the statement fails. Then by Problem 13 we can select by 
transfinite recursion on £ < k the distinct elements and stationary sets 

£ S such that for P £ S^, f(P ) = holds. But then, the k stationary 
sets { S £ : £ < k} are disjoint. 

(d) If not, then k = for some cardinal ji. For P £ S we let fp : g — >• P 
be surjective. By part (c) for every a < g there is a closed, unbounded set 
C a such that for P £ C a fl S, fp(a) £ Q a holds, where Q a £ [A] <K . If we 
set C = £|{C a : a < g}, Q = (j {Q a : a < gj, then Q £ [A] <K and for the 
elements P of the stationary, and so unbounded S fl C we will have P £ Q, a 
contradiction. 

(e) For almost every P £ S', gp = |/(P)| < k(P), so gp £ P. By part (c), 
there is a g < k such that for almost every P £ S', gp < g < k(P) holds. 
For these P we can set f(P) £ {x^ : a < /j.}. By part (c) again, for a closed, 
unbounded set C a we have that x„ £ Q a for P £ C a fl S with \Q a \ < k. Set 
c = r\{Ca : a < /i}, a closed, unbounded set and Q = (J {Q a : a < ji}. Then 
for P £ S' fl C, that is, for almost every P £ S', we have f(P) £ Q. 

(f) First we show that k(P) is regular, in particular a cardinal, for a.e. P £ S. 
Indeed, if not, then for a stationary S' £ S there are a i-i(P) < k(P) and 
some fp : l-i(P) — t k(P) with cofinal range. By part (c), for almost every 
P £ S', we have /i(P) < ji with some p < k, and by part (e) for every 
a < /i for almost every P £ S' we have fp(a) £ Q a , for some Q a £ [A] <K . 
If Q = UIQa : a < /i} then Q £ [A] <K and for almost every P £ S' we have 
k(P) £ Q, which is impossible by Problem 4. 

If k(P) = /i(P) + held for stationary many P £ S, then, as /i(P) < k(P), 
we had, by part (c), that n(P) = /i for stationary many P £ S with some //, 
but that is impossible for then this stationary set would not meet the closed 
and unbounded set {P : /z + < «(P)} (see Problems 3, 9). 

(g) Assume otherwise, that is, there is a stationary S' £ S such that for P £ S' 
there is a closed, unbounded set Cp £ [p] <K ( p ) SU ch that S fl Cp = 0. By 
part (e) for every Q £ [A] <K there exists some Q' £ Q, Q' £ [A] <K such that 
the following holds: for a. e. P £ S' there is some R £ Cp with Q £ P £ Q' . 
If we now set Q* = Q U Q' U Q" U • • then for a. e. P £ S', Q* £ Cp holds. 
We have, therefore, that the set D = {Q £ [A] <K : for a.e. P £ S' ,Q £ Cp} is 
unbounded. It is obviously closed (see Problem 8) , and as D fl S = 0 we get 
a contradiction. 

(h) By the previous parts we find that there is a closed, unbounded C £ [A] <K 
such that for P £ S fl C we have that k(P) is inaccessible and S fl [P] <K ( p ) i s 
stationary in [P] <k(p K By Problem 7(b) there is some / : [A] <w -> [A] <K such 
that C(/)\{0} £ C. For s £ [A] <w let g(s) D f(s) be such that |p(s)|+l £ g(s) 
(add every 7 < |/(s)| + 1 to /(«)). As C(g) £ C(f), the above things hold 
for C(g) as well. By Problem 7(a), C(g) fl S is unbounded, so we can choose 
P £ C{g) fl S', P / 0, with k(P) minimal. Notice that for s £ [P] <w we have 
\g(s)\ + 1 £ g(s) £ P, hence |<?(s)| < «(P) so the restriction of g to [P] <w 
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is a function [P] <u -* [P] <k(p) . If now D C [P]< K ( p ) is the set of elements 
closed under this function, then D is closed, unbounded in [P] <K ( p \ As S is 
stationary there, there is Q £ DtlS, but then k(Q) < k(P) and Q £ C(g)C\S, 
a contradiction. [A. Hajnal., M. Gitik, Nonsplitting subset of V k (k + ), Journal 
of Symbolic Logic, 50(1985), 881-894] 

23. By Problem 10.20 we have |[Af°| > A hence GCH gives |[A] N °| = A+. 
Enumerate [A] N ° as {A Q : a < A + } in such a way that A a ^ Ap holds 
for a ^ 0, and similarly enumerate the functions from [A ] <LJ to [A] Nl as 
{f a : a < A + }. We define S the following way. For Y £ [A] Nl we let F be an 
element of S if and only if the following holds: A a C Y implies that Y is closed 
under f a . To show that S is stationary it suffices to show (by Problem 7(b)) 
that S (~l C(f) ^ 0 holds for every / : [A] <w — > [A] Nl . Define the increasing, 
continuous sequence {Y^ : £ < u>i} of elements of [A] Kl with Yq £ [A] Nl 
arbitrary and such that for every £ < u>i the set bj+i includes / [[1{] < “] as 
well as f a [[E);]^] for every a with A a C Y, i. Then clearly Y Ul £ S fl C(f). 
For the other property assume that U C S is an unbounded subset that is not 
stationary. By Problem 7(b) again, there is some function / : [A] <aJ — >• [A] Nl 
that U n C(f) = 0. Let a be the ordinal that / = f a ■ As U is unbounded, 
A a C Y holds for some Y £ U. As Y £ S this implies that Y is closed under 
fa, which shows U fl C(f) ^ 0, a contradiction. [J. E. Baumgartner] 

24. (a) A is obviously closed under any / : [A] <u> -*• [A]- N °. 

(b) If x £ A, then let / : [A] <w — > [A]- N ° be a function such that x £ f(s) 
holds for every s £ [A]- N °. Then, if B £ S is closed under /, then x £ B 
holds, so x £ (J S. 

(c) By Problem 7 a set S C [A] <Nl is stationary if and only if it intersects 
every set of form C(f), where / : [A] <w — > [A]- N °, and that is A-stationarity 
in the new sense. 

(d) Let / : [B] <u -4 [S]^ N ° be a function. Fix x £ B. Let /' : [A] <w -4 [A]^ N ° 
defined by /(s) U {a;} for s £ [B\ <0J and {x} otherwise. If P £ S, P f 1) is 
closed under f, then P fl B is closed under /, and obviously x £ P fl B so it 
is nonempty. 

(e) Assume that / : [B] <w — > [_B]- N °. For X C B let f*(X) be the closure 
of X, i.e., f*(X) = f 0 (X) U /i(X) U • • •, where f 0 (X) = X, and f„+i(X) = 

(J{/(s) : s £ [f n {X )] <ul } for n = 0 , 1 , 2, Notice that f*(X) is countable 

for X countable and f*(X) = U{/*( s ) : s e [^] <w }- Set g(s) = f*(s) fl A 
for s £ [A] <a ’. Choose P £ S such that P is closed under g. Set Q — f*(P). 
Clearly, Q is closed under /. We claim that P = Q fl A, so Q £ T. Indeed, 

QHA = U(/*(s) n A : s e [P]<“} = U {g(s) : s £ [P]<“} = P. 

(f) If the statement fails, then for every x £ A there is some f x : [A] <w — > 
[A]- N ° such that P(o) x holds for every a which is closed under f x . Set 
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f(s) = jj{/*(0 : {x} U t C s] 

for every s £ [A] <UJ . Notice that f(s) is countable, as it is the union of finitely 
many countable sets. As S is stationary, there is some a € S which is closed 
under /. If now x = F(a ) £ a, then for every t £ [o] <a ’ we have f x (t) C 
/({#} U t) C a, as a is /-closed, that is, a is closed under f x , so F(a) ^ x, 
contradiction. [S. Shelah, W. H. Woodin] 
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1. By Cantor’s theorem k < 2 K = Ho (see, e.g., Problem 10.21), that is, k is 
finite, and then so is 2 K . 

2. First we construct the functions / w «. For oj a = u> set f u = g where 
g(n, m) = 2 n (2m+l) — 1. Notice that g( 0, 0) = 0. Our intention is to construct 
fu> a by transfinite recursion on a in such a way that for 8 < a the function 
/„<* extends f u p. Given /„<* define / u «+i as follows. 

L «+ 1 (w“n + £, u a m + C) = u a g(n, m) + / w <* (£, ()■ 

If a is limit then, using the above extension property, we can take 

/«“ = U {Le ■■P<a}. 

Next we define for 1 < n < w by using f u * and composing it with the 
following bijection h : u> a ■ n — >• (and its inverse); h(cj a ■m + ^) = n-^ + m 
where m <n and £ < uj°. 

Finally, to construct / w «. n + 7 from for 7 < ui a it sufiices to give 

a bijection h between u a ■ n + 7 and u a ■ n (and then we can compose h, 
and hr 1 ). Let h be the following function. h(ui a ■ n + £) = £ for £ < 7, 
h(£) = 7 + ^ for ^ < u) a , and finally, h(^) = ^ for u> a < £ < u) a n. 

3. It sufiices to show that there is a surjection R — >• lji as for every 0 < a < u>2 
there is a surjection from wi onto a. For this, if x 7 R codes some ordinal 
f3 < wi we map it to /3, otherwise map it to 0. x codes 8 for example, if {to, <) 
is a well-ordered set of order type /3, where i < j if and only if the 2 l 3 J -th 
digit of x is 1 . We map all reals to 0 that do not code an ordered set or they 
do code, but the ordered set is not well ordered. 

4. (a) We consider cases. Assume first that Hi = c. We claim that there are 
exactly c perfect sets. For this, it sufiices to show that there are at most c 
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closed sets, which is equivalent to showing that there are at most c open sets. 
Every open set is the union of open intervals of rational endpoints, so, if X is 
the set of open intervals of rational endpoints, then the power set of X, a set 
of cardinality c can be mapped onto the set of open sets. The latter set, being 
the surjective image of a set of cardinality c = Hi, itself is of cardinality at 
most Hi, as claimed. Given this, one can define an uncountable set with no 
perfect subsets via diagonalization. 

If Hi < c, then any subset of the reals of cardinality Hi is obviously an 
uncountable set with no perfect subsets. 

Assume, finally, that Hi c. By Problem 3, R has a surjection onto uq. 

c + c = c, as can be seen from the decomposition of any interval into two 
subintervals. Therefore, R has a surjection onto a set of cardinality c + Hi. 
But c + Hi > c as c + Hi > c and c + Hi = c would give Hi < c. 

(b) Consider the Vitali decomposition of R, i.e., V = R/ ~ where x ~ y 
if and only if x — y £ Q. If / : R — > V is the mapping that sends x £ R into 
its class in V, then / is an onto mapping. It is easy to give continuum many 
reals with pairwise irrational difference, so |R| < \P\. Assume that |R| <\P\ 
does not hold, i.e., |R| = \P\. Then, as R can be ordered, the set V can also 
be ordered, let < be an ordering of it. Now let 

A={iSR\Q:i + Q< (-a;) + Q}. 

Then A cannot be measurable, as the mapping x \ r — x bijects A onto its 
relative complement in R \ Q for every rational number r, and therefore A 
cannot have relative density greater than half in any rational interval, and the 
same also holds for its complement. [W. Sierpinski: Sur une proposition qui 
entraine l’existence des ensembles non measurables, Fund. Math., 34(1947), 
157-162] 

(c) If there are no two disjoint stationary sets in uq, then by the second 
solution of Problem 20.19, there is no subset of R with cardinality H^ The 
argument there requires to prove that if A 0 , Ai, . . . C uq all include closed, 
unbounded subsets, then A 0 fl Ax n • • • is nonempty. For this, we need to fix 
club sets witnessing this, and this requires AC W . Now, if Hi ^ c then we can 
conclude as in part (a) . 

5. Assume that m = kn. In order to prove C„ let (A, : i £ 1} be a collection 
of n-element sets. Let S be some set with k elements. As (A,; x S : i £ 1} is 
a set of m-element sets, we can apply G m to get a choice function g. Finally, 
just project g to get the required function /: let f[i) = x, where g(i) = (x, y) 
for some y £ S. 

6. Let T = {A,; : i £ 1} be a system of 4-element sets. Let Q be the family of 
all 2-piece, 2-element set partitions of the elements of T, that is, [X, Y} 6 Q 
if and only if X, Y £ [A,] 2 for some i £ I and X fl Y = 0. 

Let H be the set of all two-element subsets of all A*-s, that is, 
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H = \J{[A i ] 2 :i£l}. 

By hypothesis, there is a choice function g for Q, and another, h for 77. We 
are going to describe, in terms of g, h, a choice function / for T. Given i £ I, 
there are 3 partitions in Q corresponding to Aj. Given one of them [X. Y}, 
evaluate h(g({X, F})). This is an element of Aj so we select 3 times some 
element of Aj. 

We now consider cases. If the same point is selected 3 times then let it be 
f(i). If a point is selected twice and another once, then let f(i) be the point 
chosen twice. Finally, if three different points are chosen, then let f(i) be the 
remaining point. [A. Tarski] 

7. Let F = { Aj : i £ 1} be a system of 6-element sets. 

Let Q, 77 be the set of all two-element, respectively all three-element sub- 
sets of all Aj-s, that is, 

G = {J{[A i ) 2 :i£l}, 
n = \J{[A i ] 3 :i£l}. 

Let g,h be choice functions for f/, 77. 

We first argue that it suffices to find somehow a function F such that F(i) 
is a nonempty, proper subset of Aj. Indeed, from F,g,h we can construct a 
choice function for T as follows. If F(i') is a singleton, let its only element be 
f(i). If |F(7)| = 2, apply g to select an element of it. If |F(i]| = 3, apply h 
to select an element of it. If |F(i)| = 4, apply g to select an element of its 
complement. If |F(i)| = 5, let f(i) be the only element of its complement. 

To find a function F as described in the previous paragraph let G be a 
choice function on those 3-element sets that occur as 3-piece partitions of 
some Aj. For every such partition {X,Y,Zj of some Aj we can canonically 
choose an element as follows. Set e({X, Y, Z}) = g{G{{X, Y. Z})). This way 
we associate with every such partition an element from Aj. As there are 15 
such partitions we select 15 times an element of Aj. Let F{i) be the set of those 
elements chosen at least 3 times. Then clearly 1 < |F(i)| < 5. [A.Mostowski: 
Axiom of choice for finite sets, Fundamenta Mathematicae, 33(1945), 137- 
168] 

8. Let {Aj : i £ 1} be a system of nonempty, finite sets. By assumption, the 
set (J{Aj ■ i £ 1} can be ordered. Now let, for i £ I, f(i) be equal to the least 
(by the presumed ordering) element of Aj. Clearly, / is a choice function. 

9. By induction, we can assume that n = 1. Assume that |A| = k, |B| = A, 
and F : A U {x} — >• B U {y} is a bijection. We seek for a bijection between A 
and B. If F(x) = y we are done, is a bijection from A to B. Otherwise, 
if F{x) = y', F(x') = y, let F' be equal to F on A - {a/}, and F'(x') = y' . 
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10. As Ho < k holds k can be written as k = A + Kg for some cardinal A. We 
can then write k + Ho = (A + Kg) + Kg = A + (Kg + Kg) = A + Kg = k. 

11. Clearly, k + 1 < 2 K holds for every k. [For every set S the power set 
V(S) contains all one-element subsets of S plus the empty set.] Assume we 
have equality for some k > 1. Then k must be infinite. By assumption, for 
some set A of cardinality k and for some element p £ A we have a bijection 
F : V(A) — > A U {p} and we can assume F{A) = p. Define the elements 
ag,oi,... as follows, ag = F(0), a n+ 1 = F ({ag, . . . , a„}). Induction shows 
that the elements og,ai, . . . are distinct. That is, K 0 < k, so by Problem 10 
we have k+ 1 < k+Kq = n < 2 K , a contradiction. [E. Specker: Verallgemeinerte 
Kontinuumshypothese und Auswahlaxiom, Archiv der Mathematik, 5 (1954), 
332-337] 

12. Using Problem 10 and the fact that k < 2 K , we get 

k + 2 K < 2 K + 2 K = 2 1+K = 2 K . 


13. For transitivity, assume that a <C b <C c. Then a + c = a + (b + c) = 
(a + b) + c = b + c = c, soaCc holds as well. 

As for the second statement, for one direction, if Ng k < A then A = Ho n+p 
for some cardinal /i. Then, 

K + A = K + (Ho« + p) = (k + Kgft) + fj, = (1 + Hg)fC fl = HgK + fj, = A. 

For the other direction, let A, B be disjoint sets with |A| = k, |B| = A, 
and assume that / :dUB^Bisan injection. Then, for j > 0 we have 
A n / J ’ [A] CinB = 0, so f l [A] fl /* +J [A] = 0, that is, the sets /[A] , / 2 [A] , . . . 
are disjoint subsets of B of cardinal n. This shows that Hg k < A. 

14. In the former case k+k= 2k = 2(KgA) = (2Hg)A = HgA = k. In the latter 
case we have 1+A = A by Problem 10, and so k+k = 2 A +2 A = 2 1+A = 2 A = k. 

15. We have to show that if A, B are sets and A x {0, 1} ~ B x {0, 1}, then 
A ~ B. We can assume that A, B are disjoint. Let / : A x {0, 1 }->Bx {0, 1} 
be a bijection. 

We construct an edge-colored, directed graph as follows. The vertices are 
the sets of the form {(x,i),(y,j)}, where f((x, i)) = {{yJ)), that is, we 
identify (x,i) and (y. j). Draw an edge from (x, 0) to (x. 1) and color it red 
(for x & A), and draw an edge from (y. 0) to (y, 1) and color it blue (for 
y € B). (So every point in either A or B is represented as an edge of this 
graph.) We have a directed graph in which every vertex is on exactly one red 
and one blue edge. Therefore, its connected components are finite cycles of 
even lengths (possibly of length 2) and 2-way infinite paths. Our task is to 
determine a bijection between the red and the blue edges. 
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We do this individually for the components. There is no problem (actually, 
no choice) in the case of a cycle of length 2: map the edges to each other. Also, 
if the edges of a cycle or an infinite path are consecutively direc ted, i.e., it is 
a directed cycle or path, we define the bijection, if the red edge ( x , 0) ( x , l) is 
followed by the blue (y, 0)(y, lj, then map x to y. 

Otherwise, there are some pairs of edges with the same vertex as the ends 
of the arrow, i.e., of the type ut> and fiui. Pair all these edges to each other, 
and cut them out from the cycle/path in question. This means that, using the 
above notation, we remove v and identify u and w (and of course, the point 
represented by ut> is mapped to the point represented by %w). Notice that, as 
we remove pairs of consecutive edges, in the remaining part of the cycle or 
path, the edges again come interchangingly as red, blue, red, etc. Repeat this 
operation inductively. 

In the case of finite cycles in finitely many steps, we either pair all the 
edges or eventually we get a fully directed cycle, and this case is handled as 
above. 

In the case of infinite paths, if we repeat this argument infinitely many 
times, either all the edges get eventually paired up, in which case we are done, 
or there remains a finite, or infinite part. If the remaining part is infinite, the 
edges are necessarily consecutively directed and we are done with the above 
argument. 

If the remaining part has an even number of edges, we can pair them up 
starting with either end. 

If, however, the remaining part has an odd number of edges, then it has 
a medium edge, so we identified an edge in the path, and we can use that to 
define a pairing of the edges (in the original) path, for example if it is a red 
edge ut) then map it to the next edge (that is, to %w or mb), and continue 
this bijection both ways. [F. Bernstein: Untersuchungen a us der Mengenlehre, 
Inaugural Dissertation, Halle, 1901. This proof is from W. Sierpinski: Sur 
l’egalite 2m = 2 n pour les nombres cardinaux, Fund. Math. 3(1922), 1-6.] 

16. Let A be a set of cardinality k. As A is infinite for every natural number n 
there are subsets of A of cardinality n. Let f(n) = {A C A : | A| = n}. Then 
f(n) is a nonempty subset of V( A) so / is an embedding of the set of natural 
numbers into / P{V(A)). 

17. If a is a countable ordinal, then there are subsets of (Q, <) of order type 
a. [As we are not assuming the axiom of choice this is a little delicate. Let 
(A, -<) be an ordered set of order type a. Enumerate A as A = [a, : i < ui} 
and Q as Q = {qi : i < in}. Define the order preserving / : A — > Q as follows, 
/(ao) = qo, and then by induction let /(o.j+i) be q 3 , where j is minimal with 
respect to the condition that this choice be consistent with order preservation.] 
Let F be the function that maps every a < u > i to the set of all subsets of Q 
with order type a. By the above argument, F is injective. We have that 
F(a) C V{ Q) that is, F maps into V(P(Q )). 
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18. If A is some set and (x, y ) G A x A, then by the definition of ordered pairs 
(x,y) = {{#}, {x,y}} G V(V(A)). This implies that \A x A\ < 2 2>AI . 

19. If \A\ = k and (3 is an ordinal with \(3\ < k, then there exist binary relations 
R C B x B for some B C A that well-order B into type 0. We can recover (3 
from R ; therefore, the mapping 

/3 i—)- {R, C Ax A : R orders some subset of A into type 0} 

is an injective mapping of those ordinals into V(Ax A). We cannot inject all or- 
dinals (a proper class) into a set, because then by the axiom of comprehension 
(which states that if X is a set and p is a formula with one free variable, then 
the elements of X that satisfy p form again a set) the image is a set, and then 
the inverse is a mapping from that set to the class of ordinals which contra- 
dicts the axiom of replacement. This shows that H(k) exists with \H(k) k. 
By the above argument we have an injection of the ordinals below H ( k) into 
P(A x A ), and by the previous problem < 2 K ' K < 2 2 . [F.Hartogs: 

Uber das Problem der Wohlordnung, Matematische Annalen, 76(1915), 436- 
443] 

20. Let A be an infinite set, we show it has a well-ordering. By Hartogs’ 
lemma (Problem 19) there is a well-ordered set {B,~<) such that |B| || |A|. 
We show that \A\ < |_B| and this suffices, for the ordering on B can be pulled 
back to A. We can assume that A, B are disjoint. By assumption, there is 
an injection F : (A U B) x {A U B) -> A U B. If x G A, then the mapping 
y i — y F(x. y) cannot map into A, as there is no injection from B into A. There 
are, therefore, elements y G B with F(x,y) G B. Let y x be the least (by 
the well-ordering of B) such element. Then x i— > F(x. y x ) is an injection from 
A into B. 

21. It suffices, by Problem 20, to show that GCH implies k 2 = k for every 
infinite cardinal k. Assume k is infinite. As k < k + 1 < 2 K holds by Problem 
11 we have n + 1 = k, so Ho < k (Problem 13). Next, k < k + k < 2 K + 2 K = 
2 «+i = 2 k as k + 1 = k. We have, therefore, either k + k=k or k + k = 2 k . 
In the latter case, we had 2k = 2 K = 2 1+K = 2 • 2 K so we could deduce, 
using Problem 15, that k = 2 K , a contradiction to Problem 11. We have, 
therefore, k + k = k. Also, k < k 2 < 2 K 2 K = 2 K+K = 2 K so either k 2 = k 
or k 2 = 2 K , and we can assume the latter. Let S be a set of cardinality k. 
We show that it has a well-ordering (and so by Problem 2 k 2 = k holds). Fix 
some bijection F : V(S) — > S x S. As No < k there are infinite well-orderable 
sets X C S. If we give a method to select an element from S \ X for every 
infinite well-ordered (X, -<) with I C 5, 1 / S, we can copy the proof of the 
well-ordering theorem. Here is what we do for such an X. Let / : X x X — > X 
be the injection from Problem 2. For x G X, set x G Y if and only if f~ 1 (x) 
is defined, and x £ F _1 (/ -1 (a;)). F(Y) cannot be an element of X x X as 
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if F(Y) = f~ 1 (y) then y G Y holds if and only if y £ Y. We get, therefore, 
that F(Y) = {u, v) where either u G S \ X, in which case we select u, or else 
v G S \ X and then we select v. [A. Lindenbaum, A. Tarski: Communication 
sur les recherches de la Theorie des Ensembles, Comptes Rendus des Seances 
de la Societe des Sciences et des Lettres de Varsovie, 19 (1926), 299-330. First 
published proof given in W. Sierpihski: L’hypothese generalisee du continu et 
l’axiome du choix, Fund. Math. 34 (1947), 1-5.] 

22. By the axiom of foundation every set is a subset of some V a of the cu- 
mulative hierarchy. It suffices, therefore, to show that every V a can be well 
ordered under the stated condition. Given V a , let g be a function defined on 
the nonempty subsets of V a such that g(X) is always a finite, nonempty sub- 
set of X. From g, we will construct a well-ordering < a of V a . Actually, we 
construct by transfinite recursion on 7 < a, a well-ordering < 7 of 14,. Let 
<0 be the only ordering of the one-element Vo- If 7 < a is limit and <s is 
already defined for all S < 7 we let, for x, y G IT , x < 7 y if and only if either 
rk(x) < rk(y) or else 6 = rk(x) = rk(y) and x <$ y. That is, we endow each 
V& \ U{V« : <f < <5} with the ordering <$ and place them one after the other. 
Assume now that 7 = 5+1 and we have the well-ordering <5 on V$. Now 
V~! = V(Vs). The proof of the well-ordering theorem gives a well-ordering of 
14, once we give a choice function / on all nonempty subsets of 14,. We define 
/ as follows. If X C Vy, X ^ 0, our g gives a finite, nonempty subset g(X) 
of X, say (bj , . . . , Y n \. Notice that each b) is a subset of Vs, which is already 
well ordered by <5. We can now select the lexicographically least T) as f(X). 
[H. Rubin, J. Rubin: Equivalents of the Axiom of Choice, North-Holland, 
1963] 

23. Let {Ai : i £ 1} be a system of nonempty sets; it suffices (by Problem 
22 ) to show that there is a function selecting a nonempty finite subset of 
each. We can assume, without loss of generality, that the Aj’s are disjoint. 
Let k be an arbitrary field, and adjoin all elements of X = (J{ A, : i g 1} as 
indeterminates to k. We get the field k(X) of rational functions of X. Call a 
polynomial p £ k[X] i-homogeneous of degree d if the sum of the exponents of 
elements of Ai is d in every monomial in p. Call a rational function | G k(X') 
i-homogeneous of degree d if there is some n that p is i-homogeneous of degree 
n + d and q is i-homogeneous of degree n. Let K be the subfield of k(X') 
generated by k and all elements of the form y/x where x,y G A, (i e I). 
Clearly, every element of K is i-homogeneous of degree 0 for every i. Let V 
be the vector space over K generated by X. By assumption, V has a basis B. 
For i G I, x G A^, x can uniquely be written as 

x = 'Yh a b(x)l>, 

beB(x) 

where B(x) is a finite subset of B and a^( x) is a nonzero element of K. If 
y G Ai is another element, then 
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V= a b(v) b = ~ a b(x)b, 

btB{y) beB(x) X 

so we get that B(x ) = B(y) and ab(y ) = | otb(x ). Thus, the ratio ab(x)/x 
depends only on i, not on a; € Aj. As ab(x) £ K, the rational function o.b(x) / x 
has homogeneous i-degree —1. Therefore, some variables from Aj must occur 
in the denominator. Let B % be the set of those variables for all b £ B(x). Then, 
for every i £ I, Bi is a nonempty finite subset of Aj and we are done. [A. Blass: 
Existence of bases implies the axiom of choice, Axiomatic Set Theory (J.E. 
Baumgartner, D.A. Martin, S. Shelah, eds), Contemporary Mathematics, 31, 
1984, 31-33] 

24. One direction is easy: if the axiom of choice is assumed, X is some graph on 
a set V ^ 0, then the set of those cardinals, for which there is a good coloring 
of X, is a well-ordered set of cardinals, with \V\ as the largest element. It has, 
therefore, a smallest element, and that is the chromatic number of X. 

For the other implication assume that there is a cardinal k that cannot 
be well ordered. There is, by Hartogs’ lemma (Problem 19) an ordinal <p such 
that \ip\ k. Notice that k \ip\ also holds (as otherwise k would be well 
orderable). Let A be some set of cardinality k. Let the vertex set V of our 
graph X be A x ip. Join two vertices (a :,y) and (x 1 . y') if and only if x ^ x' 
and y ^ y' both hold. Notice that for this graph both projections (x, y) H* x 
and ( x,y ) i— >- y are good colorings, therefore if y, the chromatic number of 
X exists, then y < n,\ip\. As \<p\, k are incomparable, equality cannot hold, 
so y < k, \ip\- As y < \<p\, y is a well-orderable cardinal. By the definition 
of chromatic number there is a decomposition Ax ip = (J{Aj : i £ 1} into 
independent vertex sets with \I\ = y. 

Consider first the case when for every x £ A there is some i £ I with Aj 
intersecting {x} x ip in more than one element. Let I( x) be the set of these 
indices i, so I(x) C J, nonempty. Now I(x) fl I(x') = 0 holds for x ^ x', 
indeed, otherwise we could find (x,y),{x',y') £ Aj for some i with x ^ x', 
y 7 ^ y' , an impossibility. As I can be well ordered, we can choose the least 
element (by that ordering) of each I(x), let this be f(x). Then / : A — >• I is 
an injection, contradicting y < k. 

Finally, we consider the case that there is some x £ A such that Aj fl 
({a;} x ip) has at most one element for every i £ I. Then the mapping a i— >■ i(a) 
for a < <p, where (x, a) £ Ay a y will be an injection ip — » / which contradicts 
y < \ip\. [F. Galvin, P.Komjath: Graph colorings and the axiom of choice, 
Periodica Math. Hung. 22 (1991), 71-75] 

25. Assume, toward a contradiction, that A is a set that cannot be well or- 
dered. Let k = H(A) be its Hartog’s ordinal (see Problem 19). We notice that 
k is a cardinal and | A| and k are both smaller than their product, | A\k. Indeed, 
|A| < | A | k and k < | A|k are obvious, and equality in either case would give 
either |A| < n or n < |A|, which are ruled out by the non-well orderability of 
A and by the Hartog’s property of k, respectively. 
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On the set A x k define the following set mapping. For ( x , a) G A x k, 
let f(x, a ) = {x} x a. Notice that \f(x,a)\ = |a| < n < \A x n\ by the 
above remark. Assume by Hajnal’s theorem that X C A x k is a free set of 
cardinality \A x k|. For every x £ A, X intersects {a:} x k in at most one point, 
so the projection to the first coordinate shows |Aj < |A|, which contradicts 
| A\ < \A x k\. [Norbert Brunner: Set-mappings on Dedekind sets, Notre Dame 
Journal of Formal Logic, 30(1989), 268-270] 

26 Let R = AoUAiU - • • be a decomposition into countable sets. By Problem 3 
there is a surjection / : R — > u>i. If Bj = /[Aj] ( i < u>) then u>i = Bo U B\ U • • • 
is a decomposition of ui i into the union of countably many countable sets. 

For the second claim we first observe that there is a countable subset B 
with sup(B) = cui . Indeed, if no B, satisfies this, then fi t = sup(Rj) < 
for each of them, but then B = {/?o>/3i, . . .} is as required. As by Hausdorff’s 
theorem there is a cofinal w-sequence in B, we are done. 

27. Assume that W 2 = A- L UA 2 U- • • where every A, is countable. We may as well 
assume that the sets are disjoint (otherwise replace A, by Aj\(AiU- • -UAj_i)). 
Every A, inherits a well-ordering from u.' 2 , let its order type be d, . Clearly, 
each Si is countable. We can map A, onto 

[(5q + • • • + Si-i, <5o + • • • + $i) 


(where So = 0) by mapping the ccth element of A, to Sq H 1- Si - 1 + a. This 

will map W 2 = Ai U A 2 U • • • to <5i + <^2 H = lim{<5i -| 1- Si : i < u>}. The 

latter ordinal is the increasing limit of countable ordinals; it is therefore at 
most u>i. So we reached an embedding of ct ?2 into uj\ , a contradiction. [T. Jech: 
On hereditarily countable sets, Journ. Symb. Logic, 47(1982), 43-47] 
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Well-founded sets and the axiom of foundation 


1. (a) — >• (b) If we are given a partially ordered set (P, <), then define R(x. y) 
iff y < x. Then the condition for DC holds, so we get that there are ao, oi, . . . 
with R(ao, ai),R(ai, 02 ), . . i.e., • • • < a\ < ao- 

(b) — » (a) Assume that we are given the binary relation R on the nonempty 
set A such that for every there is some y £ A with R(x, y). Let P be the 

set of all finite sequences (ao, . . . , a„) where ao, . . . , a n are elements of A and 
R(a 0 , ai), . . . , R(a n -i,a n ) all hold. Partially order P by making (bo, ■ ■ ■ , b rn ) < 
(ao, . . . , a n ) if and only if (bo, . . . , b m ) is a proper end-extension of (ao, . . . , a n ), 
i.e., m > n and 6,; = a* holds for 0 < i < n. P is clearly nonempty (it contains 
the one-element sequences) and it has no minimal element, as (ao, . . . ,a n ) 
has proper end-extensions, for example, (ao, ■ ■ ■ ,a n ,a n+ \) where a n+ 1 any 
element for which R(a n ,a n+ 1 ) holds. There is, by (b), an infinite decreasing 
chain in (P, <) and this gives a sequence ao, a\, . . . of elements of A such that 
R(ai,ai + i ) holds for i = 0,1,. ... 

(b) — > (c) Assume that a partially ordered set (Q, <) is ill founded. Then 
there is a nonempty P C Q with no minimal element. By (b) there is an 
infinite descending chain in (P, <), therefore in (Q, <). 

(c) — > (b) If a partially ordered set (P, <) has no minimal element, then it 
is certainly not well founded so by (c) there is an infinite descending chain in 

(P,<)- 


2. One direction is obvious: assume that there is a monotonic ordinal-valued 
function f on P and Q C P is nonempty. Pick p £ Q with f(p) minimal. Then 
p is a minimal element in Q: should q < p hold for some q £ Q we would get 
f(q ) < f(p), contradicting the minimality of f(p). 

Assume now that (P, <) is well founded. By transfinite recursion on a we 
select the subsets P a C P as follows. Po is the set of minimal elements of 
(P, <). In general, P a is the set of minimal elements of 

p\ U p <>- 

P«x 
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By well foundedness, P a is nonempty, so long as the above set is nonempty, 
and obviously these sets are disjoint. So eventually we decompose P as P = 
lJ{P a : a < <p} for some ordinal <p. Assume that p < q are in P and q £ P a . 
Then q is a minimal element in the corresponding set, so p cannot be in that 
set, hence p £ Pp for some (3 < a. We can, therefore, define f(p) = a iff 
p £ P a . 

3. By the well-ordering theorem we can enumerate P as P = {p a : a < ip} for 
some ordinal tp. Put p a into Q iff there is no (3 < a with p a < pp. 

We show that Q C P is as required. 

(Q, <) is well founded: if there is a decreasing chain • • • < qi < qo hi Q. 
that is, • • • < p ai < p ao , then, by the well-ordering property of ordinals, we 
have a n < a n +\ for some n, that is, p 0n is greater than the later p an+1 , a 
contradiction. 

Q is cofinal: assume that p £ P. Choose p a > p with a minimal. Then 
p a £ Q, indeed, otherwise, there is some p < p a < Pp with (3 < a, but that 
contradicts the minimal choice of a. 

4. The counterexample will be built on the Cartesian product u% x uq. We 
make {a,/3) H {a',(3') if and only if a < a' and (3 > (3' . In a supposed in- 
finite decreasing/increasing sequence the first /second coordinates would give 
an infinite decreasing sequence of ordinals, which is impossible. Assume, to- 
ward a contradiction, that u j x uq = Ao U A\ U U • • • is a decomposition 
into countable many antichains. For every a < uq there is some natural num- 
ber i(a) such that for uncountably many (3 we have (a,/?) £ Ai( a )- By the 
pigeon hole principle there are ordinals a < a' and some number i that 
i = i(a ) = i ( (J ) holds. Pick an ( a', (3 ') £ A t . As there are arbitrarily large (3 
with {a, f3) £ Ai we can select with /3 > (3' and then we get (a, /3), (a', /3') £ A t 
that is, (a, ■#M (oe',(3'), a contradiction. 

5. Indeed, the function / constructed in the solution of Problem 2 has this 
property; if f(p) = a and (3 < a then p is an element of P a C (J{P 7 : 7 > B} 
and by the well foundedness of (P, <) there is a minimal element q of this 
latter set below p so q < p and q £ Pp. Clearly, q < p as f(q) ^ f(p)- 

Toward unicity, assume that ro and n both have the properties described 
in the problem and ro 7^ f%. Then {x £ P : r'o (x) 7^ rq (x)} is nonempty, so 
there is a minimal element p in it. But then both ro(p) and r'i (p) are the least 
strict upper bound for {ro(x) : x < p} = {ri(x) : x < p}. We get therefore 
r o(p) = ri (p) and this gives a contradiction to the choice of p. 

6. If T C FS(k) is a tree, R(T) = a, and r is a rank function witnessing this, 
then by |FS(k)| = k implies |T| < k, and as r assumes every value < a we 
have \a + 1| < k, i.e., a < k + . 

We prove the other statement by transfinite induction on a. 
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For a = 0 we can (and must) take the one-element tree, that is, the one 
consisting of 0, the empty sequence. 

Assume that a < k + and T C FS(k) is a tree with R(T) = a. Let V 
be the tree consisting of the empty string plus all strings of the form (Ts for 
seT. Clearly, T' is also well founded. If r, r' are the rank functions assigned 
to T, T', respectively, then by induction on r(s) we get that r'fCf.s) = r(s) 
holds for every s G T, so r'(0) = a, and finally r'(0) = a + 1. 

Assume finally that 0 < a < k + is a limit ordinal, and we have the 
construction for every ordinal less than a. Enumerate a, that is, the ordinals 
below a, as a = {/3(i) : i < k} (with possible repetitions). For i < k let T t 
be a tree with i?(Tj) = /3(i). Let the tree T consist of 0, the empty string, 
and of the strings of the form is for s G T,. T is obviously well founded (all 
but the first elements of a putative infinite decreasing sequence would be in 
some Tj). Let r be the rank function of T and r, that of T). We again get that 
r(fs) = r»(s), so r(i) = f3(i) and hence 

R(T) = r(0) = sup{/3(«) + 1 : i < k} = a. 


7. Let r, r' be the rank functions for T, T' . We construct the appropriate 
/ : T T' by recursion on the level, and during the recursion we keep the 
property r( x) < r'(f(x)). First map the root of T to the root of T' . Extend / 
from level n to level n+ 1 by keeping the condition r(x) < r' (f(x)) for every 
x. This is possible as if we have r(x) < r' ( f(x )) for some x £ T, then the 
left-hand side is the strict smallest upper bound of all values r(y ) for x <i y, 
the right-hand side is the strict smallest upper bound of similar values r'(z) 
for f(x)<z, so for each y in the former set we can choose an appropriate f(y) 
in the latter set with r(y) < r'(f(y)). 

8. Using the previous problem it suffices to show that if T' is ill founded, then 
TAT' holds for any tree T. Indeed, if 0 = yo < yi < ■ ■ ■ is an infinite branch 
in T’, then we can set / : T — »• T' where f(x) = y n whenever x is on level n 
in T. 

9. Irreflexivity and trichotomy are clear. For transitivity assume that s <kb 
t <kb u where 

s = s(0)s(l) • • • s(n), t = f(0)f(l) • • • t(m), and u = u(0)u(l) • • • u(k). 

We have to show that s <kb u holds. There are several cases to consider. 
If s extends t, t extends u, then obviously s extends u and we are done. If 
s extends t and t(i) < u(i ) at the first difference, then clearly s(i) < u(i) 
also holds, and that is where the first difference occurs. Next, assume that 
s(i) < t(i) holds at the first difference and t extends u. Then either s extends 
u (if u is so short that u(i ) does not exist) or else s(i) < u(i) = t(i) and this is 
the least difference, we are done in either case. Assume finally that s(i) < t(i) 
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holds at the least difference of s, t and t(j) < u(j) holds at the least difference 
of t, u. If i = j then s(i) < t(i) < u(i) hold and i is the place of the first 
difference of s and it. If i < j then s(i) < t(i ) = u(i) hold, and j is the place 
of the first difference, if j < i then s(j') = t(j ) < u(j) hold, and it is the place 
of the first difference. 

Concerning the other statement first notice that if T is not well founded 
then there is a infinite chain so < si < S 2 < • • • and this itself constitutes a 
<KB-descending sequence. For the other direction assume that .s v o, Si,«2, ... is 
a <KB-descending sequence. Only so can be the empty sequence. Therefore, 
si(0), ^ 2 ( 0 ), . . . all exist. As we have a <KB-descending sequence, we must 
have si(0) > S2(0) > • • •, so Sj(0) stabilizes from some point on: Sj(0) = i(0) 
for i > n o- Only the first of these elements, s„ 0 can possibly be of length one, 
for the rest we have that 


s no + l(l) — s no+2(l) — ' ' ' 


holds, and that must stabilize again from some point: Sj(l) = f(l) for i > 
n\. Repeating this argument we get an infinite string t = t(0)t(l) • • • whose 
every finite initial segment is the initial segment of some s t . Therefore, these 
segments are elements of T, and they form an infinite decreasing sequence in 
T as was needed. 

10. (a) Assume that W has no winning strategy. That is, at the starting 
position, W has no winning strategy. He cannot make a step after which he 
will possess a winning strategy as this would mean that he had one at the 
beginning. After W’s first step, B can always answer that W still won’t have a 
winning strategy. Indeed, if for every answer of B, W could produce a winning 
strategy, by combining them into one strategy, he could get a winning strategy 
outright. This argument gives that B can forever prolong the situation that W 
has no winning strategy. But this strategy must be a winning strategy for B, 
as the game certainly ends in finitely many steps (the trees are well founded) , 
and otherwise if the play was a win for W then the last move is obviously 
made by W and he, therefore, has a winning strategy at the very last moment 
(before making the final, and winning, move). 

(b) In virtue of (a) it suffices to derive a contradiction from the assumption 
that B has a winning stategy. Let a be such a strategy. Let To, Ti, ... be trees, 
isomorphic to the tree on which the original game is played. We place a pawn 
on the root of every 7). At every step, one of the pawns is moved one step 

up. We also have players po , p\. [>2 po is a moron, he makes a move on To, 

whenever asked for. Each p, for i > 1 sees only Tj_ 1 and T), p, believes that 
she is B, she thinks that T)_ 1 is T w and T, is T rs and she playes according to 
a. We also have some function f(a) that tells us where the game is played at 
moment a. 

First /( 0) = 0 and po makes an arbitrary move on To- Next /( 1) = 1. 
In general, if /(cc) = 1 . > 0, then player p. t wakes up and investigates Tj_i 
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and T). If she observes that one of the pawns has been moved up one step 
since her last action, then she answers according to a. If she moves on T, then 
we let f(a + 1) = i + 1, otherwise (if she moves on T t _ i or passes) we let 
f(a + 1) = * — 1. If, however, she observes that there was no movement then 
she passes and we let f(a + 1) = i — 1. When f(a) = 0, po makes a step on 
To, and we define f(a + 1) = 1. Observe that if there is a pass by a p t then 
everybody will pass until po makes a move. 

Notice that / cannot attain the same value infinitely many times as T) is 
well founded and if the pawn on it reaches a terminal node, then p*+i would 
observe in the next step that she lost, although she played according to a. We 
get, therefore, that /(a), that is, the center of action, must tend to infinity. 
Then we write a = u>, /M = 0) and again have po make a move. This way 
we can continue the game so long asa<w 2 . But this is impossible, for then 
at some step a < w 2 the pawn on T 0 must reach a terminal node, which is a 
contradition, as we have seen. [Fred Galvin] 

11. Let (P, <) consist of an increasing sequence xq < x\ < ■ ■ ■. Let (Q, <) 
contain one largest element, y , plus a chain L n of length n, for every positive 
natural number n. We make the chains L n incomparable, but smaller, of 
course, than y. It is obvious that both (P, <) and (Q, <) are well founded 
(every element in (P, <) and all but one elements in ( Q , <) have finitely many 
elements below). 

Assume that / is an order-preserving mapping from (P, <) into ( Q , <). If 
f(x o) £ L n , then f(x n+ i) would be greater than y, an impossibility. Thus, 
such an / does not exist. 

Assume that / is an order-preserving mapping from (Q, <) into (P, <). If 
f(y ) = x n then we are in trouble in finding room for the image of the chain 
L n+ 1 of size n + 1. Thus, such an / does not exist, either. 

12. Assume x £ x. Set A = {a:}. By the axiom of foundation there is y £ A 
with y n A = 0. y = x is the only possibility, but as x £ x fl A we have a 
contradiction. 

13. Assume that x € y and y £ x. Set A = {x,y}. Applying the axiom of 
foundation we get that there is some z £ A with zC\A = 0, which is nonsense, 
as if z = x then y is a common element in z and A, and if z = y then x is. 

14. For n = 0 the empty set (and only it) will be good. If some set A is good 
for n, then A U {A} is good for n+ 1. 

We now prove by induction on n that there is only one good set for n. This 
clearly holds for n = 0. Assume we have this for some n and A, B are good 
sets for n + 1. That is, A, B are both n + 1-element transitive sets, ordered 
by £. Let a, b be the largest elements. Then a, b are good sets for n, so a = b. 
Moreover, A = a U {a} = b U {6} = B, and we are done. 
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15. Assume that {a:} is transitive. We have that x £ {x}, so every element of 
x (if there are any) is an element of {x}, i.e., it can only be x. So either x = 0 
or x = {x}. The latter case is impossible by Problem 12, so the only solution 
is {0}. 

16. Assume that { A, : i £ 1} is a nonempty set of transitive sets. If £ € 
f){Aj : i £ 1} and y £ x then, by transitivity, y £ A,; holds for all i £ I so 
y £ niA : i £ /}. If x £ (J{^i : i e I}, then x £ A t for some A t , so, if y € x 
then i/g A; (as A t is transitive), so y £ |J (-4, : i £ I}. 

17. Assume first that y £ x £ TC(A). Then x £ A n for some n and then 
y € A n+ 1 so surely y £ TC(A). 

For the other statement, if A £ B and B is transitive, then we get by 
induction for every n that A n C B . Aq C B is just a reformulation of A £ B, 
and if A n C B holds then, by transitivity, all elements of elements of A n , i.e., 
all the elements of A n+ 1 should be in B. But then, TC(A) = A 0 UAiU- • • C B. 

18. (a) We show by transfinite induction on a that V a is transitive. This is 
obvious for Vo = 0. If a is limit, then we can use the inductive assumption and 
argue that V n . the union of transitive sets, is itself transitive (see Problem 16). 
To finish the proof we have to show that if V a is transitive then so is V a+ \. 
Assume that y £ x £ V a+ i . That is, x C V a , so y £ V a , so by the assumption, 
y C V a which means that y £ V a+ i and that was to be proved. 

(b) We show by transfinite induction on a > /3 that Vy C V a holds. This is 
obvious for (3 = a, the base case. If a > (3 is limit then again it is obvious (V a 
is defined as a union with Vp in it). To cover the successor case it suffices to 
show that V a C V a+ i . That is, x € V a implies x € V a +i, he., x € V a implies 
x C V a , i.e., that V a is transitive, which is just part (a). 

(c) rk(x) = 0 is impossible, as Vo = 0 has no elements. rk(a;) cannot be 
some limit ordinal a either, as V a is the union of the sets Vj? for (3 < a and 
so every element of it appears earlier. 

(d) Assume that y £ x and rk(x) = a + 1. Thus, x £ V a:+l , or, equally, 
x C V a , from which we get y £ V a , that is, rk(y) < a. 

(e) Assume that every element of x is ranked. By the axiom of replacement 
there is some ordinal a such that rk(y) < a holds for every y £ x. Thus, 
x C V a , so x £ V a+ i, x is indeed ranked. 

(f) For one direction assume that every set is ranked and A is a nonempty 
set. Select x £ A with rk(x) minimal. Such an x exists, by the well-ordering 
property of ordinals. We claim that x (~l A = 0. Indeed, if y £ x fl A then by 
(d) we have rk(y) < rk(x) and, as y £ A, this would contradict the minimal 
choice of x. 

For the other direction assume that the set A is not ranked. Let B be the 
transitive closure of A (see Problem 17). Set C = {x £ B : x is not ranked}. 
C is not empty (as, for example, A £ C). We claim that C contradicts the 
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axiom of foundation. Indeed, if x £ C then x is an element of the transitively 
closed B and as x is not ranked, by (e) there is some y £ x which is not 
ranked. But then y £ B as well, so y £ x fl C. 

19. X = 0 is clearly a solution. We prove that there is no other solution. 
Assume that X x Y = X and X is nonempty. Pick x £ X with rk(x) minimal. 
Then, as X x Y = X, x = (u, v) for some u £ X, v £ Y, we get that as 
u e {«} € {{«},{u,v}} = {u,v) = x £ X holds, we have rk(u) < rk(a:), a 
contradiction. 

20. (a) Define first F(x) = rk(a;) for x £ C. Then T is an operation from C 
into the class of ordinals. If a is an ordinal, then (a) is necessarily a set, 
as it is a subset of V a . We do not know if the range 77 of T is all the ordinals, 
but it is certainly a proper class, as otherwise, by the axiom of replacement, 
we would get that 

C = \J{F- 1 (a):a£H} 

is a set. 

To eliminate the gaps, let Q map the ath element of 77 to a. Q maps 77 
onto an initial segment of the ordinals, which, being a proper class, can only 
be the class of all ordinals. So we are finished by taking the composition of T 
and Q. 

(b) Using (a), it suffices to give a mapping T from the ordinals to the 
ordinals such that !F~ 1 (a) is a proper class for every ordinal a. For this we let 
T{k + a) = a where k is an infinite cardinal and a < k, on the other places 
we let T be defined arbitrarily. Notice that this definition is unambigious, as 
k can be calculated from k + a by considering its cardinality, and a can be 
determined from k + a and k by left subtraction. Every value a is attained 
on a proper class; namely, on the ordinals of the form k + a where n > a is a 
cardinal. 

21. For every x £ C let a(x) be the least ordinal that occurs as the rank of 
some y ~ x. Such an a(x) exists as every set is ranked and it is uniquely 
determined by the minimality property of ordinals. Then set 

F{x) = {y & K«(x) : y ~ x) . 

This is always a set, as is a subset of V a ^ x y T is, therefore, an operation. Notice 
that T(x) is always a nonempty set. Now, if x ~ y then a(x) = a(y) and so 
!F{x) = X(y). On the other hand, if T{x) = T{y) then any z £ F{x) = T{y) 
witnesses x ~ z ~ y. 

22. Assume the statement holds. If A is any set, it has an embedding into the 
class of ordinals. Then, we can get a well-ordering of A by pulling back the 
well ordering of the ordinals. 
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Assume now that the axiom of choice holds, C is a proper class, k a cardinal. 
We have to show that C has a subset of cardinality precisely k. By AC, k is well 
orderable, we can simply assume that it is an ordinal. The class {rk(x) : x £ C} 
is a proper class of ordinals, so k can be embedded (actually, there is an initial 
segment of order type k). We have, therefore, found a subset B of C, such 
that B has a surjective image of cardinality k. Using the axiom of choice 
again, we get that B has a subset of cardinality k. [John von Neumann: Die 
Axiomatisierung der Mengenlehre, Mathematische Zeitschrift 27(1928), 669- 
752] 

23. 

(c) — > (b) — > (a) is obvious. 

(a) — » (c). Given a global choice operation T we well-order the universe 
as follows. Let < a be a well-ordering of V a+1 \ V a determined by the proof 
of the well-ordering theorem using T (restricted to the nonempty subsets of 
V a+1 \V a ). Then set x < y iff either rk(x) < rk(y) or else rk(x) = rk(y) = a+1 
for some ordinal a and x < a y- In this case, the predecessors of x are included 
into the set V a+ \ where rk(x) = a + 1. 

(e) — > (d) is obvious. 

(d) — » (c). Apply (d) to the universe and the class of ordinals, which 
obviously has a setlike well order. 

(c) — > (e). Assume that A is a proper class with <, its inherited setlike 
well-ordering. For any ordinal a there is exactly one element of A which is 
the ath (whose set of predecessors form a well-ordered set of ordinal a), and 
this gives a bijection between A and the class of ordinals. 

24. Increasing k if needed, we can assume that k is uncountable, regular. 
It suffices to show that H K C V K . Assume that |TC(x)| < k. We show by 
transfinite induction on the rank of y £ TC(;e) that y G V K . As x G TC(x) 
this will give the result. Assume that we reached some y € TC(x). We know 
that |y| < k (by condition) and that rk(z) < k holds for every z £ y (by 
the inductive hypothesis). As k is regular, there is some a < k, such that 
rk(s) < a holds for every z € y, that is, y C V a , so y € V a +i C V K . 

25. We define the following subclasses M a of M by transfinite recursion on a 
for every ordinal a. If Mp is defined for 0 < a then let M a consist of those 
elements x of M that are not in any of the Mg’s but every yEx is. 

We claim that every element of M is in some M a . Assume first that some 
x £ M is not in any of the M a ’s, but every yEx is. Then 

y i-4 min{/3 : y £ Mg} 

is an operation defined on {y : yEx} that is a set, as M was supposed to be 
setlike. By the axiom of replacement the range of this set under the operation 
is a set of ordinals, it is therefore bounded by some ordinal a. Then x will 
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be an element of M a +i at the latest. We proved, therefore, that if x £ M is 
such that it is not in any of the M a ' s then necessarily some X\Ex has the 
exact same property. Repeating, we get a decreasing sequence . . .x-zEx\Ex, 
contradicting the well foundedness of E. 

We now define n{x) for x £ M a by transfinite recursion on a: 

n(x) = {-ir(y) : yEx} . 

7 r is injective: if x 7 ^ y then there is z, zEx, z ft y (or vice versa) and then 
7 t(z) £ n(x), n(z ) ^ 7T (y), so 77 ( 2 ;) ^ n (y). it is an isomorphism: yEx if and 
only if n(y) £ n(x). We set N as the range of 7r. 

For unicity, assume that 7Ti : ( M,E ) (Ni,£), ^2 : ( M,E ) -4- (N 2 ,£) 

are isomorphisms. By transfinite induction on a we get that 7Ti(a;) = 772 ( 2 ;) 
holds for x £ M a , that is, 7Ti = 772 and therefore N\ = N 2 . [A. Mostowski: An 
undecidable arithmetical statement, Fund. Math., 36(1949), 143-164] 
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Glossary of Concepts 


Abelian group is a group with commutative operation. 

algebraic number is a complex number 0 that satisfies an equation of the 
form a n z n + ■■■+ a 0 = 0 where n > 0, a n ^ 0 and all coefficients a,; are 
integers. 

algebraically closed field is a field F such that if (iq, ... . a n £ F, a n 7^ 0, 
n > 0, then there is an x £ F with ao + a\x + • • • + a n x n = 0. 

analytic set in R" is a set that is the continuous image of a Borel set. 

antichain in a partially ordered set is a subset no two elements of which are 
comparable. 

antilexicographic ordering in a product of ordered sets is the ordering 
in which the last difference in the coordinates is decisive (i.e., if (A i; < i ), 
i £ I, where (I, -<) is an ordered set, then for f,g£ ELe/ J ^ i the element / is 
smaller in the antilexicographic ordering than g if there is an *o £ I such that 
f(i 0 ) <i 0 g(io), but for all i £ I with io ~< i the equality f(i ) = g(i) holds). 

antisymmetric relation is a binary relation p such that ( a,b ) £ p and 
( b , a) £ p implies a = b ( apb and bpa implies a = b). 

Aronszajn tree is a tree of height u>\ with all levels and branches countable. 
In general, a k- A ronszajn tree is a tree of height k such that each level and 
each branch is of cardinality smaller than k. 

associative operation is a binary operation h such that h(a, h(b,c)) = 
h(h(a,b),c) holds for all elements. 
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automorphism of an algebraic structure is a 1-to-l mapping of the ground 
set onto itself that preserves operations and relations. 

axiom of choice (AC) is the statement that for any family of nonempty 
sets there is a choice function, i.e., if (Aj }, e j is a family of nonempty sets 
then there is a mapping / : I — f Uj G /A, with f(i) £ A* for all i £ I. 

axiom of comprehension states that if A is a set then the elements of A 
with a given property again form a set. Formally, if ip(x 1 , 2 : 2 , . . . , x n +i ) is a 
formula in the first order language of set theory and A,ai, ... ,a n are sets, 
then {x £ X : ip(x, a \, . . . , a n )} is a set. 

axiom of replacement claims that if F{x) is an operation and A is a set, 
then {F( x ) : x £ A} is a set. 

Baire function is an element of the smallest family of functions (say on an 
interval) that contains all continuous functions and that is closed for pointwise 
limits. 

basis in a vector space V over a field F is a set B such that every element 
of V can be uniquely written in a form Ai'i’i + • • • + X n v n with Vi £ B and 
A* € F. 

bijective mapping is an injective and surjective mapping (the same as a 
“1-1 and onto” mapping). 

binary relation on a set A is a subset of A x A. 

bipartite graph is a graph in which the vertex set has a decomposition 
V = Vt U V' 2 , V\ fl V 2 = 0 such that all edges go between points of V\ and Fj. 

Boolean algebra is an algebraic structure (A, +, •/ , 0, 1), such that the 
structure (A, + , •, 0) is a commutative ring with multiplicative unit 1 in which 
+ and • are idempotent operations, ' is a unary operation such that (a')' = a 
for all a, and for all a we have a ■ a' = 0, a + a’ = 1. 

Borel function is a real-valued function / (defined on a topological space) 
such that / -1 (— 00 , a) is a Borel set for all a £ R. Complex- valued Borel 
function has real-valued Borel functions as its real and imaginary parts. 

Borel set is an element of the smallest cr-algebra containing the open sets. 

branch in a tree (T, -<) is an ordered subset B that intersects every level of 
the tree. An a-branch of a tree (T, -<) is an ordered subset b C T <a which 
intersects every level Tp ([3 < a). 
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Cantor set is n^L 0 / n , where Io = [0, 1] and I n +\ is obtained from I n by 
removing from every subinterval [a, b] of I n the middle third (a + (b — a)/3,b — 
(b— a)/3). It is a perfect set of measure zero and of cardinality c. The Cantor 
set is precisely the set of those x £ [0, 1] which have a ternary expansion (i.e., 
expansion in base 3) that does not contain the digit 1. 

cardinal is an ordinal a such that for (3 < a we have (3 a. 

cardinal exponentiation: k a is the cardinality of B A where A has cardi- 
nality k and B has cardinality A. 

cardinality of a set is its size: two sets have the same cardinality if and only 
if they are equivalent. The cardinality of the set A is the smallest ordinal a 
with A ~ a. 

Cartesian product flie/ of a family A,, i £ I of sets is the set of all 
choice functions /:/—>• Uj e /Aj, f(i) 6 A, : for all i £ I. When I is finite, say 
I = 1, 2, . . . , n, then this is often identified with the set 

{(oi, . . . , a„) : a* £ A,} 

of n-tuples with ith coordinate from A*, and then we write for it A\ x • • • x A n . 

ccc (countable chain condition) property holds in an ordered set (topological 
space) if every family of pairwise disjoint nonempty open intervals (sets) is 
countable. 

chain in a partially ordered set is an ordered subset. 

choice function for a family A it i £ I, of sets is a function /:/—)• LT e jA, 
such that f(i) £ A, for all i £ I. 

chromatic number of a graph G is the smallest k such that G has a coloring 
with k colors. 

circuit in a graph is a is a sequence of distinct vertices Vi, t> 2 , ■ . ■ , v n (n > 3) 
such that Vi is joined to Vj+i and v n is joined to v\. 

class is a well-determined part of the universe (of sets) that is not necessarily 
a set. Formally, if <p{x \, . . . , a; n +i) is a formula in the first-order language of 
set theory with free variables x\, . . . , x n+ i and a±, ... ,a n are sets, then the 
collection of sets x which satisfy ip(x, tq, . . . , a n ) forms a class. 

closed unbounded set in an ordinal a is a set C C a that is closed in the 
order topology on a and that is cofinal with a. 
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club set in an ordinal is the same as closed and unbounded set. 

cofinality: the ordered set {A, -<) is cofinal with its subset B if for every 
a £ A there is a b £ B such that a < b. There is always a well-ordered B with 
this property. 

cofinality cf((A -<:)) of an ordered set ( A , -<) is the smallest ordinal a such 
that there is a cofinal well-ordered B c A for which the order type of (B, <) 
is a. It is always true that ci{A, -<) < |A|. 

coloring of an infinite graph ( V , E) with colors I is a mapping / : V — > I 
such that f(x) ^ f(y) whenever ( x,y ) £ E (neighboring points have different 
colors). In this case we say that ( V,E ) is |/|-colorable. 

commutative operation is a binary operation h such that h(a, b ) = h(b. a) 
holds for all elements. 

compact space is a topological space in which every open cover includes a 
finite subcover. 

complete metric space is a metric space ( X , d ), for which it is true that if 
x n £ X, n = 0, 1, . . . is a Cauchy sequence (i.e., d(x n , x m ) —> 0 as n, m — > oo), 
then there is an element x £ X such that d(x n ,x) — > 0 as n — » oo. 

connected graph is a graph such that any two vertices are connected by a 
path. 

continuously ordered set is an ordered set ( A , -<) such that for any disjoint 
decomposition A = B\JC, where B ^ A is a nonempty initial segment, either 
B has a largest element or C has a smallest element (but not both). 

Continuum hypothesis (CH) is the assumption that c = Ni, i.e., that every 
infinite subset of R is equivalent either with R or with N. It is a statement 
neither provable nor disprovable in the Zermelo-Fraenkel axiom system. 

Countryman type is the order type of an ordered set {S,<) if S x S is the 
union of countably many chains under the partial order “( x,y ) {x',y') if 
and only if x < x' and y -< j/” . 

dense set 

• in a topological space: A is dense in the topological space T if every open 
set contains a point of A. 
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• in an ordered set: A is dense in the ordered set (B, -<) if for every x,y £ B 
there is an element a £ A with x A a A y, where x ^ y x -< y or x = y 
(this is the same definition as density in topological spaces if one uses the 
order topology). 


densely ordered set is an ordered set {A, -<) such that for any a,b £ A 
with a ~< b there is a c £ A with a ~< c ~< b. 


density of a set A c N is defined as 


lim 


|An{0,l,...,n-l}| 

n 


provided this limit exists. 


dichotomous relation on A is a binary relation p on A such that either apb 
or bpa holds for all a,b £ A. 


discrete set in a topological space is a set A such that each point in A has 
a neighborhood that does not contain any other point of A. 

distributivity: a binary operation h is called left (right) distributive 
with respect to the binary operation g if h(a,g(b,c)) = g(h(a,b),h(a,c)) 
( h(g(b,c),a ) = g(h(b,a),h(c,a))) holds for all elements. 

divisible group is an Abelian group ( G , +) such that for all x £ G and for 

n — times 

all n > 1 there is an y such that x = y + 1 - y. 


domain of a function f : A B is the set A. 

edge coloring (also called good edge coloring) of a graph (V, X ) (with edge 
set X ) with colors I is a mapping / : X — > I such that /(e) ^ f(e') whenever 
e and e' have common endpoints. 


end segment in an ordered set (A, -<) is a subset B C A such that b £ B, 
b c imply c£ B. It is called proper if it is not the whole set. 


equivalence of sets: A ~ B if and only there is a bijection between A and 
B. 


equivalence relation is a reflexive, transitive, and symmetric relation. 

field is a commutative ring (F, +, •) such that (F \ {(]}, •) is an Abelian group 
(here 0 is the additive unit), i.e., if there is a multiplicative unit and every 
nonzero element is multiplicatively invertible. 
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filter is a family T of subsets of a ground set X such that 0 0 T, if A, B £ T 
then AnBgf, and if A £ T and 4CBCI, then Bgf. 

first-category set in a topological space is a set that is the countable union 
of nowhere-dense sets. 

function is a set / consisting of ordered pairs (x, y) such that (x. y), (x, y') £ 
/ imply y = y' . The set 

A = {x : (x,y) € f for some y} 

is called the domain (Dom(/)) of /, and 

C = {y : (x,y) £ f for some x} 

is called its range (Ran(/)). If C C B, then we write / : A — > B. It is also 
customary to write f(x) for y when ( x , y) £ f. 

generating set in a vector space is a set B such that every element in the 
space is a linear combination of elements of B. 

Generalized continuum hypothesis (GCH) is the assumption that 2 K = 
k + for all infinite cardinals k. It is a statement neither provable nor disprovable 
in the Zermelo-Fraenkel axiom system. 

G-free graph is a graph that does not include the graph G as a subgraph. 

graph is a pair (V, X ) where V is a set (the vertex set) and X is a set of two 
element subsets {x, y} of V. Think of V as the set of vertices (points) , X as 
the set of edges, { x , y} the edge connecting x and y. 

group is an algebraic structure (G, •) where • is an associative binary oper- 
ation on G with unit element (e £ G such that e ■ g = g ■ e = g for all g ) such 
that every element g £ G has an inverse (an h such that g ■ h = h ■ g = e) . 

Hausdorff topological space is a topological space in which any two (dif- 
ferent) elements have disjoint neighborhoods. Same as T 2 space. 

height 

• of an element a; in a tree is the order type of the set of the elements smaller 
than x. 

• of a tree is the smallest ordinal a for which the ath level of the tree is 
empty. 
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homogeneous set (monochromatic set) in a coloring is a set with constant 
color. 

ideal 

• in a ring R is a subring I such that for all. a £ I and b £ R the products 
ab and ba belong to I 

• of sets is a set X of subsets of some ground set X such that X 0 X, if I £ X 
and JCf then J £ X and if /, J € X then I U J £ X. 


idempotent operation is a binary operation h with h(a, a) = a for all ele- 
ments. 

independent set in a graph is any set of vertices such that no two are 
connected by an edge. 

initial segment in an ordered set ( A , -<) is a subset B C A such that b £ B, 
c<b imply c 6 B. It is called proper if it is not the whole set. 

injective mapping is the same as a one-to-one mapping ( f(x ) ^ f(y) if 

x 7 ^ y)- 

interval in an ordered set {A, -<) is a subset B C A such that a,b £ B and 
a -< c-<b imply c £ B. 

interval topology (order topology) on an ordered set is the topology gen- 
erated by the intervals of the set. 

irreflexive relation is a binary relation p such that no element is in relation 
with itself: (a, a) 0 p. 

K k is the full graph with k vertices. 

K Kt x is the full bipartite graph with bipartition classes of cardinality k and 
A (i.e., the vertex set is {x^}^ <K U {y r i}ri<\ with ^ y v and every element 
X£ is joined to every y rl ). 

lattice is an algebraic structure (A, A, V), in which A, V are commutative, 
associative, and idempotent operations such that aA(aVb) = a and oV(aAfe) = 
a hold for all elements. A lattice is called distributive if A and V are distributive 
with respect to each other. 

level (level set) in a tree is the set of elements with the same “height”, i.e., 
the ath level set of (X, —<) is the set of those elements x £ T for which the 
order type of {y : y ~< x} is a. 
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lexicographic ordering in a product of ordered sets is the ordering in which 
the first difference in the coordinates is decisive (i.e., if (A,, <*), i£ /. where 
(I, -<) is an ordered set, then for f,g £ ELe/ A: the element / is smaller in the 
lexicographic ordering than g if there is an *o £ I such that f(io) <i 0 g(io), 
but for alii £ I with i <io the equality f(i) = g(i) holds). 

limit cardinal is an uncountable cardinal k such that A < k implies A + < k. 

limit ordinal is a non-successor, nonzero ordinal a (i.e., (3 < a implies 
(3+ 1 < a). 


linearly independent system B in a vector space means that if Vi , . . . , v n £ 
B are different elements then and AiVi + • • • + X n v n = 0 if and only if Ai = 
• • • = A„ = 0 (nontrivial linear combinations cannot be zero) . 


lower density of a set A C N is defined as 


lim inf 


|A n {0, 1, . . . , n — 1} | 
n 


matching in a graph (V,E) is a set M of disjoint edges such that every 
v £ V is the endpoint of an edge in M. 

maximal element in a partially ordered set is an x such that no element is 
larger than x. 

measurable cardinal is a cardinal k for which there is a K-additive nontriv- 
ial 0-1-valued measure on all subsets of a set of cardinality n (i.e., if \X\ = k, 
then there is a /z : V{X) -4 {0,1} such that g,(X) = 1, /u,({a;}) = 0 for all 
x £ X, and if Y t , i £ I, |/| < k is a disjoint family of fewer than k sets then 
rtUiYij = 

metric on a set X is a mapping d : X — > [0, oo) with the properties that 
d(x, y) = 0 if and only if x = y, d(x. y) = d(y, x) and (triangle inequality) 
d(x, y) < d(x, z) + d(z, y). 

metric space is a set X with a metric d on it, in which the topology is 
generated by balls, i.e., sets of the form {y : d(x, y) < r}, x £ X , r > 0. 

metrizable topology is a topology equivalent to the topology of a metric 
(i.e., there is a metric on the space such that the open sets in the topology 
and in the metric are the same). 

minimal element in a partially ordered set is an x such that no element is 
smaller than x. 
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monochromatic set (homogeneous set) in a coloring is a set with constant 
color. 

monotone mapping between two ordered sets {A, -<) and (B. <) is a map- 
ping / : A— i B such that a~<b implies f(a) < f(b). 

nonstationary set in an ordinal a is a set that is disjoint from some closed 
and unbounded set. 

normal topological space is where any two disjoint closed sets can be 
separated by disjoint open sets (i.e., if F% n F 2 = 0 are closed sets then there 
are disjoint open sets F-i C G\ and F-i C G-F). 

nowhere dense set in a topological space is a set such that its closure has 
no inner point. 

one-to-one correspondence (1-to-l correspondence) between sets A and 
B is a one-to-one mapping of A onto B. Such mappings are often called 
bijections. This is nothing else than an equivalence between A and B. 

one-to-one mapping (1-to-l mapping) is the same as an injective mapping, 
i.e., it maps different elements into different elements (f(x) ^ f(y) if x ^ y). 

operation (in set theory) is a mapping x i-l B{x) that is not necessarily 
a function (i.e., its domain or range may not be sets). Formally, it is the 

correspondence x i-> y given by (p(x, y.a\ a n ), where ip(x 1 , . . . , x n+ 2 ) is 

a formula in the first-order language of set theory with the property that for 
every x there is at most one y for which <p holds, and a \, . . . , a n are given sets. 

ordered pair is a set of the form (a, b) = {{a}, {a, b}}. 

ordered set is a pair ( A , -<) where A is a set and -< is an irreflexive, transitive 
and trichotomous relation on A. 

ordered sum of order types 0i with respect to {I, -<) is the order type 
of the ordered union of ordered sets (Aj,<j) with respect to (/, -<), where 
(Ai, <i) has order type 0, (denoted by Y^iei (^) $*)• 

ordered union of the ordered sets {A^, <j), i € I with respect to the ordered 
set {I, <) (where the d.j’s are disjoint sets) is the ordered set (B, <) in which 
B = U i^iAi, and for a G and b 6 Aj the relation a -< b holds if and only if 
i < j or i = j and a <, b. 

ordering is a binary relation that is irreflexive, transitive, and trichotomous 
(on a ground set). 
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order topology (interval topology) in an ordered set {A, <) is the topology 
generated by the intervals. It is also the topology generated by sets of the 
form A, {x : x < a}, {x : a < x} with a,b £ A. 

order type: two ordered sets are said to have the same order types if they 
are similar. 

ordinal is the order types of a well-ordered set. We identify every ordinal 
a with the set of ordinals smaller than a, i.e., a = {0 : (3 < a}. The von 
Neumann definition of ordinals: ordinals are transitive sets A (i.e., a £ A 
implies a C A) that are well ordered by the £ relation. 

partial ordering is a binary relation that is irreflexive and transitive. 

partially ordered set is a pair ( A , -<) where A is a set and -< is an irreflexive 
and transitive relation on A. 

partition relation k — »• (A)£ means that if we color the r-element subsets 
of a set X of cardinality k with p colors, then there is a homogeneous set 
(monochromatic set) Y C X of cardinality A (i.e., every r-element subset of 
Y has the same color). 

path in a graph is a sequence v \ , . . . , v n of distinct vertices such that each 
Vi is connected to v l+ i by an edge. 

perfect set is a nonempty closed set (in a topological space) that is dense 
in itself, i.e., any neighborhood of any point x contains a point different from 
x. 


permutation of a set is a one-to-one mapping of the set onto itself. 

planar graph is a graph that can be represented in the plane with noncross- 
ing (curved) edges. 

predecessor (immediate predecessor) to a £ A in a partially ordered set 
{A, -<) is an element b such that b -< a but there is no c £ A with b ~< c ~< a. 

prime field of a field T is the subfield generated by 1. It is isomorphic to 
either Q or to one of Z p (the field of integers mod p with a prime number p) . 
In fact, if the characteristic of T is p > 0 (i.e., if p ■ I =0) then the prime 
field is Z p , and if the characteristic is 0 (i.e., m-1 ^ 0 for any m > 0) then 
the prime field is isomorphic to (Q, +, •). 

prime ideal is a maximal ideal I over a ground set X (alternatively, for 
every Y C X either Y or X \ Y belongs to I). It is trivial if I = {Y : x ^ Yj 
for some x £ X. 



Glossary of concepts 


503 


product of cardinals Ki, i £ I is the cardinality of the product set IL 6 /4 
where the Aj’s are sets of cardinality Ki (denoted by n ?e / K i). 

product of order types 9 and p is the order type of the antilexicographi- 
cally ordered product of two ordered sets of order type 6 and p, respectively 
(denoted by 9 ■ p). 

product of sets A i} i £ I is the set of all choice functions /:/—>■ U jAi, 
f(i) £ Ai, i £ I for the sets Ai. 

proper class is a class that is not a set. 

proper initial segment is an initial segment of an ordered set that is not 
the whole set. 

Pythagorean triplet: positive integers a, b, c with the property c 2 = a 2 +b 2 . 
If a, b, c do not have a common divisor, then one of a and b, say b, is even, 
and then they are of the form a = n 2 — m 2 , b = 2 mn, and c = n 2 + m 2 where 
m, n are relatively prime natural numbers of different parity. 

range of a function / : A — > B is the set of all elements y = f(x), x £ A. 

real-valued measurable cardinal is a cardinal k for which there is a k- 
additive nontrivial [0, l]-valued measure on all subsets of a set of cardinality 
k (i.e., if |Aj = k, then there is a p : V(X) — > [0, 1] from the power set of 
X into [0, 1] such that p{X) = 1, /Lt({x}) = 0 for all x e X, and if Fj, i £ I, 
|/| < k is a disjoint family of fewer than k sets then /i(UiYj) = JF /z(Yj)). 

reflexive relation is a binary relation p for which (a, a) £ p for all a ( apa for 
all a). 

regressive function / on a subset A of an ordinal a is a function / : A — *• a 
with the property that /(£) < £ for all £ £ A, £ ^ 0. 

regular cardinal is an infinite cardinal k that coincides with its cofinality 
(cf(«) = k). Equivalently, k is not the sum of fewer than k cardinals each 
smaller than k. 


k— times 

relation: A subset of the Cartesian product A x A x • • • x A is called a fc-ary 
relation on A. It is called a binary relation when k = 2. For easier notation 
(a, 6) £ p is often denoted apb. 

reverse order type 9* to an order type 9 is the order type of (A, -<*) 
where 9 is the order type of {A, -<), and -<* is the reverse ordering on A, i.e., 
a ~<* b <==> b -< a. 
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ring is an algebraic structure ( A , + , •, 0), in which (A, + , 0) is a commutative 
group (i.e., + is a commutative and associative operation, a + 0 = a for all 
a, and for all a there is an element a* such that a + a* =0) and • is an 
associative operator that is distributive with respect to + from both sides 
(i.e., a ■ (b + c) = a ■ b + a ■ c and (b + c) ■ a = b ■ a + c ■ a). 

cr-algebra is a family A C X of subset of a ground set X such that 0 £ A, 
if Ai £ A, i = 0, 1, 2, . . . then £ A, and if A £ A then X \ A £ A. 

second-category set in a topological space is a set that is not the countable 
union of nowhere-dense sets. 

separable metric/topological space is a metric/topological space includ- 
ing a countable dense subset. 

similarity mapping between two ordered sets {A, -<) and (B. <) is a mono- 
tone and surjective mapping / : A — >• B. 

similarity of ordered sets {A, -<) and (B, <) means that there is a simi- 
larity mapping between them. 

singular cardinal is a non-regular infinite cardinal. 

spanning tree in a graph G is a subgraph T which is a tree that contains 
all points of G. 

spanned subgraph (induced subgraph) G' = (V 7 , X') of a graph G = (V. X) 
is a graph with V' C V and X' = X n (V 7 x V'). 

Specker type is the order type of an uncountable ordered set that does not 
embed wi, tu* (the reverse of wi), or an uncountable subset of the reals. 

stationary set is a set that intersects every closed and unbounded sets (in 
an ordinal a). 

strong limit cardinal is an uncountable cardinal k such that A < k implies 

2 a < K. 

strongly inaccessible cardinal is a strong limit regular cardinal, i.e., a 
regular k such that X < k implies 2 A < k. 

subbase in a topological space {X,T) is a set B C T such that for every 
x £ X and for every V £ T with x £ V (i.e., for every neighborhood of x ) 
there are finitely many U m £ B with x £ Q|l 1 Uj C V. 

subgraph G' = (V 1 . X') of a graph G = (V. X) is a graph with V' C V and 
X' C X. 
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successor 

• to a £ A in a partially ordered set ( A , -<) is an element b such that a <b 
but there is no c £ A with a-< c+b. 

• to a cardinal k is the smallest cardinal A that is bigger than k (it is denoted 
by k+). 

• to an ordinal 9 is the smallest ordinal £ that is bigger than 9 (it is actually 
9+1). 

successor cardinal is an infinite cardinal of the form «+. 
successor ordinal is an ordinal of the form (3 + 1. 

sum of cardinals K t , i £ I is the cardinality of the set Ui G /A,; where the 
Aj’s are disjoint sets of cardinality k; (denoted by Yliei K *)- 

surjective mapping: / : A — > B such that every b £ B has a pre-image (i.e., 
f[A ] = B). It is also said that / maps A onto B. 

Suslin line is a nonseparable ordered set which is ccc, that is, it does not 
include a countable dense set and every family of pairwise disjoint nonempty 
open intervals is countable . 

Suslin tree is an wi-tree with no u>i -branch or uncountable antichain in it. 

symmetric relation is a binary relation p for which (a, b) € p implies ( b , a ) € 
p ( apb implies bpa). 

T -2 space is a Hausdorff topological space. 

topological space (X,T), where T C V(X) is a set of subsets of X (the 
set of open sets in the space) with X £ T and closed under finite intersection 
and arbitrary union. 

tournament is a complete directed graph (i.e., all edges of a complete undi- 
rected graph is directed in exactly one way). It is called transitive if whenever 
wb and mb are edges, then so is u/ib. 

transcendence basis in a field F is a set B such that the elements of B are 
algebraically independent over the prime field F\ of F (i.e., if p(x i, . . . , x n ) is 
a nonzero polynomial over F\, i.e., with coefficients in F \ , and a.i . , a n £ B 
are different elements, then p(oi,...,a n ) ^ 0), but for every a £ F there 
is a nonzero polynomial p(x±, . . . ,x n ,x n+ i) over F\ and different elements 
ai, . . . , a n £ B so that p(ai , . . . , a n , a ) = 0. 
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transcendental number is a non-algebraic number (in C or R). 

transitive relation is a binary relation p for which (a, b) £ p and ( b , c) £ p 
implies (a, c) £ p ( apb and bpc implies ape) . 

tree 

• as a graph: is a connected graph without circuit. 

• as a partially ordered set: is a partially ordered set ( X , -<) such that for 
every x £ X the set {y : y < x} is well ordered. It is called a K-tree if its 
height is n and every level is of cardinality smaller than k. 


tree property of a cardinal k means that every tree of height k the levels 
of which are of cardinality smaller than k includes a branch of length k. 


trichotomous relation on A is a binary relation p on A such that one of 
(a, b) £ p, (b, a) £ and a = b holds for all a,b £ A (one of apb, bpa and a = b 
holds for all a,b £ A). 

ultrafilter is a maximal filter T over a ground set X (alternatively, for every 
Y C X either Y or X \ Y belongs to F). It is called trivial if it is generated 
by an element (i.e., there is an x such that the elements in the ultrafilter are 
those subsets of the ground set that contain x). 


upper density of a set A c N is defined as 


lim sup 


|A n {0, 1, . . . , n — 1} | 
n 


vector space over a field F is an Abelian group (V, +) such that for every 
A £ F and v £ V the product Xv £ V is also defined and is an element 
of V, if 1 is the multiplicative unit of F then lv = v for all v £ V, and 
the following identities hold: A (u + v) = Xu + Xv, (AiA^Jti = A-i (X 2 U) and 
(Ai X 2 )u = X i'll A X 2 U. 

weakly compact cardinal is a cardinal k > u> for which k — > (k)^ holds. 

well-founded partially ordered set is a partially ordered set in which every 
nonempty subset contains a minimal element. 

well-ordered set is an ordered set in which every nonempty subset contains 
a smallest element. 

well-ordering theorem is the statement that on every set there is a well- 
ordering (i.e., for every set X there is a binary relation -< on X such that 
{X, -<) is a well-ordered set). 
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is the ath infinite cardinal (same as oj a ). 
a B = {/ : f : A B} is the set of all mappings from A to B. 

[A] K - is the set of subsets of A of cardinality k. 

[. A\ <K is the set of subsets of A of cardinality < k. 

A ~ B, equivalence of A and B. 

AAB = [A \ B) U (B \ A), symmetric difference. 

S/C a , diagonal intersection. 

Ax B = {(a, b ) : a £ A, b £ B}, Cartesian product. 

A c = X \ A, complement with respect to the ground set X. 
cf((d_, —<)) is the cofinality of the ordered set {A, ~<). 
cf(a) is the cofinality of the ordinal a. 

CH stands for the continuum hypothesis. 

c, the cardinality continuum, i.e., the cardinality of R. 

Xa is the characteristic function of the set A. 

Dom(/) is the domain of the function /. 

T) is the order type of (Q, <). 

f[A] = {f(a) : a € A} is the set of the images of elements of A under /. 
f~ 1 (y) = {x : f(x) = y} is the inverse image of the element A under /. 

/ -1 [A] = {x : f(x) £ A} = U ye Af~ 1 (y) is the inverse image of the set A 
under /. 

FS(k) is the set of finite sequences of ordinals smaller than k. 
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GCH stands for the generalized continuum hypothesis. 
k x is the A power of k. 

k + is the successor cardinal to the cardinal k. 

K\ is the complete graph with vertex set of cardinality A. 

K\,p is the complete bipartite graph with bipartition classes of size A and p. 
A is the order type of (R, <). 

N = u) = {0,1,2,...} is the set of natural numbers. 

oj = (0, 1 , 2 ,.. .} is the set of natural numbers and also its order type. 

uii is the first uncountable ordinal. 

u> a is the ath infinite cardinal, same as d Q (luq = Mq = lo, i.e., counting is 
started at 0). 

V{A) = {B : B c A} is the power set of A (set of all subsets of A). 

Hie/ -Ai = {/ : / — t Ui e jAi : f(i) e A, for all i € 1} is the set of all choice 
functions for the family {^4j}j e j. 

rw Ki is the product of the cardinals K t . 

Q is the set of rational numbers. 

Ran(/) is the range of the function /. 

R is the set of real numbers. 

R n is the n-dimensional Euclidean space. 

R°° is the set of infinite sequences of real numbers. 

(-<) ' s the ordered sum of the order types 9, with respect to (I, -<}. 

Ki is the sum of the cardinals k> . 

0o + 9\ is the sum of the order types 6q and 6\ in this order (with respect to 
the ordered set ({0, 1}, <). 

#o • 9\ is the product of the order types 9o and 0\ in this order. 

9*, reverse order type to 9. 

Z is the set of integers. 
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A-family, 107 
Asystem, 107 
e-contractions, 83 
/■c-Aronszajn tree, 111 
< p- cover, 82 
cr-algebra, 5, 17, 61 
C„, 127 
K-tree, 111 

Abelian group, 66, 83 
accumulation point, 20 
acute triangles, 63 
additive subgroups of R, 17 
additively commutative, 46 
alephs, 52 

Alexander subbase theorem, 66 
algebra of sets, 139 
algebraic 

numbers, 9 
structure, 16, 24, 63 
variety, 63 

algebraically closed field, 61, 66 
almost 

disjoint sets, 17, 79 
every element, 123 


everywhere, 89 
antichain, 55, 111 
antilexicographic 
ordering, 24 
product, 24 

antilexicographic ally ordered set, 26 

antisymmetric, 23 

arithmetic with order types, 33 

Aronszajn tree, 111 

atom, 11, 167 

automorphisms, 11, 16 

axiom 

of choice, 65 
of comprehension, 476 
of global choice, 132 

Baire functions, 17, 61 
Baire’s theorem, 20, 21 
balls with rational center and 
radius, 10 

Banach-Tarski paradox, 81 
bases of R, 17 
basis, 65 

Bernstein-Hausdorff-Tarski 
inequality, 53 
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bijections, 81 
binary relation, 23 
bipartite graph, 96 
bipartition classes, 96 
Boolean algebra, 6 
Borel 

functions, 17 
sets, 17, 20, 61 

bounded linear transformations 
of L 2 [0, 1], 16 
branch in a tree, 111 

canonical functions, 93 
canonical models, 3 
Cantor set, 14, 15, 26 
Cantor’s inequality, 53 
cardinal addition, 51 
exponentiation, 51 
multiplication, 51 
cardinality, 13, 51 
Cauchy equation , 17 
“Cauchy’s criterion”, 6 
ccc, 112 
centered set, 56 
chain, 55, 65 
characteristic function, 5 
choice functions, 51 
chromatic number, 66, 95, 128 
circuit, 95 
closed, 40, 90 

additive subgroups, 16 
set, 85, 89, 123 

set without rational points, 168 
sets in R", 16 
subspaces of C[ 0, 1], 16 
unbounded set, 89, 123 
club set, 85, 89, 123 
cofinal subset, 24, 27 
cofinality, 24 
coloring, 95 
the plane, 63 
common left multiple, 44 
compact topological space, 66 
comparable, 111 


elements, 55 
complement, 4, 95 
complementation, 4 
complete 

bipartite graph, 96 
Boolean algebra, 7 
graph, 96 

completely distributive Boolean 
algebra, 7 
congruences, 82, 83 
connected graph, 66 
continuous curves, 16 
continuously ordered set, 28 
continuum, 15 

hypothesis, 15, 52 
convergence 

in the order topology, 85 
of sets, 6 

convex function, 19 
countable, 9 

disjoint union, 5, 61 
countably infinite Boolean 
algebra, 11 

Countryman type, 112 
cumulative hierarchy, 131 

de Bruijn-Erdos theorem, 97 
decimal expansion, 170 
decomposition 
of R, 60 
of the plane, 64 
degree, 95 
dense, 26 

set in a tree, 112 
densely ordered set, 26, 28 
density zero, 18 
dependent choice, 129 
diagonal intersection, 90 
dichotomous, 23 
discrete set, 19 
disks with rational center 

and radius, 10 
distributive lattice, 6 
divisibility, 43 
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divisible, 66 
hull, 66 

edge set, 95 
end segment, 24, 25 
epsilon-ordinal, 48 
equidecomposability, 81 
equidecomposable, 81 
equivalence theorem, 13 
equivalent sets, 13 
Euclidean n-space, 63 
exact cover, 66 
exceptional sets, 19 

field of the rationals, 67 
field, 61, 66 
filter, 56, 65, 75 
finite 

cardinal, 51 
cover property, 66 
ordinals, 37 

finitely additive measure, 81 
fixed point, 7, 27 
for almost every, 89 
forest, 95 
free 

graph, 498 
group, 83 
set, 109 

fundamental theorem of cardinal 
arithmetic, 51, 52 

Godel pairing function, 161 
Galvin’s tree game, 131 
general distributive laws, 4 
generalized continuum 

hypothesis, 52, 54 

generating 
subset, 67 
system, 66 
good coloring, 95 
graph, 95 
greatest common 
left divisor, 43 


right divisor, 44 

Hamel basis, 17, 67 
Hartogs’ lemma, 128 
Hausdorff topological space, 16 
Hausdorff’s theorem, 27 
height of a tree, 111 

of an element in a tree, 111 
Hessenberg sum, 49 
Hilbert cube, 21 
homomorphism, 24 

ideal, 75 
idempotent, 6 
immediate successor, 111 
incomparable, 111 
elements, 55 

increasing sequence of sets, 287 
indecomposable, 45 
ordinals, 46 
independent 
rotations, 83 
set in a graph, 95 
system, 65 

induced subgraph, 95, 504 
inequality 

between cardinals, 51 
between ordinals, 37 
infinite graph, 95 
initial segment, 24, 25 
interval, 24, 25, 40 
topology, 24, 40, 49 
irrational numbers, 14 
irreflexive, 23 

isometry-invariant measure, 81 
isomorphism, 24 

Jordan measurable subsets of R, 17 

Konig’s 

inequality, 53 
lemma, 111 



512 


Index 


Kleene-Brouwer ordering, 130 

R. Laver’s theorem, 25 
least common right multiple, 44 
Lebesgue measure, 60 
left distributive, 33 
left divisor, 43 
left multiple, 43 
left multiplications, 82 
level set, 165 
of a tree, 111 
lexicographic ordering, 24 
lexicographic product, 24 
limit inferior of sets, 5 
limit ordinal, 37, 39 
limit superior of sets, 5 
Lindelof property, 19 
linear 

functionals of L 2 [0, 1], 17 
subspaces of C[ 0, 1], 17 
linearly ordered set, 23 

mappings between ordered sets, 23 

matching, 95 

maximal 

element, 65 
ideal, 65 

measure zero sets, 60 
metric on R°° , 20 
monochromatic, 96 
monotone 

mapping, 24 
real function, 16, 19 
Mostowski’s collapsing lemma, 132 
multiplicatively commutative, 47 

natural sum, 49 
nondegenerated intervals, 20 
nonmeasurable sets, 60 
nonstationary, 89, 90, 123 
set, 85 
normal 

expansion, 45 
filter, 119 


form, 45 

representation, 43 
tree, 111 
N-set, 37 

of power continuum, 15 
one-to-one correspondence, 13 
open 

sets in R", 16 
cover, 20 
set in a tree, 112 
operation, 129 
order-sensitive, 33 
order topology, 24 
order types, 33 
orderable, 66 
ordered 

set, 23, 24 
union, 24, 29 

orderings of the natural numbers, 16 
ordinals, 37 

paradoxical, 82 
partially ordered set, 6, 55, 66 
partitions, 81 
path in a graph, 95 
Peano curves, 21 
perfect set, 20, 60, 61 
permutations of the natural 
numbers, 16 
planar polygon, 82 
power set, 17 
predecessor, 25, 111 
prime 

ideal, 75 
ordinal, 46 
primeness, 43 
principal filter, 75 
product 

of order types, 33 
of prime ordinals, 46 
set, 51 
proper 

ideal, 65 
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initial segment, 24 
Pythagorean triplets, 151 

quotient ring, 6 

rank function, 130 
ranked set, 131 
rationally independent, 67 
regressive function, 85, 89 
regular cardinal, 51, 52, 89 
regularity, 51 
representation 
in a base, 43 
in base ui, 43 
restriction, 23 
reverse type, 34 

Riemann integrable functions, 17 
right 

divisor, 43 
multiple, 43 

right-continuous function, 16, 19 
ring, 6, 65 

scattered set, 28 
second category sets, 60 
semi-continuous real functions, 16 
semi-open intervals, 20 
set mapping, 109 
set of 

infinite 0-1 sequences, 14, 15 
infinite real sequences, 15 
similarity, 24 
mapping, 27 
singular cardinal, 51, 52 
smaller than, 23 
or equal, 23 

smallest common left multiple, 44 
spanning tree, 66 
special tree, 111 
Specker type, 112 
squashing a tree, 112 
stationary, 89, 90, 123 
set, 85 

strict monotonicity, 24 


strongly universal graph, 96 
subalgebra, 61 
subbase, 66 
subcover, 20 
subgraph, 95, 96 
successor cardinal, 52 
successor, 25, 111 
ordinal, 37, 39 
sum 

of cardinals, 51 
of order types, 33 
Suslin 

line, 112 
tree, 112 

symmetric difference, 3 

topological 
product, 17 
subgraph, 95 
tournament, 101 
transcendence basis, 66 
transcendental numbers, 9 
transfinite 

enumeration, 63 
recursive process, 59 
transitive, 23 
closure, 131 
set, 37, 131 
tree, 111, 130 
property, 111 
trichotomous, 23 
trivial filter, 75 
Tychonoff’s theorem, 66 

Ulam matrix, 79 
ultrafilter, 65, 75 
unbounded, 90 
set, 85, 89, 123 
uncountable, 9 
unit sphere, 82 
universal graph, 96 
upper density 1, 18 
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vector space, 65 
vertex set, 95 
von Neumann, 37 

well-founded set, 129 
well-founded, 66 


well-ordered set, 23, 24, 26 
well-ordering theorem, 65 
winning strategy, 12 

Zorn’s lemma, 65 



